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Introduction

These notes are intended as complementary support material for five lectures delivered at The University
of Granada dedicated to Global Instability as part of the RTNS course of the DANCE network] entitled
Geometric Tools for Global Instability of Hamiltonian Systems. This Introduction is based upon [DGO1],
and Chapters 1 and 2 about Nekhoroshev and KAM theory upon [DG96a]. The part of Chapter 3 about
single resonances relies on [DGOI]. Chapter 4 about Global Instability is based on [DLS06al [DHO09, [DHTT]
and Chapter 5 about the Geometric Properties of the Scattering map, on [DLS08]. Chapter 6 about
complete families of perturbations is based on [DS17, [DSI8| [DGS24], Chapter 7 about the Elliptic
Restricted 3-Body Problem on DelshamsKRS19, Chapter 8 about analytic genericity on [DZ25] and
Chapter 9 on the Spatial restricted 3 Body Problem on [DGR26] All these papers can be found in https:
//web.mat .upc.edu/amadeu.delshams/|

0.1 Nearly-integrable Hamiltonians

The Hamiltonian dynamical systems that are close to integrable ones appear in a natural way as models
of a wide class of real systems, and thus constitute a very active field of research in classical mechanics.
The behavior of these systems is far from being completely understood, and one of the most relevant
questions is the stability or instability of their trajectories. This problem remains unsolved for systems
with more than 2 degrees of freedom.

The unperturbed réle is played by a (completely) integrable Hamiltonian with n degrees of freedom.
The Liouville-Arnold theorem (see for instance [AKNOG]) establishes, under certain hypotheses, the exis-
tence on some region of the phase space of canonical action—angle variables (¢, I) = (¢1,. .., Gn, 11, .., In)
€ T*"x G C T" xR", in which the Hamiltonian only depends on the action variables: h(I). The associated
Hamiltonian equations for a trajectory (¢(t),I(t)) are

éZW(I)v I:()v

where w = Orh. Hence the dynamics is very simple: every n-dimensional torus I = const is invariant,
with linear flow ¢(t) = ¢(0) + w(I)t, and thus all trajectories are stable. The motion on a torus is called
quasiperiodic, with associated frequencies given by the vector w(I) = (w1 (I),...,ws(I)).

Every n-dimensional invariant torus can be nonresonant or resonant, according to whether its fre-
quencies are rationally independent or not. A nonresonant torus is densely filled by any of its trajectories.
On the other hand, a resonant torus is foliated into a family of lower dimensional tori.

A nearly-integrable Hamiltonian can be written in the form

H(p, 1) = h(I) +cf (o, 1), (1)

where ¢ is a small perturbation parameter. Then the Hamiltonian equations are

d=w()+eorf(¢, 1), I=—edsf(p,1).

For € # 0, the dynamics can be very complicated: there can exist, in principle, chaotic trajectories or
even unstable (in the sense that they can wander very far from their initial conditions). Note that the
variation of the actions |I(t) — I(0)| could grow slowly but unboundedly.

Although there may exist unstable trajectories, two very relevant results on stability have been
established for nearly-integrable Hamiltonian systems. These are the KAM theorem and the Nekhoroshev
theorem. We are going to give a brief description of both of them, putting emphasis on the fact that
they lead to two different notions of stability.

vii


https://www.dance-net.org/rtns/42
https://www.dance-net.org/rtns/42
https://web.mat.upc.edu/amadeu.delshams/
https://web.mat.upc.edu/amadeu.delshams/

viii INTRODUCTION

0.2 KAM theorem

We can say that KAM (Kolmogorov—Arnold—Moser) theory is concerned with the preservation of quasi-
periodic motions under small perturbations: the theorem states, under a suitable nondegeneracy con-
dition, that most of the n-dimensional invariant tori I = const of the integrable Hamiltonian h survive
in (|1)), with some deformation, for |¢| small enough. In fact, KAM theorem guarantees the preservation
of the tori having “sufficiently” nonresonant frequencies, for which the influence of the small divisors
<k,w([ )> can be overcome. This is expressed by means of a Diophantine condition on the frequency
vector w([): for some constants 7 and -,

(k)| 2k ez {0},

where|k| = Z;-l:l‘kj ‘ The vectors satisfying this condition for given 7 > n—1 and v > 0 fill a Cantorian
set of relative measure 1 — O(v) in R™. In this way, one obtains perpetual stability in the perturbed
Hamiltonian, but only for initial conditions on the perturbed or KAM tori (the surviving ones), which
form a Cantorian set not containing any open subset although its measure is large.

The KAM theorem was “discovered” in the 50’s by Kolmogorov [Kol57] constituted one of the most
relevant advances about stability in nearly-integrable Hamiltonian systems. In his first theorem, Kol-
mogorov established the preservation of only one fixed Diophantine torus (see also [BGGS84]). Some
years later, Arnold [Arn63|] proved, in the analytic case, the existence of a large family of invariant tori,
giving an estimate for the measure of their complementary set (see also [P0s82]). Also, Moser [Mos62]
proved an analogous theorem, in the differentiable case, for area-preserving maps satisfying a twist
condition. As general references on KAM theory, see [Bos86l, [BHS96].

The nondegeneracy condition required in KAM theorem is imposed on the frequency map w = drh
to ensure that a large set of actions I have Diophantine frequencies w(I). There are two usual types of

conditions:
drw(I) w(I) ) L0,

det (9yw(I)) # 0, det ( (D)7 0

(for all I € G), that can be called, respectively, Kolmogorov nondegeneracy and isoenergetic nondegener-
acy. The second one is also called Arnold nondegeneracy. Under any of these conditions, for a given ¢ > 0
the invariant tori whose frequencies satisfy the Diophantine condition with 7 > n — 1 and v = O (ﬁ)
are preserved, and the measure of the complement is small: O (/2) (see [PGs82]).

Although the two versions (Kolmogorov and isoenergetic) of KAM theorem are known since the works
by Kolmogorov, Arnold and Moser, there are only a few published proofs of the isoenergetic version.
Complete proofs are given in [Dou82 [BHI1], indirectly from the Kolmogorov version. A direct proof of
the isoenergetic KAM theorem, without using the Kolmogorov version, can be found in [DG96a].

It has to be pointed out that the isoenergetic condition is more significant from the point of view of
the stability, since it ensures the existence of a large family of KAM tori on each energy level H = const.
For n = 2, one deduces stability even for trajectories which do not lie on these tori, because these
2-dimensional invariant tori separate the 3-dimensional energy levels. This reasoning does not hold for
n > 2, and one cannot guarantee stability. So in this case there could exist unstable trajectories, although
it seems clear that the KAM tori should constitute stronger barriers to instability.

In these notes we will only deal with KAM and Nekhoroshev theory for Hamiltonian systems close
to integrable ones written in action-angle variables. For a KAM theory without action-angle variables,
see [LGJV05].

For systems violating systematically the Kolmogorov nondegeneracy, there is a non-twist KAM the-
orem, see [Sim98| [DLO0, [GEHL14].

For general surveys on KAM theory, see [LIa01, HCET16].

0.3 Nekhoroshev theorem and effective stability

The other relevant result to be commented here is Nekhoroshev theorem, which leads to the concept of
effective stability. Nekhoroshev theorem |[Nek77], first stated in 1977, establishes for all the trajectories of
the system (1) that the variation of the action variables remains small for a very long time, exponentially
large with respect to the parameter € > 0. For every initial condition (¢(0),I(0)) one has an estimate of
the type

‘I(t) —1(0)| < 7o el for |t| < Tp exp {(50/5)a}.
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The constants a,b > 0 are called stability exponents.

For the validity of Nekhoroshev theorem one imposes a steepness condition (see [Nek77]) on the
integrable Hamiltonian A. This is a very general condition, avoiding the quick escape of trajectories
along certain directions related to resonances of the frequency vector w(I) = 9rh(I). The simplest case
is that of quasiconvex functions: one says h to be quasiconvex if, for any I € G and v € R",

(vw))=0 = <v,812h(l)v>7é0.

For a perturbation of a quasiconvex Hamiltonian, the estimate of Nekhoroshev theorem holds with the

stability exponents
1

2n’

The proof of the theorem with these exponents has been given in [LN92, [P6s93]. However, Chirikov [ChiT9]
had predicted several years before that the exponent a = 1/2n should be optimal, a fact that was
overlooked until it was explained in Lochak’s survey [Loc92] (see also [Loc93]), where the exponent
a=1/(2n+ 1) was already obtained.

Comparing Nekhoroshev theorem to KAM theorem, we see that perpetual stability has been replaced
by finite time stability, but on the other hand the estimates are valid for all trajectories in the phase
space. Since (despite the theoretical importance of KAM theorem) it is not possible to know whether
a given trajectory lies on a KAM torus, the effective stability estimates are of obvious interest from
the point of view of the applications. Some recent results are intending to fill the gap between KAM
and Nekhoroshev theorems. These results concern the “stickiness” of KAM tori [PW94], as well as
the remarkable results about “superexponential stability” [MG95], or the existence of “quasi-invariant
tori” [DG96a).

a=>b

0.4 Arnold diffusion: whiskered tori, splitting, and transition
chains

Nothing is said in KAM theorem about the stability of the trajectories close to unperturbed resonant

invariant tori. Nekhoroshev theorem does not exclude the existence of unstable trajectories, but predicts

for them an exponentially long stability time. This extremely slow phenomenon of instability is called

Arnold diffusion, and a first description of it was given in 1964 by Arnold [Arn64] by means of his famous

example. As noticed in section diffusion can only take place for more than 2 degrees of freedom.
Add systems studied
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Chapter 1

Nekhoroshev theory

1.1 Introduction to KAM and Nekhoroshev theory

We consider a nearly-integrable Hamiltonian written in action—angle variables:

H(¢,I) = h(I) + f(&, 1), (L.1)

where ¢ = (¢1,...,¢n) € T" and I = (I1,...,1,) € G CR™ are, respectively, the angular and action
variables, and f is a small perturbation, of size ¢, of the integrable Hamiltonian h. It is well-known
that the dynamics associated to the unperturbed Hamiltonian h is very simple: the action I(t) remains
constant for all motions. Then, all n-dimensional tori I = const. in phase space T™ x G are invariant.
The flow on each torus is linear, with frequency vector w(I) = grad h(I).

In general, for the perturbed system associated to , the dynamics can be very complicated. It
is thought that there are unstable motions, and that Arnold diffusion takes place. Concerning stability,
the main results are provided by Nekhoroshev and KAM (Kolmogorov—Arnold-Moser) theorems.

Nekhoroshev theorem, which was first proved in [Nek77], leads to the concept of effective stability.
Roughly speaking, it states that an estimate of the type

I(t) — I(0)] < Rye®  for |t|<T0.eXp{<a€o> }

holds for all initial conditions (¢(0),1(0)) € T™ x G, provided steepness conditions are fulfilled by h.
The stability exponents a and b are positive constants. For the case of a perturbation of a quasiconver
Hamiltonian (the simplest kind of steepness), these exponents have been successively improved along
several papers. Thus, the exponent a = 2/(n? 4+ n) was found in [BGGS84]; and a < 1/(2n+ 1) in

[Loc90b]. Finally, the exponents
1

= % s
are stated in [LN92], [P6s93]. It has been conjectured [Chi79] that the exponent a = 1/2n is optimal.

Estimates of an analogous type can be obtained for the case of a perturbation of a system of harmonic
oscillators: H(¢p,I) = w-I+f(¢,I), where w is now a constant vector satisfying a Diophantine condition:

a=>b

k- wl| > ﬁ vk € 2"\ {0}, (1.2)
1

for some 7 > n — 1 and v > 0 (it is well-known that, if 7 > n — 1, the set of vectors w satisfying this
condition for a given v > 0 has relative measure 1 — O(7) in R™). We use the notation |k|; = Z?:1 }kj‘
for k = (k1,...,kn). We say a vector w satisfying to be 7,v-Diophantine. In this case, the optimal
stability exponent seems to be a = 1/(7 +1). This exponent has been obtained in |[GDET89|, [Fas90)
and [DG93].

KAM theorem states, under a suitable nondegeneracy condition, that most of the n-dimensional
invariant tori are preserved with some deformation in the perturbed system if the size € of the
perturbation is small enough. More precisely, this preservation is guaranteed for tori that have frequency
vector w(l) = grad h(I) satisfying a Diophantine condition. In this way, one gets perpetual stability, but
only for initial conditions on a Cantorian set, which does not contain any open set although its measure
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is large. In fact, it was first stated by Kolmogorov [Kol57] for analytic Hamiltonians, the preservation of
one given torus, suitably chosen. Afterwards, Arnold proved in [Arn63] (see also [P6s82]) the existence
of a large family of invariant tori and estimated the measure of the complement of the invariant set.
An analogous theorem for area-preserving maps of the plane was proved by Moser [Mos62], without the
hypothesis of analiticity.

Concerning the nondegeneracy condition required for the validity of KAM theorem, two sorts of
conditions are usually imposed on the unperturbed frequency map w = grad h, namely the (standard)
nondegeneracy and the isoenergetic nondegeneracy (see definitions in section [2.1.1)). There are
slight differences between the statements of KAM theorem under both nondegeneracies. Indeed, in the
standard case every preserved invariant torus keeps its frequency vector in the perturbation. In the
isoenergetic case, the frequency vector is not usually kept but, nevertheless, every invariant torus keeps
its frequency ratios and its energy and, moreover, on each fixed energy hypersurface most of the invariant
tori are preserved. A well-known consequence is that, for two degrees of freedom (n = 2), it follows from
the isoenergetic nondegeneracy the stability of the perturbed system.

The usual proofs of Nekhoroshev and KAM theorems do not allow to stress the close relationship
existing between the different types of stability provided by these theorems. Actually, no use is made
of the existence of the KAM tori in the proof of Nekhoroshev theorem, which gives a uniform stability
time for all trajectories in phase space. These trajectories include the ones lying in KAM tori, which
are the most numerous, and clearly have an infinite stability time. But one can also expect that,
for a trajectory starting near a KAM torus, the stability time is much larger than the one predicted
by Nekhoroshev theorem. Results concerning this “stickiness” of KAM tori, with Nekhoroshev-like
estimates, have recently been obtained in [PW94], [MG95].

In these lectures we are concerned about a unified approach to Nekhoroshev and KAM theorems,
already announced in [DG94]. After a preliminary part where the common method is set up, we give
quantitative proofs of Nekhoroshev theorem under the assumption of quasiconvexity (theorem in
section and the isoenergetic KAM theorem (theorem in section . We notice that our
approach to the isoenergetic theorem is direct, unlike the usual proofs where it is deduced from the
standard KAM theorem (see, for example, [BH91]) or making use of the associated Poincaré map (see
[Mos68]).

Moreover, under the same hypothesis of KAM theorem, we get a Nekhoroshev-like stability result
(theorem [2.2]in section [2.1.5)) which is slighlty different from the ones of [PW94] and [MG95]. The result
we prove considers the invariant tori of the unperturbed system such that their associated frequency
vector satisfies appoximately, up to a given precision r, a Diophantine condition. In the perturbed
system, these tori survive in the form of nearly-invariant tori, i.e., the trajectories starting on such a
torus remain near to it up to a stability time which is exponentially long in 1/r. This result is similar
to the one of [MG93|] where, however, the estimates are expressed in terms of the stability time, which
is previously fixed.

On the other hand, in [PW94] and [MG95] the stability estimates are expressed in terms of the
distance to a given KAM torus, meaning in this way the “stickiness” of KAM tori. The stability time is
then exponentially long in the inverse of this distance (or even “superexponentially” long for quasiconvex
Hamiltonians [MG95]). We do not prove that KAM tori are “sticky” but we believe that our result is more
useful for practical purposes, since our estimates for nearly-invariant tori do not require the existence of
a KAM torus nearby.

The method we follow for the proof of Nekhoroshev and KAM theorems is standard in classical
perturbation theory. It consists of seeking for a suitable canonical transformation W, bringing our
Hamiltonian H into a normal form H* = H o ¥, asked to depend on less angles, none if possible.
The transformation W is constructed iteratively as a product of successive canonical transformations
&M ®@) . near to the identity, which provide a sequence of Hamiltonians H", H?) ... coming
nearer and nearer to the normal form.

We construct the successive canonical transformations with the help of the well-known Lie series
formalism, which we describe in section[I.2.1] This is a very suitable procedure for practical applications,
since it allows to carry out explicit computations in concrete examples. The procedure can be directly
implemented in computers, since we only use harmonics of finite order.

It is well-known that an obstruction for the construction of the normal form is found on the resonances
or near them. A resonant manifold is characterized by a given module M C Z™:

Sv={I€egG : k-w()=0 Vke M} (1.3)

The obstruction comes from the presence of the small divisors k - w(I), with k € M, which can be zero
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or too small. It is because of the presence of the small divisors that one considers, near the resonance
Sn, a resonant normal form, which accepts dependence on combinations of angles k - ¢, with kK € M.
The union of all resonances is dense in the set of frequencies, but one only needs to consider resonances
up to a given suitable finite order: |k|; < K, since it turns out that the effect of higher-order resonances
is exponentially small in K. Thus, we say a function g(¢, ) to be in normal form with respect to M of
degree K if its Fourier series expansion in the angular variables is restricted to the form

g(¢, 1) = D gr(D) e
L

We express this by writing g € R(M, K). Note that a fuction is in normal form with respect to the
trivial module M = 0 if it does not depend on the angular variables.

In the first part of this lecture, we restrict ourselves to a subset G C G, where the frequency vector
w(I) is allowed to satisfy resonance relations corresponding to a fixed module M, but a neighborhood
of all other resonances of order less or equal than K are excluded. For such a set we say that w(G) is
nonresonant modulo M up to order K (see definition in section . On this set G we make
successive reductions to the type of normal form defined above: the harmonics corresponding to integer
vectors satisfying k ¢ M, |k|; < K, become smaller and smaller in the successive Hamiltonians, whereas
the harmonics corresponding to k € M or|k|; > K have to be kept because in the set G the small divisors
k - w(I) associated to these harmonics are not avoided. In this way the final Hamiltonian H* = H o ¥
can be written as

H*(9,1) = h(I) + Z* (6,1) + R* (6,1),

where Z* € R(M, K) and the remainder R* is exponentially small in K.

As in [Nek77] and [BGGS84], the proof of Nekhoroshev theorem is divided two parts, usually named
analytic and geometric ones. The analytic part concerns the iterative process and the estimates for the
successive remainders. In the geometric part the whole action space G is covered by a family of sets
associated to every module in order to get stability estimates for the trajectories corresponding to all
initial conditions. A similar distinction may also be carried out in the proof of KAM theorem. In this
case the geometric part concerns the estimates for the measure of the complement of the invariant set.

For given M and K, we consider a subset G C G where the nonresonance condition quoted above
is satisfied. In section [[.2.1] we show how the Lie series method is applied to the construction of the
iterative process, which is finite for the proof of Nekhoroshev theorem and infinite for KAM theorem. In
the case of KAM theorem we always take M = 0. The Iterative Lemma (theorem in section ,
which is common to both proofs, provides estimates for one given step of this process. We make use of a
vectorfield norm, introduced in section [I.2.2] which allows us to optimize the estimates of the Iterative
Lemma with respect to other related papers.

From successive application of the Iterative Lemma, with a fixed K, and carrying out an appropiate
number of iterative steps, we get the Normal Form Theorem (theorem in section , where the
estimate obtained for the remainder is exponentially small in K, and hence H* is an approximate normal
form, specific for the set G. This theorem completes the analytic part of the proof of Nekhoroshev
theorem. We point out that this approach is carried out along the lines of Poschel’s proof [P6s93]
of Nekhoroshev theorem, but our proof is somewhat simpler because the Iterative Lemma has been
optimized.

From the Normal Form Theorem, one can deduce stability estimates for the trajectories starting in
T" x G, which hold up to an exponentially long time. The estimates for nonresonant (M = 0) and
resonant (M # 0) regions are given in sections and respectively. In the resonant case we
impose a quasiconvexity condition. Following [P6s93], in the geometric part of the proof, the whole
domain G is covered by a family of sets G = G associated to the different modules M C Z", with
suitably chosen parameters (section . One sees that it suffices to consider K-modules (a module
M C Z"™ is said to be a K-module if it is generated by vectors of order less or equal than K). To
complete the proof of Nekhoroshev theorem (section , with optimal exponents, we choose K as a
suitable function of € and apply the stability estimates to each set Goq. In this way, we obtain estimates
for all trajectories starting in T™ x G.

As an additional application of the Normal Form Theorem, we also consider a perturbation of a
system of n harmonic oscillators with a Diophantine frequency vector. The nonresonant estimates of the
case M = 0 give rise to effective stability in such a system (theorem in section .

Our approach to KAM theorem is parallel, in its main lines, to the Arnold’s one [Arn63]. We first
prove the Inductive Lemma (proposition in section , which concerns the estimates given by
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the ITterative Lemma, with M = 0, for one given step of the iterative process. In this case, it does
not suffice to bring our Hamiltonian H to an approximate normal form with an exponentially small
remainder. It is necessary to perform an infinite number of iterations, with orders K;, K, ... increasing
to infinity. Then, the resonances up to higher and higher orders are removed from the domain along the
successive iterative steps. In this way, the remainders tend quickly to zero and the final Hamiltonian
becomes integrable: H*(¢,I) = h*(I). Therefore, the domain where the transformation holds is filled
with n-dimensional invariant tori with linear flow, but it shrinks to a Cantorian set corresponding to
Diophantine frequencies. To finish the proof of KAM theorem, the measure of the invariant set can be
estimated assuming that a suitable nondegeneracy condition is fulfilled by the unperturbed system.

In section [2.1.4] we give this direct proof of KAM theorem under the hypothesis that the unperturbed
frequency map w is isoenergetically nondegenerate. We point out that the same scheme would be useful
for the standard nondegeneracy. An explanation of both nondegeneracy conditions and the technical
difficulties arising in the isoenergetic case is given in section (quantitative lemmas are provided
in section . This common approach to both nondegeneracy conditions can be seen as a first step
towards the proof of KAM theorem under higher-order nondegeneracy conditions. We recall that a very
general condition was introduced by Riissmann [Rus90]. See [Sev95], [CS94], [XYQ97, XY07] for other
recent results along this line.

Finally, we see in section that, inside the same iterative scheme used for KAM theorem but
stopping it at an appropiate step, instead of carrying it to the limit, we find that Nekhoroshev-like
estimates hold for the trajectories starting in the domain at this step. This domain is then filled with
nearly-invariant tori (theorem . This result is quantitatively very close to KAM theorem. Qualita-
tively, the perpetual stability of KAM tori is sacrificed but, on the other hand, the domain where the
result holds contains inner points, and hence it is not a Cantorian set.

It is worth reminding that KAM theorem is meaningless from a practical point of view despite its
theoretical importance. This is due to the fact that, from an approximation of a concrete frequency
vector, one cannot decide whether this vector is Diophantine or not. The notion of nearly-invariant torus
may be understood as an attempt to compensate this deficiency.

1.2 The common part

1.2.1 Normal forms via the Lie series method

We describe in this section the iterative process leading our Hamiltonian H(¢,I) = h(I) + f(¢,I) to
normal form. This setup provides a common environment for the proofs of Nekhoroshev and KAM
theorems. According to the approach described in the introduction, we restrict our Hamiltonian H to a
subset G C G, where it is assumed that the frequency set w(G) is nonresonant modulo M up to order
K for given M and K. For notational convenience, we consider the starting Hamiltonian H written, on
the set G, in the form

H(¢,1) = h(I) + Z(¢, 1) + R(¢, 1), (1.4)

with Z € R(M, K). For instance, we may choose Z = 0 and R = f. However, if the starting
Hamiltonian is already near to the normal form, we may write it in the form , with a small R with
respect to Z, and seek for a better approximation to the normal form.

The transformation ¥ leading to normal form is constructed as a product of canonical transformations
oM d@  Weput U@ =M o...0d@ At the step ¢, the transformed Hamiltonian is written in
the form

HYD =Hou@ = p4 7@ 4 p@)

with Z(@ € R(M, K). Obviously we start with Z(®) = Z and R(®) = R.

Now, to describe a concrete iterative step, we write H, Z, R, Z, R, ®, instead of H@~ 1  z(a-1)
RV 7@ R@ & respectively. Following the Lie series method, as in [DGI3], we construct ® as
the flow at time 1 associated to a generating Hamiltonian W to be determined.

More precisely, if ®; denotes the flow at time ¢ of an autonomous Hamiltonian W, it is known from
the Hamiltonian theory that, for any function f, the derivative of f o ®; with respect to ¢ can be
expressed in terms of the Poisson bracket of f and W:

S o®) = £, W}o®,
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So, assuming analyticity in ¢ and taking the Taylor expansion, one has the Lie series

s tm
fo®i=) —Ljf

m=0

where we denote L\ f = f and L{J'f = {LMT}L_lf, W} for m > 1. For the remainders of the Lie

series, we use the notation

m—1 1 [e’e) 1
t t

rm(f,W,t) == fo® — ﬂLle :ZﬁLI/IV (1.5)
=0 I=m

for m > 0.
With this notation, we have for the transformed Hamiltonian the following expression:

Ho®=h+Z+R+{h,W}+ry(h,W,1)+7r(Z+ R, W,1). (1.6)

We want R to be smaller than R in order to get H o ® closer to normal form than H. Consequently
W should be chosen in such a way that R+ {h, W} be in normal form. As a matter of fact, this can
only be guaranteed up to order K because the nonresonance condition on w(G) does not avoid the small
divisors corresponding to higher orders. Thus, we seek for AZ € R(M,K) and W solving the linear
functional equation

{W,h}+AZ = RSKv (17)

where we write R<g(¢,I) = Z Ry (I)et*,
|k|, <K
The resolution of equation (|1.7) is standard. In terms of Fourier coefficients, we have the solution

Ry ()
N=—""_ " AZ/()= f z" < K;
Wk() ik'w(I)’ k() 0, or ke \M,|k‘|1_ ;
Wi(I) =0, AZp(I) = Ri(I), for ke M, k|, < K; (1.8)
Wi (I) =0, AZ(I) =0, for |k|, > K.

This is the only solution of equation (|1.7) if we require W to have no resonant terms with respect to M
and to be of degree K. We denote by NR(M, K) the set of the functions satisfying these requirements.
If h and R are real functions, we see from (1.8]) that AZ and W are also real.

The new Hamiltonian can be put as
Ho®=h+Z+R,
with

— Z4+AZ € RIM, K), (1.9)
= R>K +T’2(h,VV,1) +T’1(Z+ Raml)’ (110)

5 N

where we write Rsx = R — R<g. If h, Z and R are real, then the transformation ® preserves real
domains, and the new Hamiltonian is also real. Recall that the algorithm explicited in is just
one step of the iterative process. It describes how to get H@ = H@=1 o (@),

Roughly speaking, this procedure can be considered as linear if we ignore the term R(;II_(D. Indeed,
if Z@=Y = Q(e), RY = O(e?), we see from equations that R@ = O(e?t!), since the
generating Hamiltonian for ®(%) is taken of the same order as R9~1). We use this procedure for the proof
of Nekhoroshev theorem (section . The term R(;"I_{l) is exponentially small in K. So its influence
can be overcome by choosing K large enough.

We remark that the canonical transformation ®(@ could also be constructed by means of a quadratic

-1
procedure: if R@-1 = (2 ), then R@ = QO (52q>. We can attain this aim by taking another
term of the Lie series in (|1.6]), which gives rise to an alternative algorithm for the reduction to normal

form. However, for an arbitrary module M, the linear equation substituting (1.7]) is not easily resoluble,
and an approximate solution does not seem to improve the estimates of Nekhoroshev theorem.
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In the case of KAM theorem (section , where M = 0, the linear procedure described in
is almost quadratic, provided we take Z(¢=1) = 0 at each step (the procedure can never be strictly
quadratic because of the presence of small divisors). This forces us to a little change in the algorithm: we
include AZ@=1 in the integrable part in order to have Z(? = 0 for the following step. In this way, the
integrable part changes at every step: we begin the step ¢ with H@=1 (¢, I) = ha=D(I) + R4~V (¢, I),
and the new Hamiltonian can be written as

H'9(¢, 1) = hl(I) + RW(¢, 1), (1.11)

where, by (1.8]),
h(@ = pla=D) 4 Az(a=1) = pla=b) 4 Rla=1) (1.12)

(note that the function R((Jqfl)(l) is the angular average of R(9=Y(¢,I)). The new remainder R is
obtained like in 1) which then gives a fastly convergent procedure if the term R(>q;(1) is ignored. To
solve the difficulty caused by this term, we take increasing orders K, tending to infinity for ¢ — co. We
can then see the convergence to zero of the remainders R(?, and hence the existence of invariant tori.
However, resonances of successive higher orders have to be removed along the procedure and hence the
final domain is reduced to a Cantorian set.

Another remark is that in section [2.1.4] we prove KAM theorem without showing explicitly that
the remainders R(? converge in a fast way, but linear. Nevertheless, we use the almost quadratic
convergence of the remainders to show the existence of nearly-invariant tori, with exponential estimates

(see section [2.1.5).

1.2.2 A norm for Hamiltonian vectorfields

In order to obtain rigorous estimates for the successive remainders, we need to define norms for the
functions taking part in the iterative process introduced in section [1.2.1

An important remark is that a Hamiltonian function H does not take part directly in the Hamiltonian
equations, but rather its derivative

DH:(aH 8H):(6H OH O0H 8H>.

99 0r) \dgL 7 9, oL Al

Then, to obtain the stability estimates leading to the proof of Nekhoroshev and KAM theorems, we
do not need to obtain estimates for the successive remainders provided by , but estimates for the
derivatives of these remainders suffice.

Looking carefully at equations , one realizes that it is possible to bound the derivatives DZ
and DR from the derivatives DZ and DR, since the Lie remainders 71, ro have been defined in
in terms of Poisson brackets. So it would be a nice tool to work with a suitable vectorfield norm for
the derivatives, which would avoid unnecessary uses of the Cauchy inequalities in estimating derivatives.
This idea was suggested to us by A. I. Neishtadt, although it goes back to [Fas90], where estimates for
the Lie series method for not necessarily Hamiltonian vectorfields are fully developed.

However, we cannot avoid all uses of the Cauchy inequalities, since the remainders r1, 79 in
have to be differentiated in order to estimate DR. Moreover, a differentiation has to be done before
starting the first iterative step. Thus, we work with analytic functions on complex neighborhoods of the
domain T" x G. Given p = (p1,p2) >0 (i.e. p; >0, 7 =1,2), we first introduce the sets:

Wy (T") :=={¢ : Rep € T", Im¢|_ < p1},
Vo, (G):={I €C" : |I-T|< p for some I' € G},

where|-|_ and|-| =||, denote, respectively, the maximum norm and the Euclidean norm for vectors. We
then define:
DP(G) = Wpl (Tn) X VPQ (G)

Several kinds of norms are used along this lectures. First, we consider functions of the n action
variables. Given a (real or complex) function f(I), defined on a complex neighborhood V,(G), n > 0,
we introduce the supremum norm:

[flg, == sup |f(I)
1€V, (G)

) |f|G = |f|G,o .
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In this way, the subscript 7 is removed from the notation if » = 0. This remark applies throughout this
section.
In an analogous way, we consider the supremum norm for vector-valued functions, i.e. vectorfields.
Given F': V,(G) — C™ and 1 < p < oo, we define
1Flg sup |F(I)]

|Flg, = |F| -
1€V, (G) P’ G @m2

P T

1/p
In this definition, |-, means the p-norm for vectors in C", i.e.: |v|, = (Z?:1|vj|p> for 1 < p < oo,

and |v| = maxlgjgn’vj|. Note that we remove the subscript p to mean the Euclidean norm (p = 2).
We also define the supremum norm for matrix-valued fuctions or even tensor-valued functions (e.g.
successive total derivatives of a function). The definition is analogous, taking for matrices and tensors
the norm induced by the Euclidean norm for vectors (we only consider the case p = 2).
Next we consider functions of the action—angle variables. For a given complex function f(¢,I) (27-
periodic in ¢) defined on the neighborhood D,(G), p = (p1,p2) > 0, we may consider its supremum
norm:

|flg, = sup |f o, 1 | . (1.13)
(¢,1)€D,(
But if f is analytic on (a neighborhood of) the set D (G), we may define an exponentially weighted
norm in terms of the Fourier series of f. Writing f(¢,I) Z fe(I)et*?, we introduce
keZ”L
1Fllg, = D |frlay, - €7 (1.14)
kezr

Note that |f|; , < [[fllg,, - This exponentially weighted norm, analogous to the one used in [P5s93],
allows to carry out easily a separate control of harmonics in estimating the solution of the linear functional
equation (1.7), in proposition [L.4] of section [1.2.3] This would be more difficult by using the supremum
norm.

Exactly in the same way as before we may extend the definitions of the norms to the
case of vector-valued functions. Given F : D,(G) — C™ and 1 < p < oo, and writing F(¢,1) =
Z Fi(I) '™, where Fy, : V,,(G) — C", we define
kezn

. k
HF||G7p7p = Z |Fk|G7p2,p.€| ‘1P1’ ||F||Gp ||F||Gp2 .
kezm

Let us recall the Cauchy inequalities for the ¢-derivatives and the I-derivatives (see also [P&s93]).
Given f analytic on D,(G), for 0 < < p (i.e. 0<d; < p;, j =1,2) one has

1
<5 le. |5, < 1l -

|5

G,(p1—61,p2),1 ,(p1,p2—02),00

To have a more compact writing and to avoid to carry out separate estimates for the ¢-derivatives

and the I-derivatives along the iterative process, we introduce for Df = (ﬁ ﬂ) the vectorfield norm

o¢ 7 oI
||Df||G,p,c =m <Ha¢

Gpl H

> (1.15)
G,p,00

where ¢ > 0 is a parameter to be fixed in subsequent sections. This parameter (having the physical
dimension of the action variables) is introduced in order to compensate the difference between the
Cauchy inequalities for ¢-derivatives and I-derivatives.

Lemma 1.1. Let f, g be analytic functions on D,(G). For 0 < 6 = (1,92) < p and c > 0 given, let us
denote

5, = min(cdy, da).
Then,
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a) [Dfllg,ps.e < Hfllap-

0’»‘ s

2
H{f’g}HG,p < E ||Df||G,p,c ’ HDg”G,p,C '

HD(f>K)HG7(P1—617P2),c <e o HDfHGPC )

The proof of the properties contained in this lemma is very simple. In subsequent sections, we shall
see that an appropiate choice for the parameter ¢ makes possible to obtain better estimates, even in case
of very different 61, d5.

More notation is required. At every step of the iterative process described in section the
canonical transformation ® leading our Hamiltonian to normal form is constructed as a flow associated
to the generating Hamiltonian W defined in . To know how near to the identity map this canonical
transformation is, we need to define a norm for maps like ® —id. This map is defined in D,(G), and
we may consider it taking values in C?". First, we take the parameter ¢ > 0 of definition and, for
a 2n-vector x = (¢, I), we introduce its “c-norm” as

], = max (el .I1]) -
Then, for a map Y : D,(G) — C?", we define the norms:

|T|G,p,c = sup ‘T(az)}c, |DT|G’p’C ‘= sup |DT(3€)’C7
z€D,(G) 2€D,(G)

where, for the second definition, the matrix ¢-norm is the one induced by the c-norm for vectors. With
these notations, it is easy to prove the following property: if T is analytic on D,(G), then

|T|G,p,c
be

(1.16)

5. <

In the following lemma, the effect of the flow associated to a generating Hamiltonian is estimated in
terms of the norms introduced above. Moreover, a bound for the remainder of a Lie series is found. The
proof is given in section

Lemma 1.2. Let W be an analytic function on D,(G), p > 0, and @, its associated Hamiltonian flow
at time t, t > 0. Let 6 = (61,02) >0 and ¢ >0 given. Assume that |DW||g , . < 6c. Then, @y
maps D,_45(G) into D,(G) and one has:

a) [ —idlg, 5. <tIDWlg,. -
b) @Dy (GQ)) D Dy—1s(G) for p' < p—1té.

c¢) Assuming that |DW|s , . < bc/2e, for any given function f, analytic on D »(G), and for any
integer m > 0, the followmg bound holds:

o0

l
1 . 26HDW||G,p,c ﬁ
Z (ler) 5 m! ” Wf”(;p

2e[|DW ¢ .
= Ym <5p A" L fllg,

o (£ WDl s

where, for 0 < x < 1, we define

; l+m
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1.2.3 The Iterative Lemma

Now we are going to obtain estimates for one step of the procedure of section with the help of
the norm introduced in section We consider the Hamiltonian , real analytic on D,(G), with
Z € R(M, K), and we restrict it to a subset G C G such that w(G) is nonresonant modulo M up to
order K (see the introduction).

We first introduce, following [P6s93], a quantitative version of this nonresonance condition. Given
a module M, an integer K and « > 0, a subset F' of the n-dimensional frequency space is said to be
a, K-nonresonant modulo M if

kv > a VkeZ"\ M, k|, <K, YvePF. (1.17)

We begin by seeing that this nonresonance condition on the set w(G) can be extended to a complex
neighborhood of small enough radius ps.

Lemma 1.3. Let h(I) be a real analytic function on V,,(G), let w = grad h, and assume that w(G) is

a, K -nonresonant modulo M. Assume that ’812 . <M. If
sP2
«
< 1.1
P2 = IMK ) ( 8)

then w (V,,(Q)) is &, K-nonresonant modulo M.

The proof is a simple application of the mean value theorem. We point out that, as shown in
section condition on py imposes an important restriction on the domain. An exception is
the very special case of a system of harmonic oscillators, where M = 0 (see section |1.3.2]).

The next result provides estimates for the functions AZ and W solving the linear functional equa-

tion ([1.7)).
Proposition 1.4. Let h(I), Z(¢,I), R(¢,I) be real analytic functions on D,(G), let w = grad h, and
assume that w(G) is a, K-nonresonant modulo M, and that Z € R(M, K). Assume that ’612

G,p2
M, and py < 2J\3K' Let ¢ > 0 given. Then the functions AZ € R(M,K) and W € NR(M, K)

given in @), which solve the linear equation , are both real analytic on D,(G), and the following
bounds hold:

c )

HD(AZ)HG,pc = ”DR”G 2P,

2A
IPWllg,pc < — IDRllg,p.c »

ID(R=AZ)||g, . < IDRlg,..

where we define

2Me

A=1+ (1.19)

Proof We obtain the estimates from the explicit solution given in (|1.8]), in terms of Fourier coefficients.
The two first ones are clear, since AZ and R — AZ are obtained from R jUbt removing the appropiate

Fourier harmonics. To estimate DW, we bound %‘Z and 2% Using lemma it is easy to see that
H OR
G,p,1 - a¢ G,p,1

Next we write, for k € Z™\ M,|k|; < K,

oWy, _ oa 7Rk(l)%(ik‘-w(l)): o%, +[gﬂk'%;
oI ik-w(I) (ik-w(I))? ik-w) " (k-w)?’

= i Ri(I)k (differentiating the Fourier expansion of R). From

53,

where we have used that [7)
lemma [I.3] we obtain

aRk
oI

2
G7P27OO G,p2,00 @
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Thus,
v czfom| o
Goproo _a ol Goproo a?
and finally
2  4Mec 2A
1W< (2+ 25 ) DRI, = 22 1DRI,. . ©
Remarks

1. These estimates do not involve a reduction of the domain D,(G). This becomes more difficult if we
use a norm that does not take into account the explicit expansion in Fourier series (for example,
the supremum norm). One exception is the case dimM =n — 1, i.e. near periodic orbits, where
integral expressions for the solution of equation are available (see [Loc90b] and also [LWO04]).

2. The value of A could be big (of the order of 1/«). Therefore, it would be an obstruction to the
obtainment of the optimal exponent, unless we chose ¢ small. But we shall see in the subsequent
sections that our choice of ¢ allows to bound A by a constant not depending on a.

Theorem 1.1 (Iterative Lemma). Let H(¢,I) = h(I) + Z(¢,I) + R(¢,I) real analytic on D,(G), let
w = grad h, and assume that w(G) is a, K-nonresonant modulo M, and that Z € R(M,K). Assume

that ‘812 <M. Letd < p and c> 0 given, and let A defined as in (1.19). Assume:

P2

(6%
||DR||G,p,c S

< 1.2

p2§L7
2MK

Then, there exists a real analytic canonical transformation ® : D, s(G) — D,(G) such that Ho® =

h+Z+R, with Z € R(M,K), and one has:

s
2

|pz|, < 1pzlg,. +IDRg,,

14A (
G,p—d,c

|pR| < e DRI, + = (IDZlg,,. + DRI, ) - IDRl,.

c

»P5C

. 2A
o) @ —idlg, 3. < = DRl

d) ®(D,(G)) > Dy_5(G) for p<p—14.

Proof We take AZ, W and ® as constructed in section [I.2.1] Then the bounds of proposition [T.4] for
D(AZ), D(R— AZ) and DW hold. In particular,

IDWl,. < 2 DR, < % < 2
and therefore lemmall.2|applies, with t = 1 and with §/2 instead of 6. We obtain ® : D, s (G) — D,(G)
and expressions ([1.9H1.10) hold for the transformed Hamiltonian.
From and proposition we easily get estimate (a). On the other hand, from and
parts (a) and (c) of lemma [1.1]

|E| < e 5 |DR|g, . + p (||7~2 B WD)y + 12+ R, ) -

G,p—d,c
From part (c) of lemma

4e | DWlg, .
[r2(h WD)l g <22 <5cp> ' H{{h’ W}’W}Ha,p ’

|r(Z + R W, 1) < 2PVl pe WHz+RrR WY, -
1 ) ) G,p—% =M (5 ) G,p
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We estimate the Poisson brackets using part (b) of lemma
2
112 + B Wi, < = (IDZlig e+ IDRl G ) - IDW e
2
], =82 -] <2 01991
[y = [(az-rac W}, <2IDRIg,. IPW,,.

where, in the second estimate, we have used proposition to ensure that

ID(AZ = R<i)llg .. < 1P(AZ = R)|| .. < IDRg,. -
For 0 < z < 1, one has
In(1 —x x4+ (1—2)In(l -z
71(x)=—(7)7 V2(x) = ( x)z U

Using that these functions are increasing and evaluating them at x = 4e/37, we obtain

HTQ(h, W’ 1>HG,pfg + H’I”l(Z + R’ VV’ 1)HG,p7g
2 de 4e
< ? (72 (3) + (37)) (IDZlg pe + DRl G,,.) - 1DW i
TA
< L (IDZlg, + IDRllg,.) - IDRllG.,. - (1.21)
By putting all of these estimates together, we get (b). Finally, we deduce from lemma (with 6/2
instead of §) the statements (c) and (d), concerning the distance from ® to the identity. O

Remarks

1. The Iterative Lemma provides a description for one step of the transformation to normal form
constructed in section m The improvement of this result, with respect to related papers (for
instance, [P6s93]), is the main contribution of the vectorfield norm (1.15). It avoids a subsequent

application of the Cauchy inequalities, which would cause an extra division by . in estimate (b).

2. In the statement of the Iterative Lemma the value of the parameter c is still free. From now
onwards, we shall take
92
=5
and hence 56 = §5. This choice of ¢ seems to be the best because it leads to the smallest possible
value for the quotient

Cc

DRl g,
dc
appearing implicitly in condition (1.20]) and estimate (b).

)

1.3 Nekhoroshev estimates and related results

1.3.1 Estimates for the normal form

Now, starting with H(¢,I) = h(I)+Z(¢,I)+ R(¢,I) on D,(G), we apply @) times the Iterative Lemma
and obtain an estimate for the remainder. By choosing @ = Q(K) adequately, we get an exponentially
small remainder in the next theorem.

Theorem 1.2 (Normal Form Theorem). Let H(¢,I) = h(I)+Z(¢,I)+R(¢,I) real analytic on D,(G),
let w = grad h, and assume that w(G) is a, K -nonresonant modulo M, and that Z € R(M, K). Assume

that ‘% <M. Let § <p given, ¢ =02/61, and let A the constant defined in (1.19). Assume:

G,p2

04(52

DZ D S GIAKS.
|| ||G,p,c + H RHG7P70 - 61AK61

«
< — 1.22
p2_2MK ) ( )

Then, there exists a real analytic canonical transformation U :D,_5(G) — D,(G) such that Ho ¥ =
h+Z*+ R*, with Z* € R(M,K), and one has:



12 CHAPTER 1. NEKHOROSHEV THEORY

a‘) ||DZ*||G,p75,C + ||DR* HG,pfé,c < HDZHG,p,c +2 ”DRHG,p,C '
. _ K,
b) [[DR|lg, 5. < 3¢ 2 -||DR|¢,., -
. 4A
c) |¥— 1d|G,p_57C < " ||DR||G,p,C .
d) ¥ (Dy(G)) > Dp,_g(G) for pf <p-—34.
Proof Let Q > 1 be an integer to be chosen below, and let us introduce the sequence

qé
P=p-G5 05e<Q

We take 6@ =§ /Q for every 1 < ¢ < Q. Next we shall construct a sequence of real analytic canonical
transformations @@ : D, (G) — D,u-n(G), 1 < g < Q. Denoting U@ = M o... 0 d@  the
successive transformed Hamiltonians will be written in the form H@ = H o ¥ = b + Z@ 4 R@),
with Z(@ € R(M, K). Moreover, we are going to show that, if

Ké, > 2Q, (1.23)

the following statements are true for 0 < ¢ < Q:

|pz]

G e

q—1
< (s)
oo < NP2+ 3 [DR

HDR(q H < HDR\ .
G,pD ¢ G,p,c

We proceed by induction. The results are obviously true for ¢ = 0. For 1 < g < @, note that,

by (24—1) and condition (1.22]),

o) o

e = 61AK61 = 122AQ

IDR|¢,,

Gpla— e~ el

and hence the Iterative Lemma applies, with §/Q instead of §, and we obtain the canonical transformation
(@), We immediately get (1,). The bound (2,) comes from the following estimate:

oz
G,pD ,c

<o & |ore|

G,pla—1) ¢
L 144 HDZ(q‘l)H +HDR(‘1‘1)H -HDR<4—1>H
ady G,pla=bc G,pla—bc G,pla=bc
1 284Q
< (= . (q—l)H
N <62 + ads (”DZ”GVWJF”DR”G"”CD HDR G,pla=1 e

(5 ) dore e 2o
- 122 Gpla-Dec e G,pla=1 ¢

Now, let us assume that K¢é; > 2 (if K§; < 2, all results are obvious if we take ¥ as the identity

map). Then, we may choose @ = Q(K) as the maximum integer satisfying (1.23)), i.e. Q = [K‘sl}

Denoting ¥ = ¥(@) 7* = 7@ R* = R(Q) we have Ho WV = h+ Z* + R*. Then, part (a) comes
from (1¢). For part (b), we use (2¢g):

. Koy
DR[| Q DRl IDR|g,. <3¢ 2 -||DR|

P— §c = ,p,c = K& _4 G,p,c *
A

e

The proof of (c) is very simple from the analogous bound in the Iterative Lemma and the inequalities (24):

Q
(@ _iq < ’(I)((I) —id
‘ ! G,p—6,c ; !

(4-1) 44
<Z HDRq Hc,m - ||DR||GPC.

G,p(D ¢
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Finally, to get (d) it suffices to prove that, for 0 < ¢ < Q,

p@) (Dp/(G)) DD, 4 (G) if o <p-— %
rT2q

Indeed, this inclusion is obvious for ¢ = 0. By induction, we assume it for ¢ — 1:

VO (Dyr(G) DD | g 1)s(G) i pf < p— G0
p//7 2Q

Then, taking p” = p’ — % in this inclusion and applying part (d) of the Iterative Lemma, we get:

V(@ (D, (G)) = W) (cp@ (D,,,(G))) 5 pla=1) (DP,Q(;Q(G)) SD 45 (G). O

/

)

Remark This result is essentially equivalent to the analogous one in [Pds93], and seems to be “optimal”
in the sense that the exponent for K in the second condition of is 1. The difference is that our proof
is much simpler because the Iterative Lemma is also optimal, whereas the proof appearing in [P6s93]
relies in a very careful choice of the size of the successive reductions of the domain (see also [Neig4]).

1.3.2 Nonresonant stability estimates: application to the harmonic oscilla-
tors case

From theorem @ one can obtain estimates for the variation of the action variables on the set G where

this theorem is applied. This is very simple in a nonresonant region (M = 0), where no extra geometric
condition on the unperturbed Hamiltonian h is required.

Lemma 1.5. Let H(¢,I) =h(I)+ Z(I) + R(¢,I) real analytic on D,(G), let w = grad h, and assume
9*h

that w(G) is a, K-nonresonant modulo 0. Assume that |57z G <M. Let ¢c=p2/p1, and assume:
»P2
« a2
< —— DZ DR < . 1.24
P2 > IMK "’ H ||G,p,c + || ||G,p,c — 122Kp1 ( )
Then, for every trajectory (¢(t), I(t)) of H, with (¢(0),1(0)) € T™ x G, one has
24 2 K
1) = 1(0)] < = |DR|g,.  for [t < ~e il (1.25)

The proof is deferred to section Now, as a simple application, we consider the case h(l) =w-I,
i.e. H is a perturbation of a system of n harmonic oscillators. The frequency vector w € R™ is assumed
to be 7,7y-Diophantine (see ), for 7 > n —1 and v > 0 given. This case, where no geometric part
is required, is also considered in [GG85], [GDF*R9), [Fas90], [P6s93] and [DGI3]. We obtain, like in the
last four of the quoted papers, the “optimal” stability exponent a = 1/(7 + 1). We remark that, since
M =0 in this case, condition does not impose any restriction on ps.

Theorem 1.3. Let H(¢,I) =w I+ f(p,I) real analytic on D,(G), and assume that the vector w is
7,7v-Diophantine for some T >n —1 and v > 0. Assume:

P
o244

Then, for every trajectory (&(t), I(t)) of H, with (¢(0),1(0)) € T" x G, one has

1/(741) 1/(7+1)
p2 [ € 2 p1 (€0
It)—10)] < —|(— t < — — | — .
1(t) ()|_5p1(50> f0T||_WeXp{24<€) }

Proof Let ¢ = py/p1. We notice that we may take M = 0 in lemma[L.5] For a fixed K to be chosen,
the set {w} is clearly 2%, K-nonresonant modulo 0. We are going to apply lemma with Z = 0,
R = f, and p/2 instead of p. Since

e=|fllg, < €o

2¢e
IDflg g0 < -
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the second condition of (|1.24]) is satisfied for

YP2
P T
YVl eas

We then choose K = {(%)1/““)} and obtain:

T 1/(1+1)
< 24K7 2 < P2 < € ) .
€0

16 = 10)] < Yoopr T 9

Concerning the stability time, it is easily obtained from the one of lemma if we take into account
that, since ¢ < g9, we have K > % (8?0)1/(T+1). O

Remarks

1. One may notice that our results in the case of a perturbation of a system of harmonic oscillators
are slightly worse than the ones obtained in [Fas90]. Indeed, the stability exponent a = 1/(7 + 1)
is the same but we have obtained b = 1/(7 + 1) instead of b = 1. This difference comes from
a different performance of the iterations leading to normal form. Indeed, in [Fas90] the linear
functional equation is solved without cutting the Fourier expansions at order K (but making
a reduction of the domain). This approach makes the estimates of proposition better, but it
is limited to the nonresonant case (M = 0). Although our approach leads to worse estimates, it
avoids dealing with infinitely many small divisors, and also allows to treat the resonant case.

2. Even in the harmonic oscillators case, our approach looks more significative from a practical point
of view. Indeed, if we consider ¢ fixed (i.e. a concrete Hamiltonian), then the result of theorem
still holds if Diophantine condition {D is required just for |k|; < (%O)I/(TH). For instance, if the

frequency w is known only up to a finite precision then it has no sense to check the Diophantine

condition farther than a certain finite order, but our estimates could also be applied.

1.3.3 Resonant stability estimates

Now we restrict ourselves to a neighborhood of the resonance associated to a given module M C Z",
and afterwards the whole domain G will be divided in resonant and nonresonant regions corresponding
to the different modules. A set of frequencies F' C R" is said to be n-close to M-resonances if

[v—Tpmv|<n  Yv€eF, (1.26)
where II; denotes the orthogonal projection onto the space of exact M-resonant frequencies
ME={weR" : k-v=0 Vke M}.

To obtain stability estimates for the trajectories with initial condition in a set G such that w(G)
is close to a resonance, we need to impose some geometric condition on the unperturbed Hamiltonian
h. In the original Nekhoroshev’s proof [Nek77], a general steepness condition was imposed. But the
main geometric ideas of the proof are contained in the simpler quasiconvex case, considered for instance
in [BGGS84] (convex case), [Loc90b] and [P6s93]. Following [Loc90b], we say the function h(I) to be
m-quasiconvex on a set U if

9h

ETell >mpf>  Wwelw), VIeU

I) (v,v)

(this definition is slightly different from the one given in [P6s93]). One remarks that the level hypersur-
faces of h are convex if h is m-quasiconvex. Moreover, the quasiconvexity implies that, for every module
M, the resonant manifold Sy introduced in and the vector subspace generated by M are always
transversal.

Under this condition, the next lemma (called Resonant Stability Lemma in [P6s93]) provides stability
estimates on a region G C G such that w(G) is assumed to be close to the resonance associated to a given
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module M and satisfying a nonresonant condition modulo M. Our proof is standard. It follows [Loc90b]
and [P6s93] in the main ideas, which go back (for convex systems) to [BG86]. The basic point is that, for
a Hamiltonian in normal form with respect to M with an exponentially small remainder, the speed of
variation of the action variables along the M-=-direction is exponentially small. On the other hand, the
quasiconvexity condition forces the energy hypersurface of h passing through a point of the resonance
Sm to have a contact of order two with the M-direction. Then, by energy conservation, one may bound
the variation of the actions along the M-direction, giving rise to the stability estimate. It has to be
noticed that this approach differs from the one of [BGGS84], where a different feature of (quasi)convex
Hamiltonians is used: the transversality between the resonant manifold Sa¢ and the M-direction.
We define a real neighborhood of the domain G as

U, (G) = {I ER" : | —I'| < py for some I' € G} =V,,(G)NR". (1.27)

Lemma 1.6. Let H(¢,I) = h(I)+ Z(p,I) + R(¢,I) real analytic on D,(G), and let w = grad h. For
a given module M # 7", assume that w(G) is n-close to M-resonances and «, K -nonresonant
modulo M, with K > 1 , and assume also that Z € R(M, K). Assume that

9?h

ﬁ SMv |W‘G§La

G,p2

and that h is m-quasiconvex on Uy, (G). Let ¢ = pa/p1, and assume:

mop3
350

pZS&a U§@7
48M?2K 60

||DZHG,p,c+ ||DR||G,p,c < (128)

1
where we write ¢ := min <1, m) Then, for every trajectory (¢(t),I(t)) of H, with ($(0),1(0)) €
1
T" x G, one has
mp22 mKp,

<< ———= e"6M . 1.29
"< ALDR],,. ¢ (1.29)

1)~ 1) <ps  for

We give the proof of this result in section [2.2

Remark If R =0, this lemma implies that, if the quasiconvexity condition is fulfilled, all trajectories
starting in T™ x G have perpetual stability. Nevertheless, one could deduce this fact in a more direct
way, because in this case the Hamiltonian H = h 4 Z is already in normal form with respect to M.

1.3.4 Geometry of resonances

Next we return to the Hamiltonian , which we assume real analytic on D,(G). The stability estimates
obtained in lemmas [I.5] and [I.6] only apply to the trajectories starting in a subset G C G where the
frequencies are assumed to be close to the resonance characterized by a fixed module M C Z™ and
satisfying a nonresonance condition modulo M. In order to obtain stability estimates for all trajectories
starting in T™ x G, the whole action domain G is covered by a family of sets G o4, called resonant and
nonresonant blocks (for M # 0 and M = 0, respectively). For each module M, the frequencies on the
block Go¢ have to be close to M-resonances, and to satisfy the nonresonance condition up to a
fixed order K.

A construction of such a covering is carried out in [Nek77] and [BGGS84]. The quantitative aspect
was improved in [P6s93]. The Geometric Lemma stated below has been taken from [Ps93] with no
changes.

Actually one may work in frequency space. We obtain for this space a covering { B4}, which can be
pulled back by the frequency map w to a covering {Gaq} for G. Before stating the Geometric Lemma
we recall some concepts and terminology introduced in [P3s93].

For each module M C Z", we consider the space of M-resonant frequencies M~. Note that there are
a lot of modules giving rise to the same resonant space. Obviously we only have to consider the mazimal
one. A module M C Z" is said to be maximal if it is not properly contained in any other module of
the same dimension. See appendix 3 of the book [LMS8] for an explicit characterization of the maximal
modules in Z".
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Given a maximal d-dimensional module M C Z", the set B, is constructed by taking a neighborhood
of the space M~ and removing from it a neighborhood of the resonant spaces associated to the (d + 1)-
dimensional modules. The set constructed in this way would not contain any open set. However, one
remarks that, to satisfy the nonresonance condition up to order K, it suffices to consider K-
modules. A module M C Z" is said to be a K-module if it is generated by vectors of order less or equal
than K.

To make these ideas quantitative, one requires the notion of volume of a module. For a d-dimensional
module M C Z", 1 <d < n, let C be the (n x d)-matrix obtained by choosing a basis of M and putting
its vectors as columns. The volume of M is then defined as

IM|:=4/det(CTC),

i.e. the d-dimensional volume of the parallelepiped spanned by the vectors of the basis. The choice of
the basis does not have influence in this definition.
Let \g > 0, for 1 <d <mn, be fixed parameters. For each maximal d-dimensional K-module M, one

introduces
_ A

and the resonant zone associated to M is defined as a neighborhood of radius 74 around M=. Recalling
that I1, denotes the orthogonal projection onto M-, one defines

Ay = {UER” s v = T <77M}~
Then, the resonant block associated to M is defined as

By = Apm \A;-;-p

where Aj, 1 <1 < n, stands for the union of all resonant zones corresponding to maximal I-dimensional
K-modules, and A, = (). Note that every resonant block B, is na-close to M-resonances. For the
trivial module one defines the nonresonant block:

Bo =R" \ AT
It is easy to see that the whole frequency space is covered by the blocks B.

Lemma 1.7 (Geometric Lemma). Let us fit K > 1, E>0 and F > E ++/2. Assume:

Ady1
— = > FK
o2

d

for 1 < d < n. Then, the blocks Baq defined above are g, K-nonresonant modulo M, with

am = EKnn  for M#0,

Qo = )\1.

For the proof, see [P6s93]. The desired covering for G is then obtained from this lemma by putting
Gm =w 1 (Bay) for each maximal K-module M, except for the ones giving rise to an empty set.

1.3.5 Global effective stability

Our main result on effective stability concerns estimates holding for all motions in phase space. Like
in [P6s93], these estimates are obtained by considering the covering supplied by lemma with a fixed
order K (which is chosen as a suitable function of the size € of perturbation) and then applying the
stability estimates to each block of the covering.

Theorem 1.4 (Nekhoroshev Theorem). Let H(¢,I) = h(I)+ f(¢,1) real analytic on D,(G), let w =
grad h, and assume that
0%h

G,p2
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Assume also that h is m-quasiconvex on Uy, (G). Let A > 0 given, and assume:

< 23M2p2 m4n—1ﬁ)\2

A G.p < €o = 9224n—2 | [4n ’

e (1.30)

;ﬁ) Then, for every trajectory (p(t), I(t)) of H, with (¢(0),1(0)) €
T" x G and satisfying |w(I1(0))| > A, one has

where we write p = min <p1,

o\ /2n 4 — 1/2n
10~ 10)] <2+ () for 1] < 7 exp { e (2) } (131)
Proof Fix K > 1 to be chosen below. Let
F= 285272”2 , E=F-V2

For 1 < d < n, we put:

M=

(FK)"=d
Then, lemma provides a covering {G ¢} of G, with Gy = w™! (Bp), and its parameters are
A EX
TIMIER M T M AR
for every maximal d-dimensional K-module M, 1 <d <n, and
A
o = (FK)r—1

for the trivial module. We also put 79 = 0.

We are going to apply lemmal[l.6|with Z = 0 and R = f on all blocks, except on the one corresponding
to M = Z". In this way the estimates hold for all initial conditions satisfying w(I(O))’ > = A
Unlike the case of theorem [1.3| (harmonic oscillators), the smallness condition (1.18)) on p; makes us

restrict the domain. For every M we take p(M) = (ng),ng)), with

(M)
(M) _ P1 (M) . mapm _ P2
P1 T 9 P2 - ASM2K M = ng) . (132)
For every d-dimensional K-module M, 0 <d <n —1, one has
60 (M) < 61 P2
mEn—dgn = P2 = FRn=d = g0

where we used that 1 <|M| < K¢ We have

€ 2e
IDfIl Mooy S —2pg S — -
GrpM) epm ng) o
To apply lemma on G, we must verify the three inequalities of (1.28)). The two first ones are
easily verified and the last one is fulfilled for all M if
2
§< 250 <m0< 60\ ) <ma( (M)>2,

P1 - p1K2n - ﬁ m(FK)" - ﬁ 2

Thus, we choose K = {(@)I/QH] For every M, the stability radius and

7iz) s

the stability time for the trajectories starting in T™ x G are obtained from lemma [T.6}

61N 122X [ e\ /™ e\ A
PgM)<7< < ) §02'<> ,

with ¢ = min ( 1,

~“ mFK T mF 5 €0
2
(M)
7777 (Pz ) errng{M1 > 4 exp 4 AL £ v U
AL 2 =7 Py 2amr \ 2 ‘

Remarks
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1. These estimates would have been a little better if, on the nonresonant block Gy, we had used
lemma [L.5 instead of lemma[I.6] But the stability exponents obtained would have been the same,
so we used lemma [I.6] on all blocks for sake of simplicity.

2. We also point out that, actually, condition ([1.30)) on ¢ is not essential. It can be removed with
some additional effort, but we omit the details. Note, however, that for a large ¢ Nekhoroshev
estimate (|1.31)) is meaningless. The same remark holds for theorem [1.3

In the proof of theorem we have obtained the stability exponents

1

= b = —

“ 2n
by carrying out the estimates on every block G and always taking the worst possible case. The key
point is to find greater and lower bounds for p;M)7 valid for all modules M. However, the stability

exponents can be improved by means of a particular analysis, if one is only interested in a given region.

In particular, one remarks the case of the nonresonant block Gy. This case corresponds to the smallest

péo), which gives rise to the smallest stability radius. It is not hard to see that, as stated in theorem 2

of [P6s93] and theorem 3 of [DG93], the stability exponents obtained for this case are

1 1
= — b:—.
“Ton 2

However, if lemma [1.5] were used to obtain the stability estimate, one may check that the exponents

would be
1 b— n+1

“T o - 2n
It is also interesting to consider, for a fixed module M, a neighborhood of the resonant manifold
Sr,- This set can be covered by the blocks Gaq associated to the modules M containing Mg. If
we restrict ourselves to these modules, the lower bound for péM) is greater than the one obtained in
theorem This allows to choose K greater, and leads to the exponents:

where vy is the codimension of M. A precise statement of this result is given in theorem 3 of [P6s93].



Chapter 2

KAM theory

2.1 KAM theorem and nearly-invariant tori

2.1.1 Nondegeneracy conditions

Now our aim is to prove that, for a nearly-integrable Hamiltonian H (¢, I) = h(I)+ f(¢,I), analytic on
D,(G), most orbits lie in n-dimensional invariant tori if the perturbation f is small enough. To reach
this result, a suitable nondegeneracy condition has to be fulfilled by unperturbed system. In the usual
statements of KAM theorem, two sorts of nondegeneracy conditions are imposed on w = grad h. These
are the (standard) nondegeneracy and the isoenergetic nondegeneracy. The frequency map w is said to
be nondegenerate if

det (‘;“}’(1)) £0 VIeg, (2.1)

and isoenergetically nondegenerate if

) w(i)
det | 97 0 Vvieg. 2.2
( oo )* (2.2)
An equivalent formulation for the isoenergetic nondegeneracy is to require that w is nonvanishing on G

and
%L;(I) v (D) £0  Yoe(w())T\{0}, VAER, VIeG, (2.3)

In action space, condition ([2.3)) can be interpreted as transversality, at every point, between any energy
level Mg = h™!(E) and the hypersurfaces w([) - v = 0 (which include the resonant ones). The interpre-

tation in frequency space is that the image w (Mg) of any energy level and the subspace <w(I )>J‘ are
always transversal.

It is easy to construct examples showing that conditions and are independent:

I 1,
h([1712) :lnﬂ y h([l,lg) = 511 +12 (24)
The first one is only nondegenerate on its whole domain, and the second one is only isoenergetically
nondegenerate.

We give in the next sections a direct and quantitative proof of KAM theorem under the assumption
of isoenergetic nondegeneracy, although the same approach holds for the standard nondegeneracy. Our
setup differs from the one which can be found in [Dou82], [BH9T], where the isoenergetic KAM theorem
is proved from the standard one.

We first remind that the standard version of KAM theorem (under the standard condition (2.1]))
states that, given 7 > n — 1 and vy > 0 previously fixed, and assuming for the size of the perturbation f
a smallness condition of the type

e=0 (72> , (2.5)

then every invariant torus of the unperturbed Hamiltonian h having 7,~-Diophantine frequency (i.e.
satisfying ([1.2))) is preserved in the perturbed system with the same frequency vector. Moreover, the
measure of the complement of the set filled with the invariant tori is O(7). In proving this statement

19
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it is crucial to use that, under condition , the map w is a local diffeomorphism and therefore the
unperturbed invariant tori can be locally parametrized by their frequency vector.

The preservation of the invariant tori with the same frequency vector can be false under the isoen-
ergetic condition . Indeed, it suffices to consider h(I) as in the second example of , where the
frequency map w([l1,I3) = (I1,1) maps the whole plane into a straight line, and f(¢,1) =eh(l) as a
perturbation.

Nevertheless, it is known that in the isoenergetic case the unperturbed invariant tori can be locally
parametrized on each energy level Mg by their frequency ratios. More precisely, if we assume, with
no loss of generality, that the component w, does not vanish on G, then the isoenergetic condition is
equivalent to requiring that the map

Q) = (‘”(I) , h(I)) - (‘*’1(” e h(I)) (2.6)
wn (1) wn (1) wn (1)

is a local diffeomorphism on G. We use, in this section and in the subsequent ones, the notation v =
(v1,...,0p—1) for v = (v1,...,0p_1,v,). Note that, including the last component h(I) in the definition
of 2, we avoid to consider each energy level separately. Using the nondegeneracy of the map (2, we are
able to state that, if a smallness condition on ¢ like is fulfilled, then for every T,~-Diophantine
torus of the unperturbed Hamiltonian there exists an invariant torus of the perturbation, with the same
frequency ratios (though the frequency itself can vary) and the same energy. Moreover, like in the
standard case, we get that the measure of the complement of the invariant set can be estimated as O(7).
One deduces that in the isoenergetic case most of the invariant tori on any energy level are preserved
under the perturbation. Indeed, since w,(I) # 0 for I € G, the frequency vector w(I) associated to
i
unperturbed tori on a fixed energy level, since these tori can always be parametrized by their frequency
ratios.

It is worth noting that the isoenergetic version of KAM theorem is more significative from the point
of view of stability, because in this case the existence of a large family of invariant tori is ensured on every
fixed energy level. For two degrees of freedom (n = 2), it follows the stability of the system (in the sense
that all motions are bounded), since a given energy level is always separated by the invariant tori. Under
the standard nondegeneracy condition, one cannot deduce from KAM theorem that on a given energy
level any invariant tori is preserved. On the other hand, for more than two degrees of freedom, stability
cannot be guaranteed under any nondegeneracy condition but in the isoenergetic case the preserved tori
seem to be stronger barriers to Arnold diffusion.

Another remark is that the isoenergetic KAM theorem can eventually be applied to periodic nonau-
tonomous Hamiltonians, by taking the time variable as an additional angular variable.

Let us make an outline of the method we use for the proof of KAM theorem and the main technical
problems found. As established in section we use an iterative procedure leading to successive
Hamiltonians of the form H(@ = h(@ 4+ R with the integrable part h(?9 changing from every step to
the next one. The domain is restricted by removing at every step resonant strips up to successive orders
K, increasing to infinity. A first problem is that we need to guarantee the nondegeneracy condition for
the frequency map w@ = grad h(9) at every iteration. Hence the analytic part and the geometric part
cannot be separated and must be carried out simultaneously along the proof.

Another technical problem is that, to move the bounds of the measure of the resonant zones from
frequency space to phase space, we need to estimate from below the Jacobian determinant of a suitable
diffeomorphism. In the standard case, the frequency map w itself is a local diffeomorphism, and one can
see that the successive maps w(? are still diffeomorphisms on their domains. One can assume the starting
map w to be one-to-one (restricting the domain if necessary). To guarantee the perturbed maps w@ to
be also one-to-one, their domains still have to be slightly restricted after having removed resonances.

The isoenergetic case is, in this aspect, more cumbersome. As showed above, the frequency map w is
not necessarily a local diffeomorphism, but we may use the map € introduced in (2.6]), which we shall
assume to be one-to-one on G. Then, like one would do in the standard case, successive perturbations
Q9 of this map will be guaranteed to be also one-to-one provided their domain is slightly restricted.

We notice that the resonant strips to be removed along the successive iterations are better expressed
in the image space w(G) or Q2(G). Indeed, the strips can then be taken as linear and are thus easier to
handle. To be more precise, in the isoenergetic case we remove from Q(G) resonant strips of the form

a given torus is Diophantine if the vector ( 1) is also Diophantine. This occurs for most of the

Ak, a) = {JGR” : ‘E-7+kn

< a} ; (2.7)
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with a > 0. This is very appropiate for the isoenergetic case since {2 maps every resonant zone ’k ~w(l )’ <
d into such a linear strip. The only exception is the case k = (0,...,0,1), since A(k, ) is then empty
if @ < 1, but this integer vector corresponds to the resonance w,(I) = 0, which has previously been
excluded from the domain. We also remark that it is easy to bound the measure of a linear strip
like , and that this bound can be pulled back to action space by estimating from below the Jacobian
determinant of the diffeomorphism.

It is possible to construct a common environment for both the standard and the isoenergetic nonde-
generacy conditions. Indeed, let us consider the condition:

gi;(f) v£0  Wwe (w))T\{0}, VIeg, (2.8)
which means that the restriction of w to each energy level Mg is a local diffeomorphism. It is not hard
to check that this condition is equivalent to that, at every point I € G, the standard or the isoenergetic
condition holds.

It is known that the measure of the set of vectors which do not satisfy Diophantine condition ,
with given 7 > n—1 and v, is O(y). Note also that the nondegeneracy condition implies that every
resonance k-w(l) =0, with k # 0, is a regular hypersurface. Then, the measure of the complement of
the invariant set is also O(7y), since this estimate is obtained by pulling back to action space the measure
of every resonant strip removed along the iterative process. This is the idea of the measure estimates for
both nondegeneracy conditions and , and the only reason for carrying out the proofs separately
is the technical problem concerning the appropiate diffeomorphisms described above.

A higher-order nondegeneracy condition was introduced by Riissmann [Riis90]: the Taylor expansion
of w at a point I is required to contain n linearly independent coefficients. As a matter of fact, it is easy
to see (using that %“I’(I ) is a symmetric matrix) that condition is equivalent to imposing that n
of the vectors w([), g—fl(l )yenes %‘;(I ) are linearly independent, namely Riissmann’s condition at order
1. As said in [Riis90], KAM theorem remains true even under the most general Riissmann’s condition.
However, the estimate one would get for the measure of the complement of the invariant set would then
be larger: O(7%), with b < 1. Related results along these lines can be found in [Sev95], [CS94] and
XYQ97, XY07].

2.1.2 Isoenergetic nondegeneracy: quantitative results

We give in this section several quantitative results related to the isoenergetic nondegeneracy. All proofs
are technical and we postpone them to section [2.2

We need to work with a quantitative version of the isoenergetic nondegeneracy in its form .
If A(I) is defined on a set G C R™, we say the frequency map w = gradh to be p-isoenergetically
nondegenerate if w does not vanish on G and

%ﬂnv+xm0’zmm vueganfgvxeR,VIGG

Moreover, we modify slightly the map defined in (2.6). For a fixed constant a > 0, we define

Qw,h,a(I) = (L:L;((I]?) s Gh([)) s Ied. (29)

The constant a is introduced for quantitative reasons. It has the appropiate dimensions to make the
components of the map (2.9) dimensionally coherent. But its main motivation is that the estimates given
in the next lemma are better with a good choice of a.

Lemma 2.1. Let h be a real function of class C3 on G C R", and w = grad h. Assume the bounds:

o'n
oI3

d*h

ETe <M, |wg<L and  |wa(I)]>1 VIEG.

G

— b

G

Assume also that w is p-isoenergetically nondegenerate on G. Let a > 2M/I*> be a fized constant, and
denote Q0= pq. One has:

12)9)

<9La.
ar| . ="

G

a)
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o0 i
el > n .
b) aI(I)v _2L|v| Yo eR™, VIeG
o0 uta
9%Q M 3M
< 22 ) La.
I o o (2M+ I )La

Next we state how a slight variation of the frequency map affects the constant p of the isoenergetic
nondegeneracy condition. This result may be expressed in terms of vectors and matrices.

Lemma 2.2. Let w,& € R", and let A, A be (n x n)-matrices. Let & = |® —w|, ¢ = ‘fl —A

, and

define | = min (w|,|@|), M = max <A| )

AD For some p > 0, assume that

|Av + Aw| > plv] Yo e (W), VAeR.

Then,
4Me

‘fl’u+)\d)‘ > (,u 5’>|v| Yoe (@', VAeR

Finally, we see that a small perturbation of a one-to-one map is still one-to-one provided the domain
is slightly restricted. Previously, for b > 0 we define the set
G-b:={I€G : U()CG},
where Uy (I) means the closed ball of radius b centered at I, according to (|1.27]).

Lemma 2.3. Let G C R" a compact, and let Q, Q: G — R™ maps of class C2, with ‘Q — Q‘G <e.
Assume that Q is one-to-one on G, and let F' = Q(G). Assume the bounds:

o0 o0 . 920 -
— —| <M —| <M
oI |~ 7 or| — orz| — 7
G G
) )
— (I > — (I > R"™ I
aI()v_m|v\, ‘aj,()v_m|v| Yo e R", VI e,

with 0 <m <m, M > M. Assume also that

’ﬁ’lQ
el — .
4M’

(2.10)

- 4M
Then, given a subset F C F — <

~ N\ 1 /. ~ ~
and writing G = (Q) (F), the map ) is one-to-one from G to

F', and one has the inclusions

GCG—%‘E, 0(¢)>F -«

Moreover, the following estimate holds:
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2.1.3 Analytic and geometric estimates for one step

We provide in proposition below quantitative estimates for one concrete step of the iterative process
described in section [[.2.1] for the isoenergetic KAM theorem. A parallel result for the standard theorem
is called Inductive Lemma in [Arn63].

Let us outline what we call the “analytic part”. If the starting Hamiltonian in a step of the iterative
process is written in the form H(¢,I) = h(I)+R(¢,I), we get, from the Iterative Lemma (section[[.2.3),
estimates for the new Hamiltonian H(¢,I) = h(I) + R(¢,I). Assuming the starting frequencies w([)
to be Diophantine up to a given order K, we ensure the Iterative Lemma to apply with M = 0. To be
more precise, the Diophantine condition up to order K is slightly modified (see condition below)
in view of the resonant strips introduced in . In this way, we obtain the estimates of parts (a—e) of
proposition [2.4] which could be stated without the hypothesis of isoenergetic nondegeneracy.

On the other hand, some “geometric part” is required. Indeed, assuming that w is isoenergetically
nondegenerate on the domain G, we need to guarantee that the new frequency map @ = gradfz is
also isoenergetically nondegenerate, with a new parameter, in order to allow further iterations. This is
established in part (f) of proposition Moreover, if the map €, p, o introduced in is one-to-one,
we see in part (g) that the new map Q@,fz,a is also one-to-one on a new domain G C G.

Proposition 2.4 (Inductive Lemma). Let G C R™ a compact, and H(¢,I) = h(I) + R(¢,I) real
analytic on D,(G). Let w = grad h, and assume the bounds:

9?h

5l < M, lwle <L and lwa (1) >1 VI € G.

G,p2

Assume also that w is p-isoenergetically nondegenerate on G. Let M>M,L>LI<landji<p
given. For a fized constant a > 2M /I?, assume that the map Q = Qg p.o is one-to-one on G, and let
F=Q(G). Fort>0,0< <1 and K given, K an integer, assume the nonresonance condition:

FrA <k |kﬂ7> =0 k= (Fk) €' |k, < K, F#£0. (2.11)
1
Let 6 < p given, ¢ = 02/01 and
2McKT™
A=1+—"——.
+ 13

Let &= |DRlg,. » 1= |Rolg,, and €:= |2

and assume:

G (where Ro(I) is the angular average of R(¢,1)),
P2

B

<7 2.12
P2 = SN (212)
1869 . - = w (p—R)p2
< < — — — .
e< o g_mm((M M>62,L Loi-1, : (2.13)
/ Lg ﬁ2(p2 _52) (2 14)

= —4n< =
K 2M I= 32L3a?

Then, there exists a real analytic canonical transformation @ : 'Dpig(G) — D,(G) and a descomposi-

- - - o2
tion Ho® = h(I)+ R($,I) such that, writing & = gradh and Q= Q;, ., one has:

a) \of)—w\cng, ‘E—h‘G =.

~ 14AK™

R
) € RG,pf(S,cie e+ 155, €

~ TAKT™

- R’ < g2,
¢) ’ Olapm-t2 = ¢l
2AKT

d) [®—idg, s €
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92h

Eies <M, |@lg<L and |@.(I)]>1 VI€G.

G,p2—02

e)

f) @ is fi-isoenergetically nondegenerate on G.

16LLa%n'

~ ~ ~\—1 /-~ ~
g) Given a subset F C F — and writing G = (Q) (F), the map ) is one-to-one from

G to F, and one has the inclusions

~ ALan’ - .
GcG- ;”7 , Q(G)DF—an'.
Moreover, the following estimates hold:
~ -\ 1 2Lan/
’Q—Q‘ <ar, ‘(Q) _qQt| < 2R
G P u

Proof By condition (2.11)) we have, for every I € G and 0 < |lc|1 <K, k#0,

k- w(I)| >

N |wn I
This estimate holds even if k = 0 since%])’ >1 and B < 1. Then, the set w(G) is KT , K-nonresonant
modulo 0. This fact and conditions (2.12]) and ( - on po and ¢ allow to apply the Iterative Lemma
(theorem . l|with Z =0, M =0and o = ﬁ . We obtain the canonical transformation ® and, according
to 1 , the new Hamiltonian may be written as Ho® = h+ R, where h = h+ Z, and we have
Z = Ry. One sees the estimates of (a) using that

. ORy
|w — w|G,p2 = W

—¢. (2.15)

G,p2

The estimates of (b) and (d) are provided directly by the Iterative Lemma. The bound (c) comes from

the inequality (1.21)) in the Iterative Lemma. The estimates of part (e) come from (2.15)), condition (2.13)
on £ and the Cauchy inequality

o2 9I?

= 5

G,p2—02

< £

We prove (f) using lemma which tells us that @ is p/-isoenergetically nondegenerate on G, where

9%h  9%h 4M 13 3¢
— 373 a7 M- = —2p—— 2.
ol oI . l P2 P2
We have used ([2.15)), condition (2.13) on &, the inequality
oh_on| _ ¢
(9[2 5‘[2 G - P2

and the inequality ps < ] / 2M, deduced from
Before going on, we remark that the bounds on the derivatives of €2 given in lemma are also valid

for Q, on G, provided one replaces M, L, I, u, by M, L, l, I, respectively. We do not need to change
the constant a because we are assuming that a>2M / 12 We shall now apply lemma but we have
to take, instead of the parameters of that lemma M, m, M, 7, the values obtained applying lemma

to  and to . We first find the value which will replace ¢ in lemma i.e. an estimate for ‘Q -Q
We have

G
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Therefore,

. LeN 2

R ) e

where the condition on a has been used. Then, lemma applies if the next inequality (which re-
places (2.10) of that lemma) is fulfilled:

(2.16)

where we have taken into account the inequality
M

37
o°h < M = .
P2*52

|~
G

It is easy to check that the inequality (2.16] is guaranteed by condition (2.14) on 7. Then, lemma
gives part (g). O

2.1.4 Invariant tori

In order to estimate the measure of the resonant strips which we remove along the successive steps, a
reasonable condition has to be imposed on the domain. Given F C R™ and D > 0 we say F to be a
D-set if, for any 0 < by < bo,

mes [(F — bl) \ (F — bg)] S D(bg — bl)

We remark that the constant D is a rough upper bound of the “area” of the boundary of F, which is
forced to be finite.

The next technical lemma provides the necessary estimates for the measure when resonant strips of
the type introduced in (2.7) are removed from F. We point out that it suffices to remove resonant strips
corresponding to integer vectors k = (k, k:n) € Z" with k # 0, since it is assumed that w,(I) # 0

throughout the domain. The proof of this result is deferred to section [2.2]

Lemma 2.5. Let F C R" a D-set. Ford> 0,7 >0, 8> 0 and K > 0 given, K an integer, let us

denote
Fd,8,K) = (F-d)\ |J Ak
[kl <K |k‘1
E#£0
One has:

a) Givend >d, B > and K' > K,

mes [F(d, 3, K)\ F(d,5,K")]

o /

< D(d — d) + 2(diam F)"~' [ 3 BT by > b
wp<x [Kly
k#0

‘ K<kl <K' |k|1 : E’
k#0

b) For every b > 0,

mes [F(d, 8, K) \ (F(d, 8, K) — b)] < (D+2n+1(dlamF)” 1K")b.

Next we give the proof of KAM theorem under the assumption of isoenergetic nondegeneracy. We
remark that the basic scheme of the proof would be the same for the standard nondegeneracy.

Our approach consists, like the original Arnold’s proof [Arn63], of iterating the estimates of the
Inductive Lemma, which give rise to a rapidly convergent (i.e. more than linear) procedure. However,
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conversely to [Arn63], for the proof of KAM theorem we only need to show explicitly that the remainders
decrease in a linear way. This approach already appears in [P6s82]. However, in the next section (on
nearly-invariant tori) we show the rapid convergence in order to obtain exponential stability estimates.

A comment has to be made on the parameter v appearing in theorem [2.I] below. Our statement
and its proof have been slightly complicated because of the presence of this parameter. Actually, the
freedom on the choice of v is not strictly necessary but we make use of it in the next section, where it
is shown that a small v gives rise to an almost quadratic procedure (with exponent 2!=%) and hence to
better stability estimates. It is not possible to choose ¥ = 0, which would actually provide a quadratic
procedure.

Theorem 2.1 (Isoenergetic KAM Theorem). Let G C R™, n > 2, a compact, and let H(¢p,I) =
h(I)+ f(¢,I) real analytic on D,(G). Let w = grad h, and assume the bounds:

d*h

ETe) <M, lwlg < L and lwn(I)| >1 VI €G.

G,p2

Assume also that w is p-isoenergetically nondegenerate on G. For a = 16M/I?, assume that the map
Q= Qupna s one-to-one on G, and that its range F' = Q(G) is a D-set. Let 7 >n—1,v > 0 and
0 <v <1 giwen, and assume:

V2l6 2 22742

€= ||f||g7p < W'V ) 7 < min (WJ ) (2.17)

where we write p:= min <

vp1
——F 1. D the set
2 +2) > efine the se

~ A 2
G=G,:= {I eg- . w(I) is T,W—Dz'ophantine} .
o

Then, there exists a real continuous map T : W% (T™) x G — D,(G), analytic with respect to the
angular variables, such that:

a) For every I € é, the set T (T" X {I}) s an invariant torus of H, its frequency vector is colinear
to w(I) and its energy is h(I).

b)  Writing
T (6.1) = (¢+Tp(, 1), I+ Ti(e, 1)),

one has the estimates

22’7‘+15L2M € 27’+16L3M c
|T¢‘é,(%,o),oo = p2RpeTil 420 ‘7-1|é,(%1,0) = UBpptt oy

¢) mes [(T” xGO\T (T" X @)} < Cv, where C is a (very complicated) constant depending on n,
7, diam F, D, p, M, L, I, p.
Proof

A. Choice of the parameters. Since we make iterative use of proposition[2.4] we first introduce appropiate
sequences of parameters to replace the constants of that proposition. For ¢ > 0, we define

1 1 1\ ( 1\ p
Mq=<2—2q>M, Lq:<2—2q>L, lq:(1—|—2q>2, uq:<1+2q)2.

Note that My, L, increase from M, I to 2M, 2L, respectively, for ¢ — oo, and that [, i, decrease from
I, wtol/2, u/2. We also put
Ko=0, K;=K- 27" ¢q>1,

where K > 1 is an integer to be fixed below. Moreover, we define
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and, for ¢ > 0, we put p@ = ( (Q),pgn), with

1\ m vip
W= (145 ) % A=

2va) 4 RME]H

We notice that pgq) decreases from p1/2 to p1/4, and that péQ) decreases to 0. We also write

(q)
1 _ )
0 =T = pf? ST =g = e =2
Ui
Taking into account that the inequalities £ <1— 5 <v and 1-— 27+1 > %, hold for 0 < v < 1 and
7 > 0 respectively, it is easy to see that, for every ¢ 2 1,
vp1 (a) vp1 @ _ VP
s 26 <0 Sy % 2 g (2.18)
18 - 9ov(a—1) 18 - 2v(a—1)
b b (2.19)

<<
W6MK; ™ py = "7 AMK] ™ py

B+ 8
b= (15 )5 =t

Finally, we define

which are both increasing with limit 3. It is also easy to check that 3; > vj3/4 for every ¢ > 0.
We choose K as the minimum integer such that Kp > 1. Then, one has K < 2/p. Using this
inequality, our choice § = 7/L and the inequality p < vp;, we deduce from conditions (2.17) the

inequalites
312, 32 216,,2 32 SM KT+
s§m1n< viip 5 vl ) gt P2 (2.20)
927420 \J K27+1 * 97430 [4 \[3 {2742 vl
B. Induction. Starting with Gg = G, we shall now construct a decreasing sequence of compacts

G, C G and a sequence of real analytic canonical transformations ®(@ : D, (Gq) — Dya-1(Gg-1),
g > 1. Denoting U@ = &M o...0 & the transformed Hamiltonians will be written in the form
H@ = Ho U@ = (1) + R (4,I). Moreover, we write w(® = grad h(? and Q@) = Q@ p@ q-
We are going to show that the following statements hold for every ¢ > 0:

8¢

= (‘1)‘ < - -
1) & HDR Gap @ cqss — vp1 - 2@7H2)

e OR\Y MK+ ¢
2 Ng i= ’R(‘I) S , 5 — 0 < .
’I) q 0 quP(zq> 2(27’+3)q q oI qup(zq) Z/lﬁ . 2(T+2)q
92h(@
) | M, ‘w(q) 5 <Ta and ‘w@) (1)‘ >1, VIeG,

q7p2
44) w@ is tq-isoenergetically nondegenerate on Gj.
5,) Q@ is one-to-one on G, and Q@ (G,) = F,, where we define

=(F-8)\ |J & (k,fﬁf) : (2.21)

\k\lSKq
k£0

We proceed by induction. For ¢ = 0, we choose Go =G, h(® =h, R® = f. Note that

©0) _ P1 __viB _p
PLO= 9 P2 T oK = )
by (220). Then,
8¢
€0 =[[Dfllg p@ ¢, < ( 7S —, (2.22)
51 vp1
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namely (1p). The first estimate of (2¢) is obvious, and the second one comes from the Cauchy inequality
25 €
< —

<= ‘R(O) ‘ < .
S0 G.p2 Pz péo)

The remaining statements (39—5p) are clear.

For ¢ > 1, we assume the statements true for ¢ — 1 and we prove them for . We attain this aim by
applying proposition 2.4/to H@~1) = pla=t) 4 R4=  with K, instead of K. However, in order to fulfil
condition , we must replace the domains G4—; and F,_; by suitable subsets where the resonances
from order K,_; + 1 to order K, have been removed. More precisely, we define

Fl_y = (F—B)\ | A( |k| ) G = (Q@H))_l (Fia)- (2.23)

|kl <Kq
E#0

The nonresonance condition @ is then fulfilled by F;_;, §,_; and K, instead of I, 8 and K,
respectively (taking 3;_; instead of 3,1, we avoid to apply prop081tlonw1th Bo =0 for ¢ =1). The
remaining parameters taking part in proposition are Mg_1, Lg—1, lg—1, tg—1, P (=1 50, cq, My,
Lg, U4, pg, replacing M, L, I, u, p, 6, c, M, L, ZN, [, respectively, and

16M _ 2M,
PR

a =

It is clear that condition || on pgqfl) is satisfied with our choice of the parameters. Concerning
condition (2.13)) on e,_1, we first notice that, by (2.19) and our choice of K,
2My—1ceK] 32M I3

8
A:=1—I—#§l+ =14 —<2.
a lq715¢’171 vip 4MKp1 vKp;

Then, to see that condition (2.13)) is fulfilled we have to check the inequality

lq—lﬂé—l 5§q)

1= TR

Indeed, recalling the definitions of the parameters and applying (1,—1) and (2.18)), it suffices to check

that g ;
£ vifg vif

vpr — 2UKT GAMKTHL
which can be deduced from ([2.20)). Let us verify the second condition of (2.13]), namely

(¢—1)
£g—1 < min <(Mq - qul)(séq) s Lg—Lg—1,lg—1 — g, (pg—1 — gq)Pz ) '
By (24-1) and (2.18)), this condition holds, since we may deduce from ([2.20) the inequality

MK e < mi M vip L 1 A vip
—— <min|— - ——, —, =
vig - 2 GAMKTHI’ 274712 32MKTH!

Finally, we have to check condition (2.14):

(a)
Ly_1&4-1 #2/’2
Lo = T dm o< 1 . 2.24
Ng—1 2Mq + Ng—1 > 32L§’a2 ( )
By (24-1), we have the estimate
L QGMKTJrl 26LK7+1

W< S < E— (2.25)

2M  vip - 20r+2)(a=1) © 2(27+3)(¢—1) vip - 2(r+2)(a=1)

Taking into account the value of a, the inequality (2.24) holds, since

LK™ le 142 vip
viB = 918732 oTt6 [T+’
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as deduced from (2.20)).

Applying proposition 2.4 with the parameters considered above, we obtain a canonical transformation
®@ and a new Hamiltonian H® = A9 + R@. The new domain G, C G',_; is chosen below. First,
we prove (1,~4,). By the bound (b) of proposition and the inequality c,41 < ¢4,

14A4,K
U 97 .2 (2.26)

< (9) - 7 .
€q > HDR GypD,cq qulﬁé,l(Séq) q—1

Let us bound the terms of this sum. By (2.18]) and the inequality Kp > 1,

I/Kp1

K0 > 21=1)(a=1) > (27 4 3)In2, (2.27)

and therefore )
K 5(‘1)
e q91 S W .

Moreover, applying (2.18)), (1,—1) and (2.20)),

4AK] QSKqT 64MKqT+1 8¢ 1
TG ' ' @) = 928 g1
qulﬂ(;_légq vip vij vpy -2 q 2 .94

(2.28)

Then, we deduce from (2.26) that
€q 1
€q S 9227+2 ’

which gives (1,). For (2,), we use part (c) of proposition [2.4, Writing o(q) éq_l) - 5&‘”/27 we have:

TAK] 59, 4 1 £

4 . - . <
quagq) - quqflﬁéfl 1= 2 22T+3 . 2‘171 - 2(27+3)‘1 ’

nq S ‘R((]q)

(2.29)

where we have used the inequalities (2.28)), (2.18) and (1,—1). We obtain the other estimate of (2,) using
the Cauchy inequality and (2.18)):

2 €
7o,;q) - 6§q) 2(27+3)g °

(q)
o= (q) ‘

The statements (3,~4,) are clear from proposition For (5,), we apply part (g) of proposition to
the subset F,;. We have to check that

16Ly—1Lqa”n; 4

F, C F{;_l — (2.30)
Hq
Defining
d. = ﬂq — ﬁQ*l
R
and looking at (2.23) and (2.21), we have
Fiy—dy > (F= (B +d))\ |J A ( |k| ) F,, (2.31)
[kl <Kq
E#0
where we have used the inequalities
Ba-1 <P
/6 -1+ d < 6 ) +‘ = qT .
! B L de < LM

Moreover, applying estimate (2.25) for n;_; and ([2.20)),

16Lq_1an2n;_1 _ 915 1,2 )12 96 LT 2 § V3 .
Hq - VI - 20421 = g o= 7T =0
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This bound and the inclusion (2.31)) imply (2.30). Hence, part (g) of proposition says that Q@ is
-1
one-to-one on G4 = (Q(q)) (F,). This gives (54), and the induction is completed.

C. Convergence of the diffeomorphisms. ~We now see the convergence of the successive maps Q2 :
G, — F, . Applying part (g) of proposition again, we obtain for ¢ > 1 the estimates

-1 -1 2L,_1an
<an . ‘(Q(Q)) (o) < 2Lg-107g—1

‘Q(Q) _la-1)
F, Hq-1

(2.32)

-1
Therefore, by the bound (|2.25) on 77;_1, the sequences Q@ and (Q(‘Z)) converge respectively to maps

which we name Q* and Y, defined on the sets

G* = qu, F* ::ﬂFq:(F_B)\ U A<k7|kf{> (2.33)

q>0 q>0 kez™
k#£0

Note that the compacity of F* has been used to establish the second equality. From (2.32)) we deduce:

-1 2Ls /
‘Q* —Q| <N ar, ’T - (Q@)) <y s (2.34)
“ s2q Fr s>q Hs
Note also that, for every g,
4L,an! 16L,_1Lgan!
GqCGq—lfiqnqlv FqCFq—1* it HQI~
Hq Hq
Iterating these inclusions we deduce the following two ones:
AL, an. 16LsLys1a?n.
GGy s g, Y PRt (2.35)
s2q Hs+1 s>q Hs+1

to be used below. We are now going to see that {2* is one-to-one on G* and that Q* (G*) = F*. Given
I € G*, we have Q@W(I) € F, for every q. Hence Q*(I) € F*, and we deduce that Q*(G*) C F*.
Analogously, we have Y (F*) C G*. Moreover, we prove that T (Q*(I)) =1 for every I € G*. Indeed,
for every g,

T (@ (1) - 1]
< 'T ((I)) — (Q(Q))il (Q*(I))‘ +‘(Q(‘1))1 (@) - (Q@))*l (Q(q)(1)>‘

< ‘T_ (Q(Q))il 4 2L

Fr Hq

Q- Q@ (2.36)

ar

For the estimate of the second term, we have used the following two facts: on one hand, part (b) of
lemma [2.1] gives the bound
0@

M(I’)v‘z;‘gw Yo eR", VI' € Gy;
q

on the other hand, by (2.34H2-35) the segment joining Q(?)(I) and Q*(I) is contained in F,. Then, since
the bound obtained in 1) tends to zero for ¢ — oo, we deduce that T (Q*(I)) = I, and therefore

Q* is one-to-one. A symmetric argument allows to prove that Q* (T(J )) = J for every J € F*. This
implies that Q* (G*) D F*. Thus, the map Q* is one-to-one and Q* (G*) = F™*.
We also see, from proposition [2.4] that

‘wm)_w(qfl)’ o S, ‘hm)_h(qfl)’

<
1) — ”q—l'
G P (q )

Gq,05

This implies that the sequences w(® and k(9 converge to some continuous maps w* and h*, respectively.

Note also that, for I € G*,
(]
O (1) = (w S0 ah*(I)). (2.37)

wyi (1)
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From (2,) we deduce, for every ¢ > 0, the following bound to be used later:

MK e
Zfs < JIF 20 (2.38)

‘w —w

D. Convergence of the canonical transformations. Next we estimate how near to the identity map the
transformations W@ are. Applying part (d) of proposition and using (14-1), 2.18) and (2.20)), one
deduces that, for every ¢ > 1,

T SrrT
‘(I)(Q) —id M e < 2K, . 8
Gq7g'((1)7cq - qulﬁ(/]—l q - ylﬁ Z/pl . 2(27'+2)(q_1)
28K‘r € 5%4)
= < .
V2p B2 = goog 1 (2.39)
where we write o(@) = pla—1) / 2. Then, applying property of section
1
Do —1d < @ —id < :
‘ Ggup@ycq — 551) ! Ggo@,cqg — 42171

Let z, y such that the segment joining them is contained D) (Gy). The mean value theorem gives the
bound:
‘@(Q)(m) — 2@ (y)

< ‘Dq)(q)

-y, .
G gD ,cq Cq

By 39).

‘q)(q)(x) —x < 5&”-

<659, “ﬁ(”(y) —y

Cq Cq

Then, since p(@ + §(@ = pla=1) it turns out that the segment joining ®(@ (z) and ®(@(y) is contained
in D,4-1)(G4—1). Therefore,

‘q)(q—n (2@ (2)) — @t~V (<I><q)(y))’

Cq—1
< ‘Dq)(q—l) .‘q)(Q) () — @ (y)
Gy1,p007 Y cq 1 Cq—1
< ot+1-v | ppla—1) .‘q)(q) (z) — @ (y)
o Gg—1,p4"V) cq_1

Cq

where we have used that c,_1/c, = 277177, Iterating this argument and putting the successive bounds
obtained together, we arrive at the estimate

P (@) (z) — \I,(q)(y)

C1

< 9(rH1-v)(a-1) ’D(p(l) . ‘DQ)(Q) , ‘D@(Q) Jo—yl,
G1,p(M 1 Ga,p2),co G gD ,cq q
< (-1 (¢-D) (1 N 1) (1 N 1) . <1 N 1) o=y
= 4 4.2 4201 €
< THImIET  R g g < 2T gl gy (2.40)

which holds for ¢ > 1, and for every x, y such that the segment joining them is contained in D) (G)-
Now, given ¢ > 2 and = € D) (G,), we put y = @@ (z) and apply li with ¢ — 1 instead of q. We
obtain:

p(@) () — \Il(q_l)(x)

’\I;(q—l) (q)(q) (@) _ \I,(q—l)(x)

C1 c1

IN

o(T+1-v)(q=2) Q‘Q(q)(x) =

Cg—1
< KT e
e = VPpB 205D

IN

o(T+1-v)(g—1) | 2‘@(@)($) o

(2.41)
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where (2.39)) has been used. This estimate holds for q > 2 but one readily sees from ([2.39)) that it is also
true for q= 1 (we put U0 =id). Clearly, estimate 1) implies that the sequence of transformatlons
U9 converges to a map

v . D(%,O) (G*) = W%l (Tn) x G* — DP(G)
and we deduce, for every ¢ > 0, the estimate

20K ¢

< 2.42
G (50)er — v2lpy B 2001 (2.42)

‘\I]* _ @

Moreover, by carrying to the limit the equation H o (9 = h(9) + R(9) we see that H o ¥* = h*(I) on
Dz 0) (G7):

E. Stability estimates. Next we see that, for ¢ — oo, the motions associated to the transformed
Hamiltonian H@ = (@ + R@ and the quasiperiodic motions of (2 become closer and closer. Let

us denote z(?(t) = (gb(q)( ), 1D (¢ )) the trajectory of H(@ corresponding to a given initial condition
2 D(0) = xp = (5, I5) € T" x Gy, and let (D (t) := (QS(Q)( ), I ) = (gbg + w@ (Ig)t,Ig) the corre-

sponding trajectory of the integrable part h(?. It is clear that (%) (t) is defined for all ¢ € R. Like in
lemma [I.5] let us denote

T, := inf {t >0 : ‘ﬂq) ) = Iz | > 65 or |¢@(t) — ¢ (1)

‘ >5q+1}. (2.43)
Clearly, (9 (t) is defined and belongs to D, (Gy) for 0 < ¢t < T, (we remark that our use of §latt)

instead of p(@) is just due to the fact that we shall take some advantage of the “cq+1-norm”). From the
Hamiltonian equations associated to H ()

[@D@) = _8§;q) (m“”(t)) . D) = w®@ (I(‘I)(t)) 4 61;;‘1) (x(‘”(t)) :

we get the bounds:

. OR(@)
‘I(Q)(t)‘ <=5 <eq, (2.44)
Gq,p(Q)
. (2)
600) @ ()] < [ 190) - 15|+ | 2
e Gq,p(D 00
< ZM‘I(q)(t) Sy R
Cq+1
< oMot 29 < 3prslrth), (2.45)
Cq+1
In the second bound, we have used the inequality
=4 < MY, (2.46)

Cq+1

which comes from the bounds (1,) and (2.18}{2.20). Thus, since one of the inequalities defining ([2.43)) is
an equality for ¢t = T}, we have

sl — )I(Q) (1T,) - I7| <

or

q+1 ‘¢(q) (T,) — ONGY (T, )LO <T, .3M5§q+1) ) (2.47)

55‘14'1) 5§f1+1) ) 1
T, > mi > 7= 2.4
TER e s ) T T Mgy (248)

Therefore,
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where the inequality ([2.46)) has been used again. This implies:

‘x@) () — 29w <o for || <T). (2.49)

Cq+1

Since H@ = HoW(@ and ¥(9 is canonical, it turns out that (%) (x(‘I) (t)) is a trajectory of H, defined

for [t| < T;. For large values of ¢, this trajectory remains near the torus y(a) (T” X {I(’)"}) Note that Ty
tends to infinity for ¢ — oc.

F. Invariant tori. ~ Assume now that zj € T" x G*, and write z*(t) = (¢§ +w* (I§)t,I5), t € R.
Note that

29 (t) — 27 (t)

*

+1
.T(;’ < ééq )

< o[ (1) - w" (1)

Jt] < cqrt ‘w(q) W
(o)

Cqt1 G*,00

for
5§(I+ 1)

t < T// __ 1
| | - 4a ‘w(‘J) — w* G+ 00 ’

which also tends to infinity, by (2.38]). Then,

q’=q

‘x(‘”(t) — e (t)

< 2(5§q+1) for |t < Té” ‘= min (T' T”).

Cq+1

Next, we see that the trajectory ¥(@) (x(‘I)(t)> is very close to U* (z*(t)) for large values of . Indeed,
for [t| < T,

‘\p(q) (x(‘I)(t)> — P (x*(t))

C1

< ‘\I,(q) <x(q) (t)) — W (2%(1))

| (2 (1) = v (2" (1))

C1

< o+l y5lath) | ‘q,(q) ot

G*,(%yo)ﬁl

, (2.50)

dey 510D 4 ’\W) oy

G*7(%10)701

where we have applied (2.40). The bound obtained in (2.50) tends to zero, by (2.42). Then, for every
fixed t, we see that W@ ( (@) (t)) exists for ¢ large enough, and its limit is ¥* (z*(t)). This fact and the

continuity of the flow of H imply that U* (m*(t)) is also a trajectory of H, which is defined for all ¢ € R.
This holds for every initial condition zf = (¢, I5) € T"xG*. Hence U* (T™ x {I}) is an invariant torus
of H, with frequency vector w* (I}). Moreover, the energy on the torus is H (\I/* (05, IS)) = h* (1}).
The preserved invariant tori are thus parametrized by the transformed actions I € G*. We are now
going to parametrize the preserved tori by their original actions. First, let us see that 2 é) C F* (the
Diophantine set F* has been introduced in (2.33)). Indeed, using part (b) of lemma and the fact

that 8 = v/L, we see that (g — %’) C F — 3. On the other hand, given [ € @, we deduce from the
Diophantine condition fulfilled by w([I) that

v/ |wn(D)| _ B

> > —

’ LH L

and therefore Q(I) ¢ A (k, | k’? T) for every k # 0 (we point out that this estimate motivated our choice
1

B = ~/L). Hence ((A?) C F* and, since * : G* — F* is one-to-one, we can take for the set of
invariant tori a parameter {0 cG (note that some of the invariant tori are thus neglected). We define,
for (o, Io) € Wer (T") x G,

T (o, Io) =¥ (¢o, ),
where I} = (2*) 7' (Q(Iy)) € G*. One then obtains part (a): the set T (T x {Io}) is an invariant

torus of H, with frequency w* (I§) and energy h* (I}). Since Q* (I) = Q(Iy), we deduce from ([2.37))
that w* (I§) is colinear to w(ly) and that h* (I5) = h(lp).
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For (b), let us write, for (¢, I5) € Wer (T") x G,
U (g0, 15) = (60 + W5 (60, 15) . Ig + W7 (60, 5) ) -
Then, for (¢o, Io) € Wey (T") x G,
Ts(d0,Lo) = W5 (b0, 15),  Ti(o, o) = 7 (¢o, L) + Lo — I -
Using and (2:19), we get the following estimates:

. . 1 . . 214MK2T+15
¥ 0| < 1V =l o0y €
i} i . ) 21OKT€
|07 (60, Ig)| < 0" —id G (B0)er = 2E
By ([:34) and (225),
_ 2L an. L
F* 530 Hs 2 >0
2"LM 2"LKTtl¢ _ QUIZMK ™ ¢
2u vig N vidup

By putting these bounds together, applying the inequalities p < vp; and K < 2/p and writing the
estimate in terms of v instead of 3, we get part (b).

G. Estimate of the measure. Finally, we carry out the estimate of part (c). Writing G* = (Q*)_1 (Q (@)) ,

the invariant tori found fill the set T (T" X @) = * (T” X é*) Since the transformations U9 are

canonical,

mes [\I/(Q) (T" X G’*)} = mes (']I‘” X é*) = (2m)" - mes (@*) .

Using estimate (2.42)) and the compacity of ¥* (']I‘" X @*), we get the inequality

mes [\II (']T" X é)} > (27)" - mes (é)

Then, to estimate the measure of the complement of the invariant set, it suffices to bound the measure
of G\ G*.

First we construct an auxiliary set, included in é*, such that the estimates become easier on it. Let
~  64LM~ ~ 1\ -
ﬂ = ) Bq = (1 - 21,(1) Ba

for ¢ > 0, and note that 3 > 8. We define the sets

P, = (F - Bq) \ wlLsJKq A ( |]f‘117> . G, = (Q<q>)—1 (q) |
k#0

FenA-(- Ua(ig) e-neé
! 40
From the fact that Q(® (éq) = F, for every ¢, we deduce Q* G’*) = F*. Let us check that Q (é) D
F*. Indeed, from part (a) of lemma we get that (g - 277) D F—f. Moreover, given J = Q(I) €
F*, for every k € Z" with k # 0 we have
B
L

‘E-J+kn

>
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and hence _
|_ﬁ!wn |

kew@) > A& DS B v
| i

For k = 0, it is clear that the Diophantine estimate is also fulfilled since ‘wn(l )‘ > 1> . Hence
Q (é) > F* and therefore G* O G*. Then,

mes (g \ G*) < q;mes (Gq_l \ Gq) .

For ¢ > 1 we have the estimate

mes (éq_l \éq> < W - mes (Fq_l \ <Fq — ané_1)> .

It has been used that Q1) (éq_l = Fq_l and that Q=1 (éq) D l*:’q — 1177:1—1~ This inclusion

comes from part (g) of proposition Another point we have used is the bound

a0 pea prM
det | ——— (1 >4 >
€ ( oI ( ) = L;le = 92n-7]2[n—-2 "’

given by part (c) of lemma In accordance to the notation of lemma we have
Fq—l :F<Bq—1a5q—17Kq—1) ; Fq:F(quﬁQaKq) .
Applying that lemma,

mes (ﬁq,l \Fq) < D (Bq - Bq,l)

+2(diam F)" 1| > ba—fo ﬁ‘“ > %

[kl <Kq_ |k|1 ’ Kq_1<Ikl1<Kq |k|1 : k‘
k40 k#0

s (Fq \ (Fq - an;_1>) < (D + 2"+1(diamF)”*1Kq”> any_q -

Putting these estimates together, we get

~. 92n—=T712 n—2 ~ ) 1 B
mes (g\G ) < ————— | DB+2(diam F)"" " )
prtM S kT - ’
k#0
+ DY an,_y + 2" (diam F)" Y DKl an), | (2.51)
g=1 q=1

It is crucial to use the condition 7 > n — 1 in checking that the three series taking part in the right hand
side of (2.51) are convergent. Indeed, for the first series,

vn <Vm2nt
2ATERSRY e e g

kezn |k|1 . Fezn—1 k, €7 . E’ i=1kneZ
%0 1

E#0

where we have used that the number of vectors k € Z"~! with ‘E’ = j >1 can be bounded by 2"~1j7 72,
1

The series indexed by k,, can be bounded by comparing it with an integral:

D R ) e A S U L G e Ve R B
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We have used that 7 > 1 since n > 2. Then,

oo

Z 1 <\/ﬁzn—1(7+1)2.1

- = _ T—n+2
S kT k‘ T—1 j
E#0

Jj=1

which converges by the condition 7 > n — 1. It is easy to check that the second and the third series
of (2.51]) converge, using the bound
3,2
/ viPp
ang—1 < 9T H20 [ 3\ 2 KT +1 . 2(7+2)(¢—1) B,

which comes from estimates 1) and 1) Writing all bounds in terms of  instead of B or 3, we
get from (2.51) a bound of the type
mes (g \ @*) < (',

where C’ is a constant depending on n, 7, diam F', D, K, M, L, I, u. We then get estimate (c), with
C = (2m)"C". This constant may be explicited if desired. O

Remarks

1. All of the sequences introduced at the beginning of the proof have linear convergence. Of course,

alternative choices for those sequences are possible provided the restrictions imposed by proposi-
tion 2.4 are fulfilled.

2. The reason of our choice of K, and (5%‘1) will be transparent in the next section, where we see that,
for a small v, the remainders decrease in an almost quadratic way.

3. The estimates of part (b) on the deformation of the perturbed invariant tori from the unperturbed
ones are essentially the same of [Nei81].

2.1.5 Fast convergence and nearly-invariant tori

We have established in the previous section the linear convergence to zero of the sizes of the successive
remainders. This kind of convergence is enough (and very suitable) for the proof of the existence of
invariant tori. But in the current section we show that the remainders actually decrease much faster,
and we take advantage on this fact. Indeed, by stopping the iterative process at an appropriate step, we
deduce that the domain obtained is full of nearly-invariant tori, i.e. Nekhoroshev-like estimates hold for
the trajectories starting on these tori.

One may look our theorem on effective stability as an attempt to make KAM and Nekhoroshev
theorems closer. Indeed, we provide Nekhoroshev-like estimates which are very near, from a quantitative
point of view, to KAM theorem. From the practical point of view, this result is more significative
than KAM theorem. Indeed, if the coordinates of a given unperturbed invariant torus are known just
approximately, up to a precision r, it is not possible to decide whether the frequency associated to this
torus is Diophantine or not, and therefore one cannot deduce that this torus survives in the perturbation.
In fact, in checking the Diophantine condition it has no sense to go farther than a finite order K (")
(tending to infinity as r — 0). However, this finite test is enough to ensure that the torus is still
included in the domain at an appropiate step of the iterative process and that this torus survives in the
perturbation at least in the form of a nearly-invariant torus: a trajectory starting on this torus remains
near to it up to a stability time which is exponentially long in 1/7.

This result is similar to the one of [MG93|, which does not however worry about optimal estimates.
Moreover, in that paper the stability estimates are expressed in terms of the stability time, previously
fixed, instead of r.

Another related result is obtained in [PW94] and [MG95], where it is shown that KAM tori are
“sticky”: estimates are given for the time to move away from a fixed KAM torus. The estimates are
exponential in [PW94] and “superexponential” (but only for quasiconvex systems) in [MG95]. This result
requires the transformation to normal form to hold in a full neighborhood of the given KAM torus, which
is achieved in the quoted papers by carrying out the Kolmogorov’s approach to KAM theorem instead
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of the Arnold’s one. But our result seems in practice more useful since the existence of a KAM torus is
not used for the estimates.

We notice that theorem gives a large family of invariant tori if v is small. But for large values of y
one cannot guarantee the preservation of any invariant tori even if is satisfied, since the set G, may
be empty. Actually, there is a maximum value g such that @A, is empty for v > ~ (in the case n = 2,
the set @% corresponds to the noble frequencies). Nevertheless, in theorem the nearly-invariant tori
are parametrized by a set GEYT) (defined below) containing év properly. Then, for some interval of values
v > 7o we may still ensure the existence of nearly-invariant tori.

Theorem 2.2. Consider notations and hypothesis as in theorem [2.1] and assume also that
V2O_l2,52'r+2

2
° S geempay (2.52)

6(2_21711)'2(17”)8

where we define o := 2112151 5@ > 0. Let

given, and write

JU 2
G =G = {Ieg—l : |k~w([)|2|% VkeZ”,O<|k|1§K(’“)},
1
u

where i)
.2 (7"0> ,

p\r

Then, there exist an analytic map A" : G — G and a real analytic canonical transformation

Y D o iy (A(T) (G(T))> — D,(G) such that, writing T =T o (id X A(T)), any torus
<T’2"’+5L>

T (T" X {Io}), with Iy € G) has the property that, for every trajectory (¢(t),I(t)) = T ((;AS(t), f(t))
of H with (¢(0),1(0)) belonging to this torus, one has:

‘f(t) - A(T)(]O)’ < \/g.exp {; (?)(1_y>/(7+1+y)} : (2.53)

_ vpy (1 v/(t+14+v)
00 - 4 To

v/(27+2) (1-v)/(t+14v)
vp1 r 1 /7o
t < ——M | — . — | — 2.55
||_51\/M6<7“0) exp{2<r> }’ (2:55)

where the vector N (Iy) is colinear to w(ly). Moreover, if E denotes the energy of the trajectory

(o(t), (1)), o estin
2n+1 —v)/(T+1+v
|E—h(lo)!S2 TE-eXp{—(O) }
p r

Proof We go again into the iterative process of the proof of theorem Improving the argument
given there for the linear estimate (1,), we are going to see that the successive sizes of the remainders
admit an almost quadratic estimate. We first notice that, choosing K as in the proof of theorem 23]
and taking into account the definition 5 = /L and the inequalities p < 2/K and p < vp; /16, we deduce

from (2.52) the inequality

(2.54)

)

)~ (300) + X 1r)

< 1/30'l2p1 62

S SmaTKRE (2:56)
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We next prove that, for every ¢ > 0,
g — e . (2.57)

Indeed, this is true for ¢ = 0 by (2.22). Given ¢ > 1 and assuming the estimate true for ¢ — 1, we are
going to establish it for ¢. From (2.27)) and the inequality Kp > 1, we deduce

Kq5§q) Z

% 207D > 19 4 p0(eD),

and therefore
e_Kq(;g‘” < 16_2(1*1’)(4*1)'

Moreover, applying the inequalities (2.18) and (2.56)), the definition of o and the hypothesis that (2.57)
holds for 41,

VAKT _ PK; 6AMK]T' 32e  _,a-v)(-1)
. _1 S . .7.6
lq—lﬂéfﬂgéq) 1 vip vig vp1
< Le-(@r-1)alte-n (2.58)

Then, from (2.26)) we deduce:

1 —v)(q— 1 - 1—v)(g—1 —v 1—v)(g—1
Eq < (2 6_2(1 = + 5 e_(21 _1)‘2( . )> "E€q-1 < 6_(21 _1)'2( =D "€q-1>

which gives estimate (2.57) for &,.
The stability time in (2.49) can also be improved. Recall that we denote (%) (t) = (¢(q) (t), IO (t)
2.44)

the trajectory of H@ such that z(9(0) = (¢35, I) € T" x G4. We deduce from the inequality
that, for 0 <t <1,

‘I@ (t) — It

< Tyeq
(T, was introduced in (2.43))). Then, we may replace (2.45)) by the next alternative bound:

Eq

|60 8) — @ (1) < 5M Ty,

<2MTyeq +
e} Cq+1

where ([2.48)) has been used. Then, the inequality (2.47)) becomes

5§(I+1) < Tq2 . 5M€qa

(5§(I+1) 55‘14'1) B 55‘1"‘1)
T > 1 pry T =
¢ = i e, |\ 5Me, e 5Me, ’

where we have used (2.46)) to see that the minimum is given by the second term. Hence, for every initial
condition (¢§,I5) € T x G4, the corresponding trajectory of H(@ satisfies:

and we obtain:

~ (q+1)
< Te,— |

‘I(q)(t) —l 5M

,'Ww—@+WWWﬂ§W”, (2:59)
for
lt| < T,. (2.60)

This stability time is much better than the one of , because of the quadratic behaviour of £,. This
estimate says that T" x {I} is a nearly-invariant torus of H(9 for every I} € G, since every trajectory
starting at a point on this torus remains near a quasiperiodic motion with frequency vector w(? (1%) for
a long time. Then, the torus W(@) (’JT” X {Ig}) is also nearly-invariant for the flow of H.
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We are now going to choose ¢ = ¢(r) > 1, as large as possible, such that F; D Q (G(T)). Given
Iy € G1), there exists Ij e G™) such that |IO IO{ <r. Weget I € G — (7 — r) and hence

L
Q1 F— - — 2.61
(o er-(5-57) (2.61)
by part (b) of lemma On the other hand, for 0 <|k|, < K,
k-w(ly) —|k| - Mr
| . k|
and therefore
1 v B |k| - Mr
k- Q(1y) —_— —|k|-Mr| > -—— — . (2.62)
g (1o)] (|k|1 -
We deduce from (2.61}{2.62)) that J, € Fy, provided the following inequalities are fulfilled:
L p-5
(r) . 4q
K" > K,, rgﬂ KqT+1.

Noting that 8 — 8, = £/2"? and reminding that K < 2/p, we see that it suffices to choose ¢ such that
the inequality

9(r+1+1)(a=1) < 7”70 (2.63)

holds. Hence, we choose ¢ > 1 as the maximum integer such that this happens. We then have also

g(r+141)g > 10 (2.64)
,

-1
With this choice of ¢, we have (G(T')) C F,. We take Al = (Q(‘Z)) o ), and note that
A (G(’”)) C Gq. The transformation T := ¥ is defined on D, (G,), and we have the in-
equalities pgq) > p1/4 and

@ _ vl vipTta B virg vir
P2 = oMK+l 2(rta = 2r+6)f . 2(r+1)a 4L .o(r+1q = 2745,

where we have used the inequality 1) This gives, in function of r, the complex domain where Y(")
is defined. For (¢, Iy) € T" x G| we put

T (o, Io) = ¥D (0, 15) ,

where I = A(Iy) € G, If (4(t),I(t)) is a trajectory of H starting on the torus 7 (T x {Io}),
then gf)(t),f(t)) is a trajectory of H@, with I(0) = If. We can thus apply the stability estimate
of (2.59H2.60). Using the inequalities (2.57)), (2.18]) and (2.63H2.64]), we get the bounds

325 { (TO>(1V)/(T+1+V)}
Eg < —-expq— | — )
vp1 T

v/(t+1+4+v
st < ver _vpr (T [
—4-2v4 T 4 0 ’
ety s _ve v (T V)
= 16-2v(@1) = 16 \ro '

Including these bounds in , we get (2.53({2.55). Note that we put A\ (Iy) = w(@ (1), which
Q(1y)

is colinear to w(Ip) since Q 1 0)- Finally, the energy of the trajectory (¢(¢), I(t)) is

B = H(6(0),1(0)) = HY (9(0), Iy ) = h(lo) + R ($(0). I; )
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R(D (I¥) = h(Iy). Then,

OR@

ur

Gq

"t <y +7eg .

|E — h(L)| < ‘R@ (é(O),IS)
Gq

To get a quadratic estimate for 7y, we proceed as in (2.29)) but we now use ([2.58), (2.18) and (2.57):

A KT (q) . e »
L . o B e P
Cqlq-1B4-1 2 2
Then,
32" —v)q _ 221 (1=)/(r+1+v)
’E_h(fo)‘§<2+ 7T>5,€—2(1 )qS i 5.eXp _(ﬁ)) .
e p r
Remarks
1. To give an idea of how this theorem should be applied in practice, assume that Iy is the action of

a given unperturbed torus, for which we just know an approximation I{), with ‘16 — I()’ <r. If

I e é(f), i.e. the frequency ratios of w (I(’)) satisfy the Diophantine condition || up to order
K () then the invariant torus corresponding to the action I, survives as a nearly-invariant torus.

We have omitted statements like parts (b) and (c) of theorem because they would be exactly
the same, with 7(") instead of 7.

If the size € of the perturbation is fixed, we could take r small and the stability estimate given
in (2.53H2.55) is then much better than the one provided by Nekhoroshev theorem. This is due to

the fact that the estimate has been expressed in the transformed coordinates (ngS, I ) provided by

the canonical transformation Y("). These coordinates are better because the nearly-invariant tori
are given by equations I = const. In Nekhoroshev theorem, the stability estimate includes the
coordinate change because it is expressed in the original coordinates.

The comparison between the estimates (2.53H2.54)) for action and angular variables shows that the
separation from a given torus remains much smaller than the separation from a linear flow inside
this torus.

The stability exponent given in (2.55) is larger (as near to 1/(7 + 1) as wanted) if we choose the
parameter v near to zero.

Roughly speaking, the set GE,T) parametrizing the nearly-invariant tori has a very large boundary
for r small. However, the “area” of this boundary is finite, which means that the set G({) is not
as strange as the Cantorian set @7 provided by KAM theorem. An alternative way to express this
fact is used in [MG93]: the set of nearly-invariant tori contains balls of a suitable radius, and hence
it contains inner points.

We can also get “superexponential” stability estimates, like in [MG95], by means of an alternative

appro
the it
H@

ach. However, we need to assume that the unperturbed Hamiltonian h is quasiconvex. Applying
erative process of KAM theorem, our starting Hamiltonian H is transformed after ¢ steps into
= h@ 4 R@. If h is m-quasiconvex with m > 0 and we assume ¢ = O(m), then h(? is also

quasiconvex and Nekhoroshev theorem may be applied to H(@. In this way, we can obtain for every
trajectory (gb(‘” (t), 1@ (t)) of H@ | with initial condition in T™ x Gy, a stability estimate of the type

with

’I(Q)(t) _ [(q)(o)‘ <R for t| <T,

1 1/2n
Rweql/%, T ~ exp <>
€q
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Choosing ¢ = ¢(r) as in (2.63H2.64)), we get

1/2n 1/2n
1\° 1 1\°
R~ 5~exp{—<r)} , T ~ exp E~exp{<r)} ,

where we have put ¢ = (1 —v)/(7 + 1+ v). The stability radius R and the stability time T substitute

the ones obtained in (2.53) and (2.55)), respectively.

2.2 Appendix: proofs of some technical lemmas

Proof of lemma Given (¢o,Io) € Dp—ts(G), let (P(s),1(s)) = @5 (¢, lo). First, we prove that

ow
o) - ool < |57 (2.65)

[1(s) — Io| StH(Z‘;

G,p,00 G,p,1

for 0 < s <t. Let sg be the supremum of the s > 0 satisfying both inequalities in (2.65). Clearly sq > 0,
and one of these inequalities is an equality for s = s9. On the other hand, we have (¢(s),I(s)) € D,(G)
for 0 < s < sp. From the mean value theorem,

oW ow
) o W S el ’ 2.66
|6(s0) ¢0|°°_SO ogsggso oI (6(s) (S))‘oo | ar G,p,00 200
ow F2)0% ow
o W o 10| <soll2%] <0 |2V , 2.67
[1(s0) = Io] < s0- sup 555 (¢(e) (S»‘ s le, =120,

Thus, sp >t and (2.65)) is true. This implies that ®, is defined in D,_;5(G) and that the bound (a)
holds. We can deduce the inclusion (b) from the fact that ®_, is the flow at time ¢ of —W.

To see (c), note that f o ®; is defined in D,_;5(G). Since W is analytic, f o ®; is also analytic in
t, and hence the Lie series expansion for r,(f,W,t) holds. Given ! > m + 1, let n=46/(1 —m).
For j=m+1,...,l, we have

L f| HD (L) |IDW
H W G,p—(j—m)tn c w Gop—(j—m)in ¢ I HG,p,c
2 ,
< = ‘Lj_l H |lDW .
i 1w f G (jtmtn DWW g pe
Thus,
l—m I—m
2 |[DW | 2 | DW||;
Ly H S| || Lyy <({- D ———2C || L s
1221 P . I g, < (1= m) = IL& e,

where we have used that k* < e* . k! for k¥ > 1. In this way, the bound that we obtain for

||rm(famt)||G,p—t5 is
I-m
1 Z (I—m) (2]|DW]g
> 7 [t = |2 T 1L e,
this series being convergent for |[DW|g , . < be/2e. O

Remark The bounds are based on the special structure of Hamiltonian equations. Our
choice of the co-norm for the angular variables was motivated by . Concerning the action variables,
the best choice would be, according to , the 1-norm, but our use of FKuclidean geometry in the
geometric parts of Nekhoroshev and KAM theorems made us choose the 2-norm.
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Proof of lemma Assume first Kp; > 1. Let § = p/3. From (1.19), we see that

2M 1
A:1+—~&§1+7§2.
a Kp;

20 (G) — D,(G) such that Ho ¥ =

Then, theorem provides a canonical transformation W : ’D?

h+Z*+ R*, with Z* = Z*(I), and

* _Ep
||DR ||G,2Tp,c <3e T - ||DR||G,p,c :

Let us denote g
n= a ||DR||G,p7c :

By estimate (c) of theorem [1.2 and the second condition of (1.24]),

Moreover, by the inclusion (d) of theorem we have ¥ (D%’J (G)) DDy (G) DT" x G and therefore
we can write (¢(0),1(0)) = ¥ (&g, I5) and, since ¥ preserves real domains, (¢f, 1) € T" x V% (@).
Let (¢*(t),1*(t)) be the trajectory of H o ¥ with (¢*(0),1%(0)) = (¢, I5). Let

T:inf{t>o L |17(8) — 7(0)| >77}

(the procedure for negative times is exactly the same). For 0 <t < T, we obtain (¢*(t),I*(t)) €
D%p (G). Since ¥ takes the motions of HoW into motions of H, we get that (¢(t), 1(t)) = ¥ (¢*(¢), I*(¢)
is also defined for 0 < ¢ < T, and obtain the estimate

|1(t) — I(0)| <|I(t) = I*(t)| +|I*(t) — I*(0)| +|I*(0) — 1(0)| < 3n.

Next, we proceed to obtain a lower bound for T'. Let AI* = I*(T) —I*(0). Clearly, |AI*| =7. On
the other hand, by using the form of the Hamiltonian equations and the fact that the normal form Z*
only depends on the action variables, we obtain

* OR* « _Kpy
|A*| < T- <T-||DR"||g2 .<T-3¢ 6 -|DR|s,.,
¢ G2 e .psC
and it follows that
n Kpy 2 Kp
T> ——" ¢ >Z¢56.
3 ||DRHG,p,c @
For Kp; < 1, one obtains, by working in original coordinates,
24 24
I(t) —1(0)| < — ||DR f t < —
1) = 10)| < ~ | DRlg,,  for i< =,
and it is then easy to see that this stability time is longer than the one proclaimed in (1.25)). O

Proof of lemma [1.6] First we assume Kp; > M/m. Let § = p/3. Like in the proof of lemma [L.5] we
have A < 2. Note that

mp3 _ _ap
350p, ~ 122Kp;

Then, theorem provides a canonical transformation W : D%p (G) — D,(G) such that Ho ¥ =
h+2Z*+ R*, with Z* €¢ R(M, K), and

HDZHG,p,C + ||DR||G,p,c < (268)

IDZ* 62 . + IDR 6 2. < IDZl| 0 + 2| DR

3¢

_Kp1
IDR"|lg 20 o <3¢ 6 - |IDRlg,. -
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Moreover, by estimate (c) of theorem and the inequality (2.68)),

P2 < mp2
pe S 15Kp; — 16M °

W —idg 2. < - DRI

Like in lemma we can write (4(0),1(0)) = ¥ (g5, I5), with (¢§,I5) € T" x Vinpz (G). Let
(¢*(t), I*(t)) be the trajectory of H o ¥ with (¢*(0),1*(0)) = (¢, I5). Let

I (t) — I°(0)] >p22}.

For 0 <t <T, wehave (¢*(t),I*(t)) € Tp(G) We then obtain the estimate

<

1nf{t>0 :

* mp2 P2 mp2
I(O)—I(O)§15M+ +15M

[1(t) = 1(0)| <|I(t) — I*(t)| +

I*(t) — I*(0)| +

< pa.
We introduce the notations
Ag* = ¢™(T) = ¢7(0),  AI"=1°(T)—I7(0),
and, for a function f (¢, 1),
Af = f(6"(T). I(T)) — f (¢7(0),I7(0)) .

The definition of T clearly implies that |AT*| = po/2.

We notice that, since Z* is in normal form with respect to M, it does not contribute to AI* in any
direction lying in M=. More precisely, let P denote the orthogonal projection onto the one-dimensional
space <H mw(I (0))> By the specific form of the Hamiltonian equations, we have

PAT" — —/OTP (8;;* (¢*(t),1*(t))> dt

and it follows that the ITnw(Z(0))-component of the vector AT* is small up to an exponentially long
time:

*

OR
PAI"| <T-
rorist

To bound the whole vector AI* we use the quasiconvexity condition on h. By Taylor formula, one
has

Kpi
<T|DR|gz . <T-3¢" ¢ -|DR|g,, - (2.69)
. ) ’
3

1 2
0°h
Ah =w(I) - AI* +/ (1-35)=— 32 (I5 4+ sAI™) (A", AT") ds. (2.70)
0

We notice that, since ¥ preserves real domains, I§ + sAI* € U,,(G) for 0 < s < 1. For a fixed s, we
write ATl* = P,ATI*4+Q A", where P; and Qs denote the orthogonal projections onto <w (I + SAI*)>
and <w (IF + sAT *)>L, respectively. Thus, applying the quasiconvexity condition at the point I+ sAT*
(and this is the only time that we use it), we obtain

9%h

Te > m|Q.AI"|?

(Ig + sAI") (QAIT, Q;AI")

We deduce that

82

oz o+ sAI%) (AT, AL)

> m|Q.AI*|> — 2M|P,AI*| -|Q AI*| — M|P,AI*|?
= m|AT*|? — (m|PsAT*| + 2M|Q AT | + M|P,ATY|) | Py AT |
> m|AI*|> — AM|AT*| -|P,AT*|.

From formula (2.70) we obtain

1
%\AI*E§|Ah|+|w(I§)~AI*|+4M|AI*|/(1fs)|PSAI*|ds,
0
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and hence mp2 L
72 <|AR| +|w (I5) - AI*| + 2M p, / (1 — 8)|P.AT*| ds. (2.71)
0

Next we bound the terms appearing in the right hand side of . To bound |P;AT*| we use that
the vector w (I + sAI*) is near to Iy w(I(0)). More precisely, we apply the following property: given
v,v" € R", if P,y and P, denote the orthogonal projections onto the one-dimensional spaces (v) and
<v’ >, respectively, then for every vector u € R™ one has:

4|U—v’|

Pyt — Py ’<
’ (v)U (Ul = |v|

Jul -

First we notice that, from lemma and the fact that M # Z" and K > 1, we deduce |w(I)| > a/2
for I € U,,(G). Then, applying the property, one has:

4

IPAI" —PATY| < ———
Jw (15 + sA1%)

IA

|w (1§ 4+ sAI*) — Tyw(1(0))] - |AT*|

IN

4
%p (I + sAT*) = TLyw(I1(0))] -

Using that w(G) is n-close to M-resonances, we get

|w (I + sAT*) = Tpmw(I(0))| < M|I§ + sAI* — 1(0)] +|w(I(0)) — TLypw(1(0))]

m  sM m  sM
< — 4+ — < [ =+ — . 2.72
< <15+ 2>p2+n_<12+2)pz (2.72)
Thus,
4p2 M
|P,AI*| <|PAI*| +|P,AT* — PAI*| <|PAI*| + 222 (g + 82>
o'
and we obtain, using the first condition of (1.28]),
1 2
1 dp5 (m M 1 mpa
1—8)|PsAT*| ds < =|PAT*|+ —= [ — + — | < =|PATI* .
/O< NBAL| ds < 5IPAFT+ = <24+12>—2| |+ G6ar

To bound |w (I) - AI*

7Weputs:01n:

2
lw (I7) - AT*| < [Tpqw(I(0))] | PAT*| +|w (I7) — Taqw(1(0)| -|AT*| < LIPAT| + P2

24

Finally, by energy conservation,

1
o(Z* + R*
Ah = —A(Z"+R*) = f/ (W(¢3+3A¢*,15+5A1*).A¢*
0
7% *
+ w (65 + 5D, 7 + sAT*) - AI*> ds
and we deduce
o(Z* + R* o(Z*+ R*
AR < H() .|A¢*|OO+H(+) (AT
8(;5 G’,%”,l oI G7%p
\/ﬁ P2 * *
S <7T+c'2 ||D(Z +R)||G72—3’17c
< (@r+vap) (IDZlg,.+IDRg,.)
Cr+ Dmpd _ mp3
- 350 - 48
We insert all of these estimates in (2.71)) and obtain:
2 2
mps 1 1 1 9 N mpy  49L N
<|l—=4+=4+—= L+M PAT*| < — |PAIT
00 < (G5 gpt g5 ek + (L4 M) IPATT < TEL 1 B2 PAT
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where we used that Mpy < L/48 since aw < L. By estimate (2.69)), it follows that

2 K 2 mK
T Z mpsg e 6P1 2 mps5 e 61\/;)1 .
74L ||DR||G’p)c 74L ||DR||G)p’C

For Kp; < M/m, one may work in original coordinates. Then, one obtains:

P2
1) -10)| <ps  for o] < —22
| | DRl

It is not hard to check that this stability time is longer than the one proclaimed in (1.29)). [l

Proof of lemma A simple computation gives, for I € G and v € R",

o0 (o0 o0y, _ 1 (0w Qwa ([Yv
W(I)U = (M(I)v, aI(I)v) oD (M(I)v ‘Zn(l)w(l)> ,aw(l) v
We have the bound
o0 1 0w Owy, _
< %1y futn] < 2Dl (2.73)
and we then get estimate (a):
090 ML\? )
a1 ; < \/<12> + (aL)? < 2La. (2.74)

To prove parts (b) and (c) we use the isoenergetic condition. For any v € <o.)(])>J'7 we have

) 1 (ow Qen(I)v _
= (.- Mw([) > F (2.75)
 wa(I) \ 01 wp (1) - ]wn(I)| ’ '
where we have used the fact that the vector
Ow %n (I)v
5(1)’0 - T(I)W(I)

has its n-th component vanishing. Moreover, the isoenergetic nondegeneracy has been used to bound
the size of this vector from below. Now, consider an orthonormal basis eq,...,e, of R™ with the first

n — 1 vectors belonging to <w(I)>L and the last one belonging to (w(f)). Let P = (F, Pn) be the

(n x n)-matrix having these vectors as columns. Let us write:

o0 ()P = LOP FMP, \ (a4 b -
oI I o M S 1o V0 b, | '
o (D) P 1) Py

It follows directly from (2.75)) that

A7) > —E |3 Vo e R™ 1,
jwn(D)]
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Note also that E’ < M|w(I)| /1 by (2.73). Moreover, b, = aw(I)-e, and hence |b,| = a|w(I)|. Then,
computing the inverse of the matrix (2.76)) and carrying out a rough bound on its norm,

oN -1 A1 7}%14—15 . 1
z°= < n < A~ i
‘(61”)) . ( < a7+

o1
A‘le‘ +—
|bn |

|wn ()] 1 fwa()] Mlw()] 1
7 * alw(I)| Iz 2 * alw(I)|

IN

(2.77)

This estimate implies (b), by our condition on a. To obtain the lower bound (c) for the determinant, we
take into account the expression (2.76) again:

o0 I " u"la
det (8](1)>‘ > (M(D‘) .a|w(I)| > Tz -

Finally, we prove (d). For I € G and u,v € R,

9%Q 0%Q 92Q,,
oz ) (W) = (aP(I) (w,v), 52 () (u,v)>

We can bound this expression like in (2.73H2.74):

E) 1 O%w Ow Ow
TEO )| < i |50 o] + | 5o { G
2 Own, Oown,

+m M(I)UHM([)U‘ ‘ (D‘

M'L,  3M3L
< 1724‘173 |ul|v],

and we deduce estimate (d):

M'L  3M2L\? M 3M
< _ 2 < — .
G\/( B + B > + (aM) <2M+ / >La O

20
o012

Remark If the condition a > 2M/I? is removed, then estimate (b) has to be substituted by (2.77),
which is actually worse if a is taken too small.

Proof of lemma Clearly, it suffices to check the result for the vectors v € (@)™ such that |v| = 1.
One has|w - v| < ¢ for these vectors. Writing v = vy + vy, with v € (W)™ and vy € (w), one deduces that

3

‘”UQ|§ |1}1‘217f.
jwl

<
jw| *
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By the hypothesis,

€ € 2|A|e
|[Av + dw| > |Avy + dw| —|Ava| > plor| —|A] || > p <1 - ) —Al—>p— 4| .
jwl jwl |l
Then, if we assume that | o] < 2’/1’, we obtain
‘flv—i—)@‘ > |Av—|—)\w—‘(fl—A)v —’)\((I)—w)|
2|14l 2“4‘ 4Me
> pu-— - - — > - -
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In the case |A\&| > 2‘[1 , the proof is much easier:

‘fler/\cD’ > | A@| f’fiv‘ 2‘/1‘ >|Al - >pu—¢. O
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Proof of lemma H For a fixed J € F — ——, we are going to prove that there exists a unique
m

point I* € G solving Q(I*) = J. This aim is attained with the help of a modified Newton algorithm.
Let us consider

IO =0 ))eq— L
m

as a first approximation, and we have to see that the map

has a unique fixed point in G. We first compute the derivative of this map:

Bt (20)) = (2 00)) (28 (10) - ).

and therefore
oA

M’ 4
M(I)‘ < f‘l—ﬂm‘ if ‘I—I(O)’ <=, (2.78)
m m

because the segment joining I(®) and I is fully contained in G. Starting at I(?), we consider the sequence
defined by I*) = A (I(k_l)), k > 1. We check by induction that

k k—1 €
L A R

and I*) € G for every k > 1. Indeed, this is true for k = 1. For k > 1, the induction hypothesis implies
that the distance from I®) to I*=1) or I*=2) is less than 2¢//m. The same holds for every point in the
segment joining I*~1) and I*=2). Then, using (2.78) and (2.10) we obtain
10 [(k—l)‘ =|a (1) <4 (10-2) | < M %‘ﬂk—l) _ I(k—z)‘ < l‘l(k—n _pee2)|
—m m -2

Thus, the sequence %) converges, for k — oo, to a fixed point of A which we name I*. This point

satisfies 5
I ]<o>’ <z (2.79)
m

and therefore )
IreGg- = (2.80)
m
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Then,
2em

The point I* is the unique fixed point of A. Indeed, assuming that there is another fixed point I** # I'*,
we have Q (I*) = Q(I**) and hence |Q(I*) = Q(I**)| < 2e. Then, we have |I* — I**| < 2¢/m because
the whole segment joining Q(I*) and  (I**) is contained in F, by (2.81). We deduce from that
the distance from I(®) to every point in the segment joining I* and I** is less or equal than % +2= < % .
Applying , we get a contradiction:

M 4

[ =TI =|A(I*) = A(I™)| <

~ 4M ~ N -1,
Given a subset F C F — ;, the map Q is one-to-one on G = (Q) (F) Moreover, one has
m

- ) - _ -
GCG- % by (2.80f). For the proof of the other inclusion, note that €2 (G \G)NF

= (. Then, since
‘Q — Q)G <&, we have Q (G \ é) N (F - 5—:) = (), and we deduce that Q (é) SF—c.

~ ~ -\ —1
<e/m. Forafixed J e F,let [=Q'(J), = (Q) (J).
F

(1) -] =[e (1) - a(7)| <,

and therefore the segment joining (1) and (1:) is contained in F', since Q(I) € F C F —¢e. Hence,

N\ —1
Finally, we check that ‘ (Q) Q!
We have

we obtain ’1:— I‘ <e/m. O

Proof of lemma The estimate of part (a) comes from the inclusion

F(d,3, K)\F(d,p K') C ((F-d)\(F-d))

! B
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and the fact that, for 0 < o < o and k # 0,

mes [(F —d) N (A(k,a’) \ A(l@a))} < (diam F)"~ 1. Ao —a) : (2.82)

Concerning part (b), we first remark that, for b > 0,

F(d,8,K)—b> (F—(d+b)\ |J A (k Vﬁf +‘k‘b> .
Ikl1 <K 1

E#0

Then, proceeding like in part (a) and applying (2.82) again,

mes [(F(d, 8, K)\ (F(d, 3, K) = b)] < Db+ Y (diam F)"~'-2b.
kg <K
E#£0
From the fact that the number of integer vectors k € Z™ \ {0} with|k|; < K can be estimated by 2" K",
one gets part (b). It is worth noting that this estimate expresses the “growth” of the boundary of the
domain when the resonances are removed. (]



Chapter 3

Single resonances

Recall that in a nearly-integrable Hamiltonian

H(p, 1) = h(I) +cf (o, 1), (3.1)

where ¢ is a small perturbation parameter, KAM theorem fails on resonances, that is, for actions I such
that there exists a non-zero integer vector k£ such that

(k,w(I)) =0, (3.2)

where w = 9rh. For small || # 0, under the conditions of Nekhoroshev theorem, the variation of the
actions |I (t)y—1 (0)| can grow slowly but the dynamics can be very complicated: there can exist, in
principle, chaotic trajectories or even unstable (in the sense that they can wander very far from their
initial conditions). Let us begin with single resonances, that is, the set of resonant actions I such the
module of integer vector k satisfying is one-dimensional.

3.1 One step of normal form near a single resonance

Near a single resonance, under some generic hypotheses, we are going to carry out one step of (resonant)
normal form procedure and try to obtain a new “simple” expression of the Hamiltonian. To reach such
a hyperbolic normal form, we will have to impose some nondegeneracy conditions on the perturbation
f, since no hyperbolicity can be obtained from the unperturbed Hamiltonian h. Essentially, we follow
[DGOI], which also relies on Eliasson [Eli94] and Niederman [Nie97] (see also [RW98, [RWO00]).

To simplify the notation, the number of degrees of freedom in will be, from now on, n+1 instead
of n. Thus, we write the angle-action variables are (¢, ) € T"*1 x R**1,

Having selected an action I'* = 0, the unperturbed Hamiltonian A in can be written (disregarding
the additive constant) as:

h(I)= (X", 1)+ % (QL, I) + Os(I).

Assume, for the selected action, that the associated frequency vector \* = drh(0) € R"*! has a single
resonance ((k*,\*) = 0 for a certain k* € Z"*1\ {0} and (k,\*) # 0 for any k € Z"*! not co-linear to
k*). By a classical algebraic result, we can assume A* of the form

A* = (0,w"),

where w* € R™ is nonresonant. In fact, we shall assume a Diophantine condition on w* like in (1.2)).
Rewrite ¢ € T"* as (z,0) € Tx T" and I € T as (y,I) € R x R™, so that (¢, 1) = (x,y,p,1) €
T x R x T" x R™, and the matrix Q = 92h(0) as

8% q'
a Q)
where we have put 52 > 0 in order to fix ideas, ¢ € R®, and the new matrix Q is n x n. We will assume

B = 1; this can be achieved replacing y, I by y/8, I/ (changing in this way the time scale by a factor
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B), and rewriting w*/3, q/B%, Q/B* as w*, q, Q respectively, and redefining also the function f. Then,
we can write our Hamiltonian in the form

H(x,y,0,1) = h(y,I) +ef(z,y,0,1),
2

h(y,1) = (w", I) + % + (g, )y + % (QI,I)+ 03(y, I).

We now perform one step of resonant normal form procedure: following the Lie method as already
introduced in section [1.2.1} we seek for functions Wz, ¢) and R(x,y,p,I) = O(y,I) such that

{(W,h} +V +R=f. (33)
where V(z) is the periodic function obtained by averaging with respect to the angles :

1
(27’(’)” Tn

The construction of W and R is easily carried out: one first solves the equation

V(x) = f(z,0,-,0) =

f(x707 @’ O)d<p7 € e T.

(w*,0,W) +V = f(-,0,-,0)

with the help of standard small divisors estimates, as the ones used in the proof of KAM theorem,
and then one takes R simply by fitting equation (3.3)). The time-1 symplectic flow ® of the generating
Hamiltonian eW leads to

Ho@:H+{H,eW}+o(52) :h+s(V+R)+o(52) = Hy + Hy,

with

2
1
Ho(w,y,i€) = (", 1) + % + V(@) + (0. D)y + 5 (QL ),

Hyi(z,y,0,1;¢) = eR(x,y,0,1)+ O03(y,I) + O (52) :

with Hy (the truncated normal form) playing the rdle of the integrable Hamiltonian, and H; being the
perturbation of some size ey where p is going to be determined in terms of ¢.

This expression generalizes an example introduced by Lochak [Loc90al, [Loc92] in order to point
out the main difficulties concerning the detection of the diffusion. In canonical variables (z,y,¢,I) €
T x R x T™ x R™, Lochak’s example is:

H(z,y,0,1) = % (y2 + (I, I>> +e(cosz — 1) + euF (z,9), (3.4)

where F is an analytic function on a complex neighborhood of T"*!. Indeed, Lochak’s example is
a generalization of the famous Arnold’s example proposed in 1964 by Arnold in [Arn64], as a first
example of a extremely slow phenomenon of instability, which received the name of Arnold diffusion.
The Hamiltonian proposed by Arnold is a nonautonomous Hamiltonian, periodic in the time variable ¢:
in canonical variables (z,y,¢1,1) € T xR x T x R,

1
H(z,y,¢1,11,t) = 3 (y2 + 112) + e(cosz — 1) (1 + p(sin gy + cost)),

with € and p as two independent parameters.
It can be assumed, except for degenerate cases, that the function V' (z) has a unique and nondegenerate

maximum zo; we denote a? = —V"(2¢) > 0. Then, for ¢ > 0, the 1-degree-of-freedom Hamiltonian
y?
P(z,y;e) = 5 +eV(a),

has a hyperbolic point in (z,0), with (homoclinic) separatrices. The case € < 0 is analogous, provided
one considers a minimum instead of a maximum. Then, the Hamiltonian Hy has whiskered tori with
coincident whiskers associated to this hyperbolic point. Note that Hy constitutes a Hamiltonian situated
between the unperturbed Hamiltonian i and the perturbed one H, which possesses hyperbolic invariant
tori but their whiskers still coincide. Note also that, in general, Hy is not an uncoupled Hamiltonian
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because of the coupling term {(q,I)y. This seems an additional complication, but it cannot be avoided if
one starts with an arbitrary unperturbed Hamiltonian h.

The Lyapunov exponents of the hyperbolic point of P are +/ec, which tend to zero for e — 0. To
have fixed Lyapunov exponents, we can perform the following (non-canonical) linear change: we replace
y, I by /ey, \/eI. The new system is still Hamiltonian if we divide the Hamiltonian by ¢ (making in
this way a change of time scale by a factor /). We obtain for H = Hy + H; the expressions:

Ho = (w,I) + % + V(@) + (g, 1)y + % (QI.1), (3.5)
Hy = R (2, VEy, 0, VED) + - 03 (Vey, VET) + O() = O(1) (3.6)
where

w=— = /.
N Ve
We close this section by remarking that an essential point in the approach described in this work is
to have an integrable Hy. A similar procedure could have been carried out for double resonances (or
higher multiplicity) instead of single ones, but then Hy would not be, in general, integrable.

3.2 Regular and singular hyperbolic Hamiltonians

For ¢ — 0T, the study of the Hamiltonian is a singular perturbation problem, due to the fast
frequencies w = w*/4/e in the unperturbed Hamiltonian Hy. We are thus confronted with a singular
system, often referred to as weakly hyperbolic, and also called a-priori stable according to the terminology
introduced in [CG94]. In fact, this case can be referred to as totally singular, because all the frequencies
are fast.

The singular problem can be avoided if one considers independent parameters, namely a fized € > 0
(that is, a fized w in ) and 4 — 0. In such a case, the system has the property that
the hyperbolicity and the homoclinic orbits are present in the unperturbed Hamiltonian (¢ = 0), and
are simply perturbed for |p| small. In this case, we are confronted with a regular or strongly hyperbolic
system, or also a-priori unstable.

This strategy of keeping ¢ > 0 fixed and letting ;1 — 0 (having in this way a regular system)
was introduced by Arnold in order to avoid dealing with a singular perturbation problem. As already
remarked in section [0.4] the exponentially small splitting of separatrices predicted by the Melnikov
integrals could then be justified only for p exponentially small in e.

This regular situation (¢ > 0 fixed and p exponentially small in €) has been considered in some papers
through the construction of appropriate Melnikov integrals [Tre94, Moe96], but their applicability to the
existence of Arnold diffusion [HM82] [Xia93) Xia94] has overlooked the existence of the gaps between
the whiskered tori, as well as the transition properties needed for the invariant tori. (This transition
property has been studied in [Dum91l [Mar96, [Cre00, [Nie97].) Also inside this regular situation there is
an approach [Bes96, [Ber96l, [Bes97], reminiscent of the parallel shooting method in numerical analysis,
which is based on looking directly for the connecting paths of diffusion, using variational methods.

Considering it only from the point of view of bifurcation theory, the relation p exponentially small
in € is anything but a generic relation between these two parameters. Moreover, from the analysis of
the previous section, a power-like relation u = P, with p > 0, is the natural one from the point of view
of perturbation theory (the smaller p, the better). In this singular case, the problem of detecting the
splitting of separatrices from the Melnikov integrals is much more intricate because of its exponentially
small character with respect to ¢.

Concerning the singular problem for 2 degrees of freedom (n = 1 in section , or equivalently
area preserving maps, the first results [Nei84l [Laz03] appeared in 1984, and now it seems fairly well
understood (see, for instance, [DS97] for a survey of results).

For more than 2 degrees of freedom, the existence of intersection between the whiskers can be detected
by geometrical and topological methods [Eli94] [Bol95], but the effective measure of such intersections
involve, in general, small divisors into the expressions for the Melnikov integrals, and arithmetic problems
take place in giving asymptotics or lower bounds for such integrals.

As a way to avoiding such small divisors, one can consider different time scales in the frequencies,
like for instance w = (w},w3//2) in (3.5). These different time scales take place in some problems of
celestial mechanics, and were first considered in [CG94], where the splitting was estimated by direct



52 CHAPTER 3. SINGLE RESONANCES

Lindstedt expansions, and was wrongly stated as some power of £, due to some mistaken computations
in the third order of such expansions. This error was later on corrected in [GGM99] for the case of one
fast frequency w3 /+/¢ (one ‘singular’ frequency), and an even perturbation F(x, ) with only a finite
number of harmonics in the angles x, ¢. In this case, the splitting of the separatrices turns out to be
O(exp (—1 / \/E)), as in the Arnold’s example, and no problems related with small divisors appear in the
exponent of this expression.

The difficult “totally singular” case has been lately receiving special attention. The first formal
discussion about the relation between the size of the splitting and the speed of diffusion can be found
in [Loc92]. Upper bounds appear in [Gal94], and the first explicit computations showing the arith-
metic problems for a concrete frequency were carried out in [Sim94] for fast quasiperiodically forced
Hamiltonians (“isochronous systems”).

The paradigmatic example of a pendulum under fast quasiperiodic forcing (the Hamiltonian
forq=0,Q =0, V(z) =cosxz — 1, and Hy = ePm(yp) cosz, p > 3) was studied in [DGIS97| for the case

of a nonresonant two-dimensional external frequency w* = (1, (V5+1)/ 2), and an asymptotic behavior

for the splitting of the type A ~ e?/2~ 1 exp (—c(log 5)/51/4> was proved, where ¢(u) is a positive periodic
function of u that depends on the arithmetic properties of w* and the analyticity properties of m(¢p).

Lower bounds for the anisochronous Lochak’s example with the same exponents as in the
Nekhoroshev theorem were also stated in [RW98|, [RWO00] for i = P and p > 0 big enough, assuming an
even perturbation F'(z, ) (ensuring in this way the existence of a homoclinic orbit), but with a proof
containing essential errors.

For the obtainment of asymptotic or lower bounds for the splitting of separatrices, the perturbations
H, and F are assumed in [DGJS97, RW98 [RWO0Q] to possess arbitrarily high harmonics in the angles
©, to ensure that the estimated dominant Fourier mode of the Melnikov integral is not zero. When the
perturbation has only a finite number of harmonics (for instance, in the Arnold’s example [Arn64]), the
Poincaré—Melnikov theory applied to the original system cannot give the correct asymptotics, since the
phenomenum of small divisors does not show up in the Melnikov function. In this case, before applying
the results of [DGJS97, RW98, [RW00Q], at least one step of averaging is required to produce a new
unperturbed Hamiltonian and a new perturbation with arbitrarily high harmonics (see [Sim94] for an
explicit example).

Finally, let us point out that an essential assumption in [Gal94, [RW98, RW00, [GGM99] is the re-
versibility of the perturbation. This hypothesis is required to ensure the existence of a perturbed homo-
clinic orbit, to begin the iterative approximation of the whiskers through the study of variational-like
equations. This assumption is not required in [DGJS97], where instead an invariant splitting function is
defined in some flow-box coordinates provided by a normal form, convergent in a full neighborhood of
the whiskered torus, which is constructed with a precise statement of the loss of complex domain in the
variable . For a recent account of the available results on exponentially small splittting of separatrices
with two or even three frequencies, one can look at [DGS04, [DG04l [DGG14b, DGGI14d, DGGI14a).

We stop here this account of results, and refer to Lochak [Loc98| for a better organized compendium
of results concerning Arnold diffusion.

3.3 The origin of the homoclinic orbits

Homoclinic orbits (doubly asymptotic orbits) go back to Poincaré in 1889 and 1890 ([P0i90al, [Poi90bl
Poi87]), after a famous error.

In 1885, a Prize in mathematics of H.M. the King Oscar II of Sweden was officially announced. This
Prize was promoted by G. Mittag-Leffler, chief-editor of the recently initiated Acta Mathematica (1882-
), to celebrate the King Oscar’s 60th anniversary. There appeared several questions to solve, and the
first one concerned the stability of the n-body problem.

On January 21, 1889 (King Oscar’s 60th anniversary) the Prize was given to Henry Poincaré for his
memoir entitled “On the three body problem and the equations of dynamics”. Although Poincaré did
not solve the general problem of stability, he invented the theory of invariant integrals, which gave rise
to his famous recurrence theorem, introduced the Poincaré map for general systems as well as the theory
of characteristic exponents for periodic orbits. He considered in detail only the restricted three body
problem (R3BP), where he found several families of periodic orbits (p.o.), proved the non-existence of
first integrals uniform in the mass parameter p, and introduced the asymptotic surfaces to saddle p.o.
and use them to prove the stability of the R3BP.
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Figure 3.1: Phase portrait fo Hamiltonian 1) fore=20

Indeed, on page 143, he introduced a simple model of Hamiltonian to study the motions close to the
saddle p.o., which were the unstable p.o. which could break the global stability of the R3BP:

H(z,q:y,p) =p+y2 — 2,usin2 g — pecosgsinz.

Hamiltonian (3.3 is 27-periodic in ¢ and 4m-periodic in z and has the equations:

z % = 2y, y = —%- = psinz + pecosqcosz,
q = %7 1, p = _%71;1 = — pesingsinz.

For e = 0, Ho(z,q;y,p) = p+ vy —2u sin? x/2 has a 2m-periodic solution x =0, ¢=+¢y=0,p=0
on the level of energy Hy = 0 which is of saddle type. Poincaré looked for the asymptotic solutions to

this p.o. as Lagrangian submanifolds taking the form y = %, p= % solving the Hamilton-Jacobi eq.

q
a5y 95y
H T4 (35 =0

0 ( © oy Jdq
obtaining Sy = So(x,q) = F2v/2pucos §, i.e. y =+ 2usin g, p = 0.
The asymptotic surfaces y = +/2usin 3, p = 0 are closed surfaces, called also separatrices. They
are filled with biasymptotic solutions to the p.o. (Figure .
For 0 < |e] < 1, he thought that the closed biasymptotic surfaces

oS
y=— teat+oe?), p=c—r+o(?)
dq
persisted and therefore there was stability of the R3BP. To visualize better the result, he introduced the
Poincaré map on the section ¢ = 0 (mod 27):

(2(0),4(0) = 0,y(0), p(0)) — (x(27), ¢(27) = 27 = 0,y(27), p(2m)).
Restricting it to the level set H =0 (p = —y° + 2u sin? § 4 pecosgsinx):

(%0, 90) = (£(0),4(0)) — (2(2m),y(27)) = (21, 41),

where the asymptotic surfaces are simply curves C (Figure .

Poincaré sent his memoir to be published, and during July 1889, Phragmén, one of the editors of Acta
Mathematica asked Poincaré for more details about the arguments, since he was not able to understand
them. On December 1, 1889, Poincaré sent a letter to Mittag-Leffler saying that he had found an
inportant error, and that the asymptotic sufraces were not necessarily closed: there were two different
asymptotic surfaces, which gave rise to two different asymptotic curves C*,C*, with different expansions,
and he was able to measure the angle between them in a coincident point, which was €7 + o(g?), with

27 T
J = ———F5— ~4dmexp (—) .
cosh NP 2v/2u
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Figure 3.3: Actual splitting of the separatrices

Although the first version of his memoir had already been published, Mittag-Leffler was able to
recover all the volumes and destroy them (except two of them, one of which was found by McGehee
in the Mittag-Leffler institute), and Poincaré published the new version in 1890, the one we know (he
agreed to pay the new edition, spending more money than what he won with the Prize).

Poincaré also noticed that the separation between both asymptotic surfaces was smaller than any
power of i, and asserted that indeed they intersected infinitely many times but that the figure was so
complicated that he did not try to draw it.

According to some authors [DH96] this is the first description of chaos. More information can be
found in [DH96, BG97]. No more chaos was mentioned until Lorenz in 1963, and Smale in 1965. No
more detection of homoclinic orbits was computed until 1963 (Melnikov and Arnold), when the Melnikov
method was introduced.

Remark 3.1. Since the R3BP is a 2 degree of freedom Hamiltonian, by KAM theorem (1954-1962), there
is stability. [Arn64] is the paper where Arnold conjectures instability for Hamiltonians with more than
2 d.o.f.



Chapter 4

Global instability

4.1 Introduction

The goal of this chapter is to present a generalization of the geometric mechanism for global instability
(popularly known as Arnold diffusion) in a priori unstable Hamiltonian systems introduced in [DLS06a].
That paper developed an argument to prove the existence of global instability in a-priori unstable nearly
integrable Hamiltonian systems (the unperturbed Hamiltonian presents hyperbolicity, so that it can not
be expressed globally in action-angle variables) and applied it to a model which presented the so called
large gap problem. However, in that case, the perturbation was assumed to be a trigonometric polynomial
in the angular variables. In the paper [DH09] an accurate process of truncation of the Fourier series of
the perturbation is performed and a deeper study of the geography of resonances is presented. Using this,
some of the results in [DLS06a] are extend, simplified and applied to an a priori unstable Hamiltonian
system with a generic perturbation.

The phenomenon of global instability in Hamiltonian systems has attracted the attention of both
mathematicians and physicists in the last years due to its remarkable importance for the applications. It
deals, essentially, with the question of what is the effect on the dynamics when an autonomous mechanical
system is submitted to a small periodic perturbation. More precisely, whether these perturbations
accumulate over time giving rise to a long term effect or whether these effects average out.

The instability problem was formulated first by Arnold in 1964. In his celebrated paper [Arn64],
Arnold constructed an example for which he proved the existence of trajectories that avoided the obstacles
of KAM tori and performed long excursions. The mechanism is based on the existence of transition chains
of transition whiskered tori, that is, sequences of tori with transitive dynamics given by a quasi-periodic
flow, such that the unstable manifold (whisker) of one of these tori intersects transversally the stable
manifold (whisker) of the next one. By an obstruction argument, there is an orbit that follows this
transition chain, giving rise to an unstable orbit.

The example proposed in [Arn64] turns out to be rather artificial because the perturbation was
chosen in such a way that it preserved exactly the complete foliation of invariant tori existing in the
unperturbed system. However, a generic perturbation of size e creates gaps at most of size /¢ in the
foliation of persisting KAM tori, whereas it moves the whiskers only by an amount . These KAM tori,
which are just a continuation of the ones that existed for the integrable system (¢ = 0) are commonly
known as primary tori. The gaps in the foliation of primary tori are centered around resonances, that
is, resonant tori that are destroyed by the perturbation. This is what is known in the literature as the
large gap problem (see, for instance, [Moe96] for a discussion about the large gap problem and, indeed,
of the problem of diffusion).

In the last years there has been a notable progress in the comprehension of the mechanisms that give
rise to the phenomenon of instability and a variety of methods has been suggested. As an example of this,
we will mention that the large gap problem has been solved simultaneously by a variety of techniques:
different geometrical methods [DLS00, [DI.S06al [DLS06b] (scattering map) and [Tre04l [PTQT] (separa-
trix map); topological methods [GLO6] and variational methods [CY04, [CY(9]. For more information
regarding the problem of Arnold diffusion in the absence of gaps as well as time estimates, the reader is
referred to [DGLSO0S].

Of particular interest for the present chapter are [DLS00, [DLS06a, [DLS06b]. The strategy in the
mentioned papers is based on incorporating in the transition chain new invariant objects, created by the
resonances, like secondary tori, which are invariant KAM tori contractible to a periodic orbit, as well
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as the stable and unstable manifolds of lower dimensional tori. The scattering map, introduced by the
same authors (see [DLS08] for a geometric study) is the essential tool for the heteroclinic connections
between invariant objects of different topology.

In the paper [DH09] the geometric mechanism introduced in the mentioned papers was extended
to a wider class of model systems for which the perturbation does not need to have a finite number
of harmonics in the angular variables. In particular, the Hamiltonian studied in this chapter has the
following form

1 1
Hop.10.0) = & (307 + V@)) + 5+ chlpa. Lpitic), (a.1)

where p € (—po,po) CR, I € (I_,1;) C R and (q,¢,t) € T3.
The main result of the paper [DHO09] introduced concrete hypotheses for global instability of Hamil-
tonian (4.1)), from which the following short version follows:

Theorem 4.1. Consider the Hamiltonian and assume that V and h are C™*2 functions which are
C? generic, with r > rq, large enough. Then there is €* > 0 such that for 0 < |g| < &* and for any
interval [I*,1%] € (I_, 1), there exists a trajectory T(t) of the system with Hamiltonian such that
for some T >0

IEO) < I@ET) > T

Remark 4.1. A value of rg which follows from the argument in [DHO09| is ro = 242.

The strategy for the proof follows the geometric mechanism proposed in [DLS06a]. Indeed, in order to
organize the different invariant objects that are used to construct a transition chain, one first identifies the
normally hyperbolic invariant manifold (NHIM) present in the system. This NHIM will have associated
stable and unstable invariant manifolds that, generically, intersect transversally. Therefore, one can
associate to this object two types of dynamics: the inner and the outer. The outer dynamics takes
into account the asymptotic motions to the NHIM and is described by the scattering map. The inner
dynamics is the one restricted to the NHIM and contains Cantor families of primary and secondary KAM
tori. Since generically these families of KAM tori, invariant for the inner dynamics, are not invariant for
the outer dynamics, the combination of both dynamics allows us to construct a transition chain.

The results in [DLS06a] can be applied straightforwardly for the persistence of the NHIM and the
transversality of its associated stable and unstable manifolds. The arguments presented in [DHQ09] focus
on the inner dynamics and the study of the invariant objects present in the NHIM.

For Hamiltonian , resonances correspond to the places where the frequency I = —I/k for (k,1) €
72 is rational and the associated Fourier coefficient hi, of the perturbation h is nonzero. On these
resonances, the foliation of KAM tori in the NHIM is destroyed and gaps between the Cantor family of
invariant tori in the NHIM of size O('/2|hy, ,|*/?) are created, for (kg,lo) such that I/k = lo/ko and
ged(ko,lo) = 1. For a perturbation h which is a C"*? function and C? generic, when we restrict it to the
NHIM and we write it in adequate coordinates we are left with a C" perturbation (see the subsection
“restriction to NHIM” in [DHO09]), so that |hg;| ~ [(k,1)|”", and therefore the above gaps are of size
O(e'?|(ko,10)|~"/?). Moreover, other invariant objects, like secondary tori and lower dimensional tori,
are created inside the gap. They correspond to invariant objects of different topology that were not
present in the unperturbed system but are generated by the resonances.

In order to study their existence and give an approximate expression for them one combines m steps
of averaging plus a KAM Theorem. Notice that in our case, since the perturbation is generic, there will
be an infinite number of resonances. The approach in [DHQO9] for this study is to consider an adequate
truncation up to some order M, depending on ¢, of the Fourier series of the perturbation A in such a
way that we deal only with a finite number of harmonics |(k, )| < M and therefore of resonances.

Another remarkable difference with respect to the results obtained in [DLS06a] is that in that case
the size of the gaps created in the foliation of invariant tori was uniform, whereas in this case, since
the size is O(e'/?|(ko,lo)|~"/?), there is a heterogeneous sea of gaps of different sizes. Among them, one
distinguishes between small gaps and big gaps, which are strongly related to the mentioned large gap
problem. Indeed, big gaps are those of size bigger or equal than € and therefore they are generated by
resonances —lg/ko of order one, such that |(ko,lo)| < e~ %/" or, equivalently, |(ko,lo)|~"/? > €'/? (again,
see the paper [DHQ9] for precise results).

From a more technical point of view, we would like to remark that the main difficulties arise from
the fact that in order to perform a resonant averaging procedure, one needs to isolate resonances cor-
responding to |(k,1)] < M, for M depending on e. Consequently, the width L of the resonant domain
can not be chosen independently of £, as it was the case in [DLS06a]. Moreover, along the averaging
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procedure one needs to keep track of the C* norms of the averaged terms and the remainders, and these
blow up as a negative power of L. Hence, a good choice for L around a resonance I = —I/k turns out
tobe L = Ly ~ 51/"/|k|, where n is the required regularity to apply KAM Theorem after the averag-
ing procedure. Notice that L is not uniform along the resonances but depends on the value |k| of the
resonance.

Finally, after m steps of averaging, one can show that the remainder tail, that is, the Fourier coef-
ficients hg,; such that |(k,1)] > M can be neglected. This can be ensured by a fast enough decreasing
rate of the coefficients and therefore a large enough regularity r of the perturbation. Thus, the required
regularity r will be determined according to the number m of steps of averaging performed, as well as
the needed regularity n to apply KAM Theorem after the averaging procedure.

The standard KAM theorem requires to have the Hamiltonian system written in action angle variables.
Since near the resonances the system is approximated by one which is close to a pendulum, the action
variable becomes singular on the separatrix. This fact, together with the requirement to have the
invariant objects close enough (at a distance smaller than £) implies that the perturbation of the averaged
Hamiltonian has to be extremely small in the resonant regions. The immediate consequence of this fact
is that, in the case we are considering, it turns out that one has to perform at least m = 10 steps of
averaging. The needed regularity n to apply KAM Theorem after m averaging steps is n = 2m + 6 (see
[DHQ9]). Since the regularity r required to ensure that the remainder tail is smaller than the averaging
remainder turns out to be r > (n — 2)m + 2, one has to impose r > rg = 242.

This regularity does not seem to be optimal. Actually, another version of the KAM theorem without
the change into action-angle variables like [LGJV05, [FLS09] could improve the results in terms of the
needed regularity (see also [HLST2|] for a numerical implementation). However, it is worth mentioning
that less steps of averaging in the resonant domains are required in [DHQ09] with respect to the results in
[DLS06al. Since in the resonances the behavior of KAM tori is different depending on how close they are
to the separatrix (tori are flatter as they are further from the separatrix), different regions are considered
where different scalings are performed. This strategy, which was already introduced in [DLS06a], was
also improved in [DH09] introducing a new sequence of domains. When applied to the case with a finite
number of resonances as in [DLS06a], it turns out that m = 9 steps of averaging and r > 26 are enough.
This clearly improves the needed regularity r which was r > 60 in [DLS06a] because m was chosen
m = 26.

A quantitative description of the geography of resonances and a detailed study of the invariant objects
generated by the resonances can be found in [DH09|. The effect of the resonances in a system constitutes
a fundamental problem not only for diffusion but also for many other physical applications and it has
been an important object of study in the physical literature, see for instance [ChiT9, [Ten82]. The
study performed in [DHO09|] contributes to understand better the different types of resonances and the
geometric objects that one can find therein under an arbitrarily small value of the perturbation parameter
€. Therefore, this study can be very helpful in many physical problems, although in concrete problems,
the size of € is not necessary very small, and other diffusion mechanisms, like Chirikov’s overlapping of
resonances [Chi79].

We would like to emphasize that for Hamiltonian , and this is different from the results in
[DLS06a], only the resonances of order 1, that is, the ones that appear at the first step of averaging,
create big gaps; whereas in [DLS06a)], both resonances of order 1 and 2 could generate big gaps. This
is because we are dealing with a perturbation that generically will have all the harmonics different from
zero. This means that the effect of the resonances associated to the biggest Fourier coefficients (low
frequencies) will be detected at the first step of averaging. Since the size of the gap depends on both
the order of the resonance and the size of the Fourier coefficient associated to that resonance, the ones
that appear at the second step of averaging already correspond to small Fourier coefficients and the size
of their gap will be smaller than €. The immediate consequence of this fact it that one can give all
conditions explicitly in terms of the original perturbation h.

Following a similar strategy, global instability has been also proven [DLS16] in multidimensional
models given by Hamiltonians of the form

- 1
H(Tpup0.6:2) = D) + 3% (574 V(@) + QUL pra 50 (42)
j=1

where I € Z C R% p € T, p,q € R", t € T'. In [DLS16] it is shown that, for 0 < & < 1, under regularity
and explicit non-degeneracy conditions on the model, there are orbits whose action variables I perform
rather arbitrary excursions in a domain of size O(1). This domain includes resonance lines and, hence,
large gaps among d-dimensional KAM tori.
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Let us mention that results in Arnold diffusion in Hamiltonians with 2+ 1/2 degrees of freedom which
do not present the big gap problem have already been established in [BT99] [DLS00, Mat04l, [Kal03| [GT08],
Pif06a] and several applications to models coming from Celestial Mechanics with three or more degrees
of freedom can be found in [Moe96| [Zhe09l [CZ11] Xueldl [FGKRI16l DKRS19|.

Of course, we are far from believing that the mechanism discussed in these notes is the only one to
produce changes of order one in the actions. In [Tre04] [Tre02] the author defines the so-called separatrix
map near the normally hyperbolic invariant manifold A, to obtain results for the a priori unstable case
in lower dimensions. Combinations of variational and geometric methods have been recently applied
in a-priori unstable Hamiltonians with 2 4+ 1/2 degrees of freedom [CY09, [Zhalll [KZ15| Ber10, Mar13l
MS14al [BCV01] which require the Hamiltonian to be positive definite, which is a non-generically (albeit
open) property.

For a-priori stable Hamiltonians, where the unperturbed system only depends on the actions and
has no hyperbolic structure, variational methods have given results for positive definite Hamiltonians in
some cusp-residual sets, see [KZ15, BKZ16].

The case of a-priori unstable systems like with d > 2 presents a difficulty that was not present
in the case d = 1, namely, that there are points in the normally hyperbolic invariant manifold A, where
the resonances have higher multiplicity (the multiplicity of a resonance is the dimension of its resonance
module, see [DLST6]).

The technique used in [DLS03, [DLS06a] was to take advantage of the fact that, in the neighborhood
of simple resonances, that is, resonances of multiplicity 1, it is possible to introduce a normal form which
is integrable, and can be analyzed with great accuracy. Unfortunately, it is well known that multiple
resonances, that is, resonances of multiplicity greater or equal than 2, lead to normal forms that are
not integrable and need other techniques to be analyzed (see [AKNOG, [Hal99]). Recent progress in the
analysis of double resonances for a-priori stable systems can be found in [MarI3] [KZ15 [Chel9]. We also
note that [Trel2] establishes diffusion far from strong resonances for the case n = 1, d > 2, using the
method of the separatrix map.

4.2 Introduction to the scattering map

Based on [DLS06al [DLS08, [DH11], we are going to consider an a priori unstable Hamiltonian systems
with 2 + 1/2 degrees of freedom:

He(p,q,1,¢,5) = Ho(p,q.1)+ch(p,q,1,¢,s:¢) (4.3)
12
= P(p7Q)+E+Eh(paQ717@aS7€)a

2
where p,I € R, ¢,¢,s € T and P(p,q) is a pendulum: Py(p,q) = P(p,q) = + % +V(q) | with V(q)

2m-periodic with a unique non-degenerate maximum, say at ¢ = 0, and take, for instance, V' (0) = 0. The
origin (p = ¢ = 0) is thus a saddle equilibrium with associated separatrices included in P~%(0), and one
of them, for instance, for p > 0, will be written as {(po(t), qo(t)),t € R} =: T

Remark 4.2. The =+ sign in front of P is to emphasize that the Hamiltonian H, does not need to be
positive definite in the momenta p, I.

Remark 4.3. The Hamiltonian Hy(p, ¢, I) could have a coupling term between p and I as in (3.543.6]),
but in that case the forthcoming Melnikov potential (4.8)) is not so simple.

On the other hand the term I2/2 is usually called a “rotor”. The Hamiltonian Hj is integrable,
but the variables (p,q) are not written in action-angle coordinates, since there is a saddle equilibrium
(therefore unstable) at p = ¢ = 0. The phase space for ¢ = 0, i.e., for Hamiltonian Hj is displayed in
Figure [£.1]

The equations associated to Hy are:

dp 0H, , dl 0Hy ds

dp _ OHo _ al _ 9o _ “_q 4.4
dt 5~ V@ dt 9y 0 dt (44)
dg 0H, dp  OHy

a = ap P i~ o1 !
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Figure 4.1: Phase portrait for the unperturbed Hamiltonian Hy.

The pendulum P(p, ¢) and the rotor I functions are first integrals, i.e., they are constants of motion. We
will concentrate ourselves close to the separatrix of the pendulum (P ~ 0). For any interval [—4, 1] C R

1
A= (p:O,qZO,IE|:_2,Ii:|,QOET,S€T>

is a 3D normally hyperbolic invariant manifold (NHIM)) with inner motion

I=0, ¢=1, 5=1

or, equivalently, trajectories
t— (0,0,1,0+4 It,s+1)

and coincident 4D stable and unstable invariant manifolds, of equation P = 0, from which we consider
a piece, a separatrix

. < 1,
w:MwA:{QmﬁL%h%L@ﬁ%TERJE[—TIJ,@J)GW} (4.5)
with inner motion

or, equivalently, trajectories
t— (po(T+1t),q0(m +1t),I,o+1tI,s+1).
For every I, the unperturbed Hamiltonian Hy possesses 2D “whiskered tori”
TP =1{(0,0,1,¢.5), (¢, 5) € T?}
with frequency (I, 1) and 3D whiskers
WOTP = {(po(7), a0(7), L. ¢, 5), 7 € R, (p,5) € T*}.

The scattering map on A is the map

S: A—s A
G i, =8(3)

where £, = S(Z_) if and only if there exists Z € W*(A) N W*(A) such that ®,(Z+) — ®;(2) — 0 when
t — +oo, where ®; is the flow associated to the unperturbed Hamiltonian Hy.
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Figure 4.2: The scattering map.

In other words, Z; = S(Z_) if there exists a “heteroclinic” trajectory between ¥_ and &, (but
this trajectory is indeed a “homoclinic” trajectory with respect to A). In our case, introducing the
parametrizations

Fo = do(I,p,8)=(0,0,1,0,5) €A
20 = 20(7_7 Iv@as) = (pO(T)7QO(T)aIaQOaS) € WO([\) (46)
the flow acts as
D, 0(Z0) = (0,0,1, 0+ 1t,s+1t)==%2c(I,p+ It,s+1) (4.7)
Di0(20) = (po(t+1t),q(r+1),I,p+1It,s+1t)=2(r+t, 1,0+ It,s+1)
bt — +oo
0

and it is therefore clear that

Vio € A ®10(20) — Pt0(T0) —— 0,

t—o00

that is, every point Zy € A has a continuum of homoclinic points 2y € W*(A)NW*(A) = WO(A) to itself
parameterized by 7: So(Zo) = Zo, that is, Sy is the identity on A.

For general (non-integrable) cases, we will see that different homoclinic points Z give rise to different
scattering maps, or multivalued scattering maps, so one has to restrict the domain of z_ € A,andof Z €
W5 (A)NW¥(A) to have well defined scattering maps, and one has to require that z € W5(A) h W*(A).

Remark 4.4. The homoclinic convergence is indeed exponential:
|@4(2) — @y(i4)| < Cen

for t — £oo, for some p > 0.

Remark 4.5. The time it takes to connect with “infinite precision”, £_ and Z, along a heteroclinic
trajectory is 0o, but to arrive at neighborhoods of size § > 0, i.e., “to connect Z_ and Z with precision
07, it only takes t ~ %ln %.

As it has already been said, A has an inner dynamics

q)t,O(jO) = (0707[790 + It,S + t)
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If we fix the time ¢ = 27, we have the inner map:
Fo = (0,0,1,¢,5) — (0,0, 1,0+ 271, s).

That is, A has two dynamics, an inner one F (inner map) and another outer one S (scattering map).
The idea is to combine both to design trajectories near A. For this integrable Hamiltonian Hy, we can
combine very few things, since S is trivial and F' is almost trivial, since it preserves the acton I (see

Figure .

5 - ‘outer” dynamics (scattering map)

F - “inner” dynamics
Fis twist
I but preserves 7 i ; ;
1 . pr . . . S = identity
- {each point is mapped - (each point is mapped
. - -
0. to the next paint - . | ontoitselfin the picture)
L T on the same line) 5
- ge - L (IE,_
i . . »
» e *

xp:{:] SQZZ?T (P:O @:2?(

-
-
S
-

W)

Figure 4.4: Phase portrait for the perturbed Hamiltonian

Being S the identity, it does not alter the trajectories of F"
SoF™MoSoF™oSo0F™ o8 = Frtnetns,

We are now going to consider the case 0 < |¢| < 1, hoping that the perturbed dynamics of F' and S will

be different, without common invariant sets.
Figure [4.4] is a 5D cartoon describing what will happen for 0 < |¢| < 1 (except that One needs to

imagine 5D and the scattering map is not in the picture). ~ ~ ~
By the theory of NHIM, if h is C"*!, there exist A., Wi . (As), WE.(A:) C™ and e — C"-close to A,

Ws(A) = W*(A) = WO(A,), respectively. Moreover the invariant manifolds of the NHIM are foliated by
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asynchrones associated to points on the NHIM:

VVloc (A ) U Wlso’g(j)

and one can define the C" wave map

~ + ~
2 e W, (A) 25 7, = QF (%) € K., for 2° € Wi (7).

The same for _. For a survey on the theory of NHIM adopted to this problem, one can look at the last
section of this chapter, or also at Appendix B of [DLS06h].
The local manifolds can be globalized to

Wi = U @ (Wi(R0)

+,—t<0
If 25 € W*(A.), there exists a unique 7, € A, such that 25 € W*(%), i.e., ®;(3°) — O, () - 0.
— 00

The convergence is indeed exponential |1 (2°) — @ (7)] < < Ce M2t — o0, Analogously for z*, 7_,

t < 0. In general, W*(A.) # W*(A.). We look for the points 2 € W*(A.) h W*(A.).

The following Proposition establishes the existence of transverse intersections for W* (1~\5) and
W“(As) along a manifold 7. and will provide perturbative formulas for the scattering map associated to
these intersections. It relies on a non-degeneracy condition of the Poincaré function, also called Melnikov
potential, associated to h (and to the homoclinic orbit of the pendulum T'" = (g, po)):

“+o0
E(I,Lp,s):—/_ (h (po(a),qo(a),l,ap—i—la,s+U;O) (48)

fh(0,0,I,<p+Ia,s+a;O)) do.

Proposition 4.2. Given (I,p,s) € [I_, ;] xTxT, assume that the function T € R — L(I,p—I7,8—7)
has a non-degenerate critical point at T = 7(1,p,s). (By the implicit function theorem, the function T*
is smooth).

Then, for € small enough, there exists a locally unique point Z of the form

(I, s6) = 2(77(1, 0, 8), 1,0, 83€) = (po(7) + O(€), qo(7) + O(e), I, 0, ), (4.9)
such that W9(A.) h WY (A,) at 2, that is,
2 e W3(A) NWY(AL) and TsWS(AL) + TsWY(AL) = T M,

where M =R x T x [I_,I;] x T x T.
In particular, there exist unique points

-ii = ji(17§078;€) = (070717()058) +O(C1(€) S AE
such that
| P12 (2) — Ppe(s)] < cte. e HU2 for t — +o0. (4.10)

Moreover, expressing the points &+ = F(I+,p4,5+;€) in terms of the parameterization (L.13) of A.
gwen in Theorem Appendiz[[.]), the following formulas hold:

I(#1) = I + Oc: (¢), (1) = ¢+ Oc1 (¢), 5(T+) = s,

and
oL
dg
where T is given again by T = 7(I, ¢, s), and o > 0.
Remark 4.6. The Melnikov potential £ = L(I,p, s) was introduced in [DGO0]. Notice that to look for
critical points of 7 +— L(I, — IT,s — 7) is analytically equivalent to solve the equation
oL oL

I (I —Irs—1)+ —
and geometrically equivalent to look for extrema of £ on the straight line {(I, — I7,s —7)},7 € R, all
this for fixed (I, ¢, s), that is to look for the extrema of £ along trajectories along unperturbed NHIM
A.

I(&,)—I(@)=ec—I,p—Ir,5s —7) + Oc1 ('),

I,p—Ir,s—7)=0
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P(p,q) =0
i

p=po(7),9 = q(7)
Figure 4.5: Proof of Proposition

Proof. The basic idea of the proof of Proposition is very standard in Melnikov theory. We start by
observing that in the unperturbed case, the stable and unstable manifolds are characterized as the set
{P = 0} where P is the pendulum part of the unperturbed Hamiltonian. Hence, outside of the critical
points of P, we can construct a system of coordinates given by a point in the homoclinic intersection and
a value for P. On the other hand, we observe that since P is a conserved quantity in the unperturbed
system, %P is small and can be computed perturbatively. Hence, the equation of an invariant manifold
can be solved perturbatively and the fist term is an integral over the perturbed quantities. Under
assumptions of non-degeneracy, this first order calculation is enough to conclude the desired results of
existence of transverse intersections (using the implicit function theorem). Similar procedures have been
implemented in [DGO0]. See also [Tre94]. A different method to prove persistence of intersections—not
necessarily transversal—is in [Eli94].

We proceed to give details of the calculation. Recall the parameterizations (4.6) of A, WO(K)

jO = -/i’O(IaSDaS) = (070717@78)7 ZO - 20(7-7]79078) = (pO(T)aQO(T)aIaQDvS)-

From any z5 € W°(A) we throw a straight line N transversal to WO(A), for instance
N = N(2) = 20+ (VP(po(7), q0(7)))

the normal boundle to WO(A), where VP = (%—i, %—}q), 0,0, O). We note that
Ze WOA) < P(2) =0,

where P(Z) means P(p,q) if Z = (p,q,1,p,s). Since W%(A.) = WO(A) + Oc-(¢), they intersect N in
unique points 2%, z*, which take the form

5" = <p0(7'> + As’u%(pO(T)? qO(T))a QO<7') + )\s’u%Q)O(T)v qU(T))7 Lo, 8) )

where A®% = A\%%(7,s5;¢) = Oc¢r(¢). The key point is that z® = z* if and only if P(z*) = P(z"), which
is the equation to solve.
We will apply the fundamental theorem of calculus to t — P(®; .(Z)). Differentiating,

d . . ~
7 (P(@16(2))) = {P Ho} (®1.6(2)) = {P, 1} (®1.2(2)),
where {P,h} = oPon _ 0P on is the Poisson bracket of P and h (recall that P only depends on the
9q dp  dp Iq

variables p, ¢). Therefore

P(D1,(2)) = P(®1, (2)) +& | {Ph}(Poe(2))do
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For zZ = z°", there exist unique 24 € A, such that
@ (25%) — By o(F4)| < Ce W2 for £t € [0,00).

We note that 71+ = Zg + Ocr(€), so that P(z1) = P(ep+,eq+) = O(g2), because P(0,0) = 0, VP(0,0) =
(8) Also, by Gronwall,

Dy (75") — B 0(2°) = Ocr(e), £t >0,

’q)t,a(i”i) — D, 0(Z0) < O |Ey — ol N < Cpeeeltl

cr

where this last bound only takes into account that Zi belongs to the NHIM A,. Taking |t| < Cs1n %,

q)t75(j:|:) — (I)t,O(:EO) = OC'r'(€p1), 0< P < 1 (indeed (IR P1 5 1)
We now apply the integral formula above for Z = 2%, %, ,t; = c0,t5 =0

PG~ P(iy) = < /OOO (P 1} (@0 2 (3%)) — (P, 1} (D (32)) do

Cglné oo
e / +/
0 Cgln%

C3lné
_5/ 4 Ocr(eM1P2), py >0
0

since

N

o
C4/ e_%do— = 72046_%111% = 72045% — OCT(EPQ).
Cs3lni H K

Thus

C3 ln%
PE) = e /0 ({P,h} (@02 (5%)) = {P, h}(®y o (#4))) do + Ocr (172)

Cs lné
- / (P} (8,0(2%)) — {P.b}@og(Ea)] | do + Oc (171)
0

P(Z0)=0
+ OCT (61+P2)

- *5/ {P,h}(®5,0(2°))do + Ocr(e'7), p>0.
0
Analogously for P(2"), substituting —¢ [;° -+ by € ffoo ---. Substracting,

P(z*)—P(z°) = = /00 {P,h}(po(T 4+ 0),qo(T + 0), 5+ 0)do +O¢r (' 7)

—00

2L (1,1,¢,s)

L
EE(T,I, ©,8) + Ocr(e'P),  p>0.

where L(7,1,,s) is given by
—+o0

L(T,I,(p,s):—/_ (h(po(7'+a),q0(7'+a),I,cp—&-Ia,s—&-U) 411)

—h(0,0,I,0+ Ico,s+ O'))d()’.
From the expression of L(7, 1, ¢, s), it is immediate to check that
Lir+t, 1,0+ 1It,s+t)=L(r,1,p,s) for any t € R.
Therefore, writing t = —7, we arrive at

L(TaI;wvs):L((),IHQ*ITVS*T):E(IWO*ITVS*T%
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where £ is the Melnikov potential defined in (4.8). Then, P(z") = P(Z®) is equivalent to
0
€5 {Ld,o—Ir,s—7)} + Oc:(e"F*) = 0.

By the implicit function Theorem, non-degenerate critical points 7 of the function 7+ L(I, o —I7,5—7T)
give rise, for £ small enough, to transverse intersections of the stable and unstable manifolds of A, along

points Z = Z(7, I, p, s;€) of the form (4.9).
By the implicit function theorem, we can find a function 7* defined in an open set where 7*(I; ¢, s)
is a critical point of 7 +— L(I,¢o — IT,s — T).

To finish the proof of Proposition we consider the expression of the points 74 = ﬁ([i, Pt,84;€)
in terms of the parameterization (4.13)) of A, given in Theorem Appendix Since we already know
the existence of Z given in (4.9)) such that (4.10]) holds, it is clear that

I(Z4) = I + Oc1 (¢), (Z+) = ¢+ Oci (e), s(T+) = s,

and to finish the proof of Proposition it only remains to obtain the formula for I(Z,) — I(Z_).

We apply now the Fundamental Theorem of Calculus to
t I (Dpe(@4)) — 1 (Pre(2)),

to get

0

I(i‘i) - I(Z) = E/ ({Iv h} ((I)ma(i‘i)) - {I, h} ((bo,a(é))) do,

+oo

where {I,h} = 0,1 9rh — 0rI 0,h = —0,h is the Poisson bracket of the functions I and h. Subtracting
the expressions above, we get

+oo
I(Gy) ~ I(G_) =< / gig@a,s@» - Z—Z@a,g(m))da
O 9h oh

+e (@076(2)) - ((PU,E(j—))dO'

. dp

We already know that
®;o(2) = Bro(Z0) + Oci(e), VieR.

Taking cq sufficiently small (but independent of £) and using Gronwall inequality we have, for —cs|loge| <
t < co)logel

D, (T+) = Py 0(To) + Ocr (€2),

for some g1 > 0.
From equation (4.10]), we deduce that there exists a constant ¢; > 0 such that

/ . (3}2(@0,5@) - Sj;@o,m») do

+collog €]

—pcollogel/2
< cie pegllogel/ :OC1(592),

and, since for the unperturbed system we have the same kind of behavior, we can conclude finally that,
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for some o > 0

1) - IG5
+collog g
oh
= =€ %(QO(T+0)7p0(7+0)’17§0+IJa8+0)
—collog g|
oh .
—%(0,0,I,w—i—la,s—i—a) do + Oci(e779)
oo L Oh
:—5/ (ap(q()(7+0),p()(7+0),I,go+Io,s+a)
oh 1+
—%(0,0,I,w—i—la,s—i—a) do 4+ Oci(e779)
teo 1 Oh
= [ (Ge@h ). Lot I s+ —7)
oh 1+o
—%(0,0,I,g)—!—ﬁ—[ﬂs—}—r—r) dr + Oci(e"79)
_—525([,@—[7’,5—7)+OC1(51“’).

O

Remark 4.7. Observe that, by the definition of 7*(I, ¢, s), the function L(I, p—I7*(I, ¢, s),s—7*(I, ¢, s))
is a solution of the equation
I0,f(I,p,8)+0sf(I,¢,s) =0,

or, equivalently, there exists a function £*(I,0), that we will call the reduced Poincaré function, defined
by

LI, o—I7"(1,p,8),s—1(1,p,8)) = L*(I,p — Is). (4.12)
Under the assumptions of Proposition again by the definition of 7*, the function £* verifies
oL oL*
%(I,QO — I (1, ¢,8),s = 7" (1, p,5)) = %(LSD —Is),

forx =1, p,s.

We can now define the scattering map for the perturbed Hamiltonian. Let W be an open set in
[—%,Ii] x T? such that for all (I, ¢, s) € W there exists a unique critical point 7* = 7*(I, ¢, s) of

T LI,p—Ir,s—7T)
in such a way that (I,¢,s) € W — 7*(I,p,s) € R is C", and therefore
2 =3(1,9,s¢) = (po(T*) + Ocr (), qo(7*) + Ocr (), I, ¢, 5) € W*(A.) h WH(A.).

Let 7 = {2(I,¢,s;¢),(I,0,5) € W}. For any Z € 7 there exist unique #+ € A, such that @, () —
q)t,a(j) ?) 0. Let
o0

H:t = U{ji} = U{‘%i(17§075;5)7 (179073) € W}

Then the scattering map associated to the homoclinic manifold 4 is S : H_ — H, such that S(Z_) = Z.
By the previous formula applied to 2% = 2° = Z = 2(I, p, s;¢) € 7,
oL

I, -1 =1Ey)—I(@-) = Ea—(p(l,gofl'r*,s —7) 4 Ocr (e'17),

where 7" = 7*(I, ¢, s). Calling, provisionally,
L*(IWO?S) = E(Ia(p - IT*(I7SOaS)aS - T*(Ia 90’5))

we have that oL*
I—‘r =I_+ 6%(17 ®, S) + OCT(€1+p)'
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(Notice that Ig—ﬁ(l,go — It s—71%)+ g—E(I,gp —It*,s —7%) = 0.) It is easy to check that if 7* is a
% s

critical point of
T LI, p—I1,s—T),

then 7% — o is a critical point of
T LI,p—Ir—Io,s—T17—0)=LI,p—I(T+0),s— (T+0))
and by uniqueness of 7*(I, ¢, s) in W
™(ILyo—Ioc—Ir,s—o)=71"(1,0,8) — 0
and as consequence
L*(I,o—1Io,s—0)=L"(I,p,s) Vo.
In particular, taking s = o,
L*(I,p,8) =L*(I,p— Is,0) =: L*(I,o — Is)

0

so that L*(I,p,s) depends essentially on two variables: I and 6 := ¢ — Is. Therefore, defining the
Poincaré reduced function

1
L {—2,1_’;} x T R

as
L£*(1,0)=L"(1,0,0)=L(I,0 —I7*(1,6,0),—7%(1,6,0))

we can write

L—1 + Eai (£5(1,0)} + O(e"),

where 6 = ¢ —Is. By the form of the Hamiltonian equations: $ = 1, it is clear that s; = s_ = s. Finally,
by the geometric properties of the scattering map described in the next chapter based on [DLS0S], S
turns out to be an (exact) symplectic map and therefore it satisfies:

(1) = (T4 €5 (LT} +Ocr (7). = £ (L (LA} + O (1),

where § = ¢ — Is, that is, except for an Ocr(e!?) error, S is the e-time map of the Hamiltonian-
L*(1,0), where § = ¢ — I's, and is therefore £ — C"-close to the identity. Note that s is “frozen”, that is,
is constant under the scattering map S.

In coordinates I,0 = ¢ — Is, it is to check that the scattering map is

oL* oL”
S(I,e) = <I+5890(I,9) +OCT(51+P)’¢—€ ol

(1.6) + OCT(EH’))) ,

where it is more apparent the autonomous character of the Hamiltonian - £*(I,6) and that the iterates
under S, up to terms of O(e'*?), satisfy £*(I,0) := const.; L*(S(I,0,5)) = L*(I,0, s) + O(&?).

4.3 Concrete computations for an example
Consider an example taken from [DHII], with V(¢q) = cos ¢ — 1, the classical pendulum, where

2
po(s) = coshs qo(s) = 4arctan e™*
and a perturbation A of the form h(p,q, I, ¥, s;€) = f(q)g(¢,s) to make easier the computation of the

Melnikov potential. We have the Hamiltonian:

2 I2
H.(p,q,1,p,s) == (pz + cosq — 1) +t5 ef(@)g(ep, s) (E1)
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with associated equations:

o 8]15 _ . _ ’ I _8115 _ ag
p= 90 +sing —ef'(q)g(p, s) I= Do Ef(Q)*ﬁgp(% s)
q= ap =+4p o= a - I s=1

If we choose f(q) such that f(0) = f'(0) = 0 (for instance, f(q) = cosq — 1) [Arn64| A is preserved
invariant for all ¢ (p = ¢ =0 = p = ¢ = 0) but also I = 0 on A, i.e., the dynamics inside A is also
preserved Ve (there are no “gaps” in the tori inside A for rational I) and this is not general. We will
choose:

f(q) = cosq (E2)
because, although A is preserved Ve (f’(0) = 0), its inner dynamics changes (f(0) = 1 # 0). On the
other hand, we will consider a general g given by its Fourier expansion:

g(p,8) = Z agy cos(kp —ls — ogy) (E3)
(k,1)eN?

assumed to be analytic, but with all the harmonics:

ap Frft < aw| < apfr!, where 1<B<2, 0<a<a (E4)

The upper bound on |ak;| only expresses the analyticity of g. The lower bound, more artificial and less
general, will make appear all the resonant tori in first order in e. We will also assume that 0 < p,r < 1
are small enough to ensure that the harmonics of order 1 in g are dominant:

g= 3 + 3 = gi<u 4 g
RHSL RHZ2 0 0,(00)  Oa(pir)

and the same will happen in the Melnikov potential L.
Theorem 4.3. Under conditions —, assume that

aio

ao1

1
<— orA>1.06

A= 1.6

and that 0 < p < p* and 0 < r < r* with p* = p*(\, o, &, B),7* = r*(\, a, &, B) are small enough, then
for all I} >0, Je = €*(I3) > 0 such that for any f% <I_ <I; <Iy and0 <e <¢* there exists a
tragectory (p(t), q(t), I(t), ¢(t)) of the Hamiltonian H. in such that for some T > 0

Remark 4.8. Not just any function g in gives rise to instability. For instance, if (¢, s) = G(s), I=0
and therefore I = const. If g(¢,s) = G(p), the Hamiltonian H. is autonomous and therefore a first
integral. The 2D KAM tori separate the 3D hypersurface H. = const. and instability is not possible.
If g(p,s) = G(v¥), and ¥ = kop + lpt , a linear combination of p,t with integer coefficients, a suitable
change of coordinates transforms this case to the autonomous case. In all these three cases, g(¢, s) has
an infinite number of vanishing harmonics.

Computation of the Melnikov potential

i 2
Using 50 +cosqgo—1=0, po(s) =

cosh s
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oo

1
3 glp+1Io,s+0)do =

-/
—= / (cosqo(o) —1) g(p + Io,s + 0)do =
[

do =

2

/OO cos(kp —ls — o + (kI =)o)
Qi P}
oo cosh” o

eN
OO (kI -1
( cos( Jo do akl> cos(kyp — s — ogy).

— o cosh2
Api(I)
e b b
It is not difficult to compute the integral J(b) ::/ o8 20 do = — T - Indeed, one can use
_ oo COSh® o sinh 7>

ibz

residues theorem for 7{ dz and the contour of Figure

o cosh? z
—R+in (0 R+in
¥
S e
—F R

Figure 4.6: Integration contour for J(b)

2 (kI —1)
sinh (5 (kI —1))
has exactly the same non-zero harmonics Ay; as the ones ag; of g, modulated by the function 2J(kI —1).

To find homoclinic points to the NHIM A, we need to look for the critical points of:

Using the value of the integral above, Ay = ag;, and therefore the Melnikov potential

T LI,p—1I1,5—7) Z Api(I)cos(kp —ls — (kI — 1))
(k,\)EN?

that is, for any (I, ¢, s), the critical points of £ on the straight line:
R(I,p,s) = {(I,(p —Ir,s—7), T€E R} with slope (I,1) in T? = {(¢, s)},

which is simply an unperturbed trajectory in A. To do concrete computations, we write £ = OE[(@]) +
1(p,T
j}% and we concentrate ourselves on
O2(pr)
£ (I,p,8) = Ago + A10(I) cosp + Apy cos s
2l 2
_ant Apy = — 2
sinh %I 10, Aot sinh
ables (¢, s) to have 019 = 091 = 0.
If 0 < p,r < 1, the computations for £IS! will be valid for £.
We recall that

with Ago = 4ago, Aio(I) = ao1, where we have performed a shift in the vari-

0 oL 0oL
E(ﬁ([,g@—h’,s—r)) (I&p—i—a)(l,go—lr,s—ﬂ.
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Fixing first I, the points (¢, s) € T? for which 7*(I, ¢, s) = 0 satisfy

oL oL
I— (I — =0
6(,0( y Py 8) + P S( ;5 8)
and form curves in the torus {(¢, s)} which pass through the extrema of £, which will be called “crests”
or “ridges” of equation:
TAjgsingp 4+ Aprsins + Oz(p,7) =0

or equivalently :

TA (1 I?sinh T
sins = —a(I)sing + Oz(p,r), with a(l) = 10(f) _ I"sinh 5 aio

Apr sinh %I aop1

By hypothesis (E4)), a1gao1 # 0 and therefore Agy A19(I) # 0 for any I. Consequently, for every fixed
I, the first order trigonometric polynomial

(0, 8) = LISU(I ¢, 5)

possesses in T? four non-degenerate critical points at (0,0), (0,7), (7,0) and (7, 7) (mod 27): a max-
imum, a minimum and two saddle points. Without loss of generality and for illustration purposes we
will assume from now on that a;g > 0 and ag; > 0, so that A1o(I) > 0 and Ag; > 0 for any I. In this
way the maximum of LISU(T,-,.) is attained at (0,0) =: M, the minimum at (7,7) =: m and the two
saddles at (m,0) =: s; and (0,7) =: s2, all mod 27 (Figure [4.7).

Level sets
£(1, ¢, 5) = const.
e, i=1)

—— e Crestdy, = O (1)

=== Orest Opp = Cpaf 1)

.

M 8y " ] e

0 T 2

Figure 4.7: Level sets an crests of £(1,-, ")

It is not difficult to check that

103|410 <1 = |a(I)] <1 VL.
ao1

1.6[2°| <1 = a(I)I < 1VI.
ap1

a
Therefore, assuming 1.03—2 < 1 and for p,r small enough, there are exactly two crests Cpy =
ag

1
Cu(I), Cp = Cp(I), which are closed curves passing through the maximum M = (0,0) and the saddle
s1 = (m,0), and the minimum m = (7, 7) and the saddle sy = (0, 7), respectively, and are given by

Cv =Cum(I): S =E&u(p, I)(mod 2m), Ev (o, I) = —arcsin(a(I) sing) + O2(p, 1),
Con =Cin(I) : S =&, (p, I)(mod 27), Em(p, I) = —arcsin(a() sinp) + 7 + Os2(p, T).

Remark 4.9. The case |a(I)| > 1 is totally analogous to |a(I)| < 1, but exchanging the roles of ¢ and s.
Fixed I € [~1,I}], the points (¢,s) € Car(I) UCpn(I) are the ones which satisfy the equation

oL oL
I%(L‘va)—’_%(]—a@vs) =0

so for them 7*(I,p, s) = 0 is a critical point of

0
THa—T(ﬁ(I,gp—IT,s—T)).
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For any other point (¢, s) out of the crests Cpr(I), Cp(I), we want to find critical points 7* = 7*(I, ¢, s)
of the function above, or equivalently, find a solution 7* of
oL oL

I%(I,ga—h'*,s—r*)+%(I,¢—IT*,3—T*)=O

which is equivalent to “throw” the straight line R(I,p,s) hoping that it cuts, better transversally, to
Cu(I) or Cp(I) (Figure [A.8).

2 [ | T T =7 ] T T ] 1
I S SR S | I | || _---slopey
| f / / { | l / Jof= =
{ f { J Loe=t="]
| I I
Jesediid. ¥ F F°L
»=7 / f | { | " /
m / / | [~ | [ ] [ A4 ==== CrestCm = Cnll)
f | | ! "~ | | -
I | AP S W
[ | [ 7 /
[ | { { | | { / === Crest Cpr = Cpe( 1)
{ { | | f [ |
[ [ i | !
J I | I R N——
{ 1 f | I - (] -
al | | | 4= | JE 4§
0 il 2

Figure 4.8: Intersection of the lines R(I, ¢, s) with the crests Cps(I) and C,, (1)

From now on, we choose only one of these cuts, the “first one” with the crest Cp;. The intersection
will be transversal if
OEm

1
——(p,I) < =, Yo €T,
&p(“”) 7 VP

which is equivalent to a(I)I < 1 and is implied by 1.6 < 1. We state this in the following proposition.

aio
ao1
Proposition 4.1. For all (I,¢,s) € [—%,Iﬂ x T? the values T* for which T+ L(I, o — IT,5s — T) has

critical points, are attained at the intersections of the straight line R(I,p,s) with the crests Cpr(I) or

Cm(I), and are non-degenerate if 1.6 <lorlé > 1.

aio
ao1

aio
ao1

Under this condition, a maximal domain of definition H = Hjs containing the crest Cpr(I), where 7*
is continuous, consists of exluding the other crest C,,(I):

H= {(I,gp,s) € [—;,I_’;} x T?: (p,s) ¢ Cm(I)}.

The associated scattering map S : H. C H C Ar— As:
T_ —> 2~7+
0

0
S(Tpvs) = (T4 4o (L (Lo = 19) 4 Ocr ()2

- (L (1o~ 1))+ Ocr ().
where L*(I,po —1s) = L*(I,po — I7*(I,p,s),s — 7(I,, s)) or in coordinates I,0 = ¢ — Is,

* *

(1,0) + Ocr (%), — €38

00

where £*(1,0) = L(I,0 — IT*(1,0,0),—7*(1,0,0)). For I =0 (¢ = 6),&m(0,) = 0 and L£*(0,0) =
Ago + A10(0) cos @ + Ag1 + Oz(p, 7).

For any I € [—1,I%], one can check that the function § — L£*(I,6) is “cosine-like”: it has a non-
degenerate maximum (minimum) close to = 0(mod 27) (6 = 7(mod 27)), respectively, and is strictly
monotone in all the others points 6 (Figure .

A representation of the level curves of £*(I,0) (for aj9 = 1 and ag1 = 1) is Figure

The scattering map S, up to order 2, is the e-time map of the Hamiltonian —£* (1, #), so the iterates
under S satisfy £*(I,6) = const. + O(g?).

It has to be noticed that these level sets are very different from the ones corresponding to a family
of curves I = Iy + O(e) or even I = Iy + O(4/€) which are the ones coming from the inner dynamics on
A, so there will be transversality between both families, and the diffusion will take place.

S(I,0,s) = <I+58£ (1,0) +OC7‘(€2),S)
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245

Figure 4.9: cosine-like form of £*(1, ).

Figure 4.10: Level sets of £*.

4.4 Persistence of the normally hyperbolic invariant manifold
and its stable and unstable manifolds

Since the manifold A is normally hyperbolic, and is locally invariant for the flow for € = 0, by the
theory of normally hyperbolic manifolds we have that the manifold persists under small perturbations.
Moreover, if the system depends smoothly on parameters, the manifolds—they may be non unique—may
be chosen to depend smoothly on parameters.

A formulation of the results of [Fen72l [Fen74l [Fen77] in the way that we will use them (very similar
to the statement of Theorem 4.2 of [DLS00]. See also appendix B of [DLS06b], which contains a detailed
proof of an slightly more general result) is:

Theorem 4.4. Consider a Hamiltonian as in (4.3). Assume that H. is uniformly C", r > 2 in all its
variables, including €, in a neighborhood of A and 7.
Then, there exists €* > 0 such that for|e| < €*, there is a C™=1 function

FiAx(—e*e") — RxT)?2xT
such that } s
A= F(A x {&}) (4.13)

is locally invariant for the flow (4.4) generated by the vector field H..
In particular, A, is e-close to Ag = A in the C"~2 sense.
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Moreover, A, and the vector field H. can be extended so that it is a normally hyperbolic invariant
manifold for the flow (4.4) generated by He. In particular, it is possible to define local stable and unstable
manifolds. That is, we can find a C"~1 function F° such that the (local) stable manifold of A, takes the
form

Wil = 7 (A % (0, +00) x {e}) . (4.14)

If &= F(I,p,s; 5)1 € A., then W' : = F({I} x {©} x {s} x (0,00) x {e}).

In particular, W~ is e-close to W~ in the CT2 sense.

Analogous results hold for the (local) unstable manifold W}\”IOC.

The proof of Theorem [4.4]is quite standard in the theory of normally hyperbolic invariant manifolds.
It is a straightforward application of the theorems in [Fen74l [Fen77, [HPS77]. A modern proof is in
[L1a00]. A detailed proof tailored for the models considered here is in Appendix B of [DLS06b].

A useful observation is that there is an easy way to obtain smooth dependence on parameters from
the standard results on persistence. It suffices to consider the system obtained by taking the product of
the original system and the identity in the direction of parameters. The fact that the invariant manifolds
for the extended system are regular, gives the fact that the manifolds of the original system depend
regularly on parameters.

Note that the coordinates along the unperturbed manifold A under the unperturbed evolution just
rotate or remain invariant. Since |D®y |3 | < C|t| (see ([4.7)), we have that for every § > 0,

|(I)t,0|j\| < Cgeéw .

This shows that the tangential exponents along the manifold can be taken as small as we want.

On the other hand, because of assumption H2, the point (p, ¢) = (0,0) is a hyperbolic point for the
pendulum. Since the system (4.4]) for ¢ = 0 is a direct product of rotators—along A—and a pendulum,
the hyperbolic directions of the pendulum become the stable/unstable bundles of the manifold A.

The fact that the tangential exponents are arbitrarily small allows us to conclude that the mani-
fold is as regular as the flow when measured on the C"~1 classes, 7 € N. (If there was a non-trivial
expansion exponent, then the regularity claimed for the manifold would be the infimum of » — 1 and a
limiting regularity determined by the rates of expansion along the manifold and along the stable/unstable
bundles.)

Remark 4.10. In the general theory of the persistence of overflowing locally invariant manifolds, the
manifold obtained need not be unique since, in principle, it could depend on some of the choices made
in the proof. Nevertheless, when the manifold A, is invariant and not just locally invariant, it is unique.
We will show later that in the manifold A, there are codimension 1 KAM tori. Therefore we conclude
that the portion of A. between the KAM tori is actually invariant. Hence, for our case, the manifolds
will turn out to be unique. Nevertheless, we will not take advantage of this fact since it does not simplify
appreciably the proofs and it can fail in more complicated models that can be analyzed by the methods
presented here.

Remark 4.11. Note that, as we discuss after Theorem the parameterization F is not uniquely defined
even after the locally invariant manifold has been fixed. Indeed, if we compose F with any diffeomorphism
of A on the right we obtain a different parameterization.

We can make the parameterization unique by imposing that F does not change the (I, ¢, s) coordi-
nates:

I F(1, 0, 86) =1, U, F(I,p,8¢) = ¢, IF(I, 0, 5€) = s. (4.15)

This can be expressed as saying that we write A, as the graph of a function from A into the (p, q) plane.
This normalization will be important for us when we compute the map F in coordinates.

Remark 4.12. We recall that the precise definition of the stable manifolds in normal hyperbolicity theory
is that they consist on the points that, under the evolution of the extended system, converge to the
invariant manifold with an exponential rate close to that of the original system. It follows from the
exponential convergence that W§’ = Uzea, W3 where

WE = {7 : dist(®; (%), (7)) < Ce 7t >0},

where i = p+ O(¢). Moreover Wi N W¢ = () when 7 # ¢, 7,9 € A.. The stable manifolds of the points
are as smooth as the flow (when smoothness is measured in the class of C" spaces r € N U {oo,w}).
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Nevertheless, the map & — W3 could be less regular than the flow, and therefore, the total manifold
W/»Sia = Uze i, W2 could, in general, be less smooth than the flow. In our case, however, since the tangent
exponents are arbitrarily small, if the flow is C"~1, » — 1 € N, then the resulting Wf\ will be C"~1 for
small €. ’

Analogous results hold for the unstable manifold.

Note that the definition of the (un)stable manifolds for locally invariant manifolds can only be made
in an extended system constructed in the proof for which the dynamics is defined for all times. In general,
these (un)stable manifolds depend on the extended flow used.

One consequence of that is that A, W3 may fail to be C'*° even if the flow is analytic. Nevertheless,
when the manifolds are invariant, the stable and unstable manifolds are uniquely defined. In our case, as
stated in Remark 0L the KAM tori will produce invariant boundaries for A., hence stable and unstable
manifolds will be uniquely defined. The proofs we present, however, do not take advantage of this fact.

4.5 Explicit calculations of the perturbed invariant manifold

In the rest of this section, we will compute rather explicitly the expansions in ¢ of the map F for the

Hamiltonian .
We note that the equation that F has to satisfy so that its range is invariant by the vector field #,
given in is
H.oF = DFR (4.16)

where R is a vector field in A.. Note that (4.16) expresses that the vector field H. at a point in the
range is tangent to the range of F. ~
Using equation (4.16)) one can find an expansion of the function F.

Proposition 4.5. The family of mappings F specified in Theorem with the normalization (4.15))
admits an expansion R R R R
F=Fo+eFi+ - +e"Fmn+Ocrma(e™),

where Fo(I,0,5) = (0,0,1,p,5). 3
In the case that the flow satisfies assumptions H1-H3, then the functions Fi,... s Fm_are trigono-
metric polynomials in @,s, and F; are of class C"~'=%. Moreover, in such a case, N(F;) C N(hy),

N(F2) € (N(h1) +N(hy)) UN(hy).

Proof. Once we impose normalization (4.15)) to F, we can compute F; by matching powers of ¢ in the
equation (4.16). We know by Theorem [4.4] that the expansion exists.

Equating terms in the expansion on ¢ of the equation for invariance (4.16[) we obtain, up to order
two:

7‘[0 o .T:'o = D]:—ORO

(DHO o ﬁo)ﬁl + Hqo .7:—0 = D]}()Rl + DﬁlRO
o _ (4.17)
(DM 0 Fo)Fao + = (D Ho 0 Fo)F2% 4+ (DHy o Fo)Fi + Ha o Fo

= DFoRs + DF iRy + DFR,.

In general, the equation obtained after matching the coefficients of €™ on both sides of (4.16)), is of
the form: o ~ 3 .
(DHO o ]:0)]: — D.F"RO — D.FO]R: = —Hn o ]:0 + Sn (418)

where S,, is polynomial in Hy, ... Hn 1, their derivatives, Fo, ..., Fn_1, and Rg, ..., R,_1.

Clearly, the first equation in ) has as solution Fy = (0,0, 1, p,s), and Ry = (0,1,1). Therefore,
if one can develop a method to Solve equatlons for F,,, R,, of the form of the linear Hamiltonian System
(4.18) equal to a preassigned right hand side, we can keep on solving the hierarchy of equations
to any order.

In our case, since the unperturbed motion due to Ry is quasi-periodic, the equations of the form
can be solved quite explicitly using Fourier coefficients. (There are more general theories [L1a00]
that allow to solve equations of the form even if the motion on the base is not quasi-periodic.)

The theory of the equations that we need is summarized in the following Lemma[4.6] Clearly, applying
it recursively, we obtain a proof of Proposition O
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Lemma 4.6. Let Fy, Ho, Ro be as in Proposition @ Given a C*® function, s > 1, n: A = R5, we can
find unique C' functions &, p: A = R® such that

(DHo 0 Fo)¢ — DERg — DFop =1 (4.19)

and

II;6 =0, II,¢ =0, II,£ = 0. (4.20)
Furthermore, &, p are of class C* and we have, for a constant C' that depends only on Hop, Ro,

13
p

CSSCM
Cs §O|7I

CS

cs
Moreover, if n is a trigonometric polynomial, so are & and p, and we have N(§) C N(n), N(p) C N(n).

Proof. Note that the unperturbed flow and its differential at A preserve the I, ¢, s directions. The plane
P, q is invariant.

Moreover, DF; in the coordinates we are using is a 5 x 3 matrix. It consists of a 3 x 3 identity along
the I, ¢, s directions and 0 along the other directions (p, q).

The two observations above, immediately give us that we can satisfy the normalization in a
unique way by setting:

P = HLLP,ST] (4'21)

from which the regularity claims about p follow.

Using again the invariance of the (p, q) plane it suffices to study the equation

(DHo 0 Fo)lp.gIlp.g& — DI, 4£Rg = 11, 1 (4.22)

This equation (4.22]) can be further reduced by noticing that DH, preserves the two eigendirections
of the equilibrium point of the pendulum. Hence, if we denote by II°, II", the projections along the
stable and the unstable components and by u the eigenvalue, we obtain that (4.22)) is equivalent to:

pIl'¢ — DIT'¢R, = Iy (4.23)
—ul’¢ — DIFERy =TI

The equations (4.23)) can be studied easily. For example, they can be studied noting that the operator
on the linear Hamiltonian system of (4.23)) is diagonal on Fourier series. Hence, if

HSU(L 2 8) = Z ﬁk,l(I)ei(kw+l8)7
(k,1)EN(n)

the solution of (4.23)) is:

e, 8) = Y ipa(D)[—p+ikl + 1)) eletts) (4.24)
(k,1)EN(n)

and analogously (with +p in place of —pu) for ITUE.
Note that, since £ # 0, there are no small denominators in the finite sum (4.24]). Then, one can
bound the norm of £ by the norm of 5. This finishes the proof of Lemma O

Remark 4.13. Even if for us, the solution is useful because it gives the Fourier coefficients that
will later be the base of the study of resonances, we note that, in geometric perturbation theory, it is
common to represent the solution as integral formulas.

For example, in our case, we have:

W(p9) = [ allp— Tts— e di
0

Out of the preceding formula, it is easy to read off the regularity properties even in the case that n
is not a polynomial.
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Chapter 5

Geometric properties of the
Scattering map

5.1 Introduction

As we have seen in the previous chapters, a remarkable tool introduced in [DLS00] to study the problem
of Arnold diffusion was the scattering map of a normally hyperbolic invariant manifold with intersecting
stable and unstable invariant manifolds along a homoclinic manifold. (The paper [Gar00] introduced the
homoclinic map to a center manifold.)

The use of the scattering map was crucial for the applications in [DLS03|, [DLS06al [GLO6]. In those
papers, it was shown that the perturbative computations of the scattering map are a convenient improve-
ment of the Melnikov method since they are geometrically natural. In this chapter, we aim to present a
much more systematic development of the perturbative formulas. We note that:

e The perturbative formulas are given by improper integrals which converge uniformly (indeed ex-
ponentially fast).

e Most of the calculations are done in a geometrically natural form. Hence, there is no need of as-
suming that our objects admit a good coordinate system and one can use the method to discuss the
existence of heteroclinic intersections among objects of different topological types. This advantage
was crucial for [DLS03], [DLS06a].

e As we will detail, it is possible to compute the perturbative expansions of the effect of the inter-
sections on some fast variables.

The scattering map relates the past asymptotic trajectory of any orbit in the homoclinic manifold
to its future asymptotic behavior. Related ingredients like the phase shift and the scattering phase shift
already appear in [CG94] pp. 17, 68] and related ideas in [MP94]. The scattering map is extremely similar
to the scattering matrix in quantum mechanics [New02, [RS79]. Indeed, we have followed a notation that
matches the definitions in quantum mechanics. For a comparison with the quantum mechanics scattering
theory see Appendix

The first goal of this chapter is to provide a more global definition of the scattering map (in
[DLS00, DLS03l [DLS08] it was only defined perturbatively) that applies to normally hyperbolic invariant
manifolds for which appropriate transversality conditions are met.

More importantly, we will show that, under very general circumstances, the scattering map of a
normally hyperbolic invariant manifold inherits the geometric properties of the dynamical system. That
is, under transversality properties, if the map is (exact) symplectic then the scattering map is (exact)
symplectic. (See Theorem for a precise formulation.) These geometric properties allow us to obtain
very compact perturbative formulas and several global topological consequences.

The more general definition of the scattering map as well as some elementary properties is considered
in Section First we introduce the wave operators

Q4 WX’U — A
x — T4+

7
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which assign to each point « in the stable (or unstable) manifold, the unique point 24 (or z_) in A with
the same asymptotic trajectory in the future (or in the past).

In the case that the invariant manifolds W™ intersect transversally and that the intersection is
transversal to the unstable foliation, one can choose an “homoclinic channel” I" where both wave operators
are well defined diffeomorphisms with their images (see Definition .

For such homoclinic channel I the scattering map is defined as

c=0"=Q, 0 Q) Q () — Q (D).

The goal of this chapter is to describe the geometric and regularity properties of this map. This will
lead to very efficient perturbation theories. Notice that the scattering map as well as the inverse of
the wave operators depend on the homoclinic channel T" chosen. The same happens with its domain
and image that, in general, are strict subsets of A. Nevertheless we will suppress I' from the notation
unless it causes confusion. The end of Section is devoted to adapt the definitions of scattering
map to autonomous and non-autonomous flows. Particular attention will be paid to non-autonomous
perturbations of autonomous flows.

In Section we prove that the scattering map is (exact) symplectic provided that the map f and
the normally hyperbolic invariant manifold A are (exact) symplectic. Some of these results were also
established in [Gar00] by other methods.

The main tool for the proof of the symplectic properties is a result about the geometric properties
of holonomy maps on stable manifolds (see Lemma which may be of independent interest. For
simplicity of presentation, we will just discuss the case of maps. Analogous formulations for flows of the
results can be obtained by considering time one-maps.

In the case that the map is exact, in Section we show that there is a very compact formula
for the primitive function of the scattering map. The formula gives the primitive function
of the scattering map as a uniformly (indeed exponentially) convergent sum along the connecting orbits.
The proof is coordinate independent.

The goal of sections and is to develop perturbative formulas for the scattering map. In Section
[b-4]the general set up for deformation theory of symplectic families of maps is introduced. A perturbation
theory for normally hyperbolic invariant manifolds of these families is also presented.

With all these ingredients, Section [5.5]is devoted to obtaining perturbative formulas for the Hamil-
tonian generating the deformation of the scattering map for a family of symplectic maps. An analogous
formula is obtained for Hamiltonian flows.

We note that the perturbative formulas obtained are given in terms of absolutely (indeed expo-
nentially) convergent integrals and that they have a geometric character. We will show that these
perturbative formulas can be used to establish the existence of heteroclinic intersections between invari-
ant objects. The fact that they are geometrically natural allows to establish the existence and compute
intersections for objects that have different topological types and hence, cannot be fit into a common
system of coordinates. These perturbative formulas generalize and unify many of the calculations that
are usually done using Melnikov theory.

Finally, in Section we apply the perturbative formula of the scattering map in the case of
quasiperiodically perturbed geodesic flows already considered in [DLS06b]. In particular, we show that
for geodesic flows the scattering map is globally defined in A, nevertheless, for the perturbations, there
are considerations of domains and monodromy. Even if these considerations were already presented in
IDLS00], the global theory of this chapter allows to discuss them more fully. We show that the calcu-
lations obtained by the formalism in this chapter agree with the calculations in [DLS00, [DLS06a]. The
calculations in [DLS00), IDLS06a] were done using the fact that some of the variables are slow and that
there is a standard perturbation theory for systems with fast-slow variables. The fast-slow methods
obtain information on the slow variables components of the scattering map, but are unable to obtain any
information on the fast variables components on the scattering map. The geometric methods presented
in this chapter, obtain at the same time information of the scattering map both for fast and for slow
variables.

5.2 General theory of the scattering map

We will start by recalling some definitions and results from the theory of normally hyperbolic invariant
manifolds. The definition of the scattering map of a normally hyperbolic invariant manifold will be
introduced in Section [5.2.2] We will show that, as a consequence of the standard theory of normally
hyperbolic invariant manifolds, the scattering map is smooth and depends smoothly on parameters.
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5.2.1 Notation and known results from the theory of normally hyperbolic
invariant manifolds

Standard references on the theory of normally hyperbolic invariant manifolds are [HP70, [HPS77, [Fen72,
Fen74l Pes04l Wigd4]. The proofs of all the facts mentioned in this section can be found in these
references. Hence, the purpose of this section is just easy reference and setting notation.

Let M be a smooth m-dimensional manifold, f : M — M a C" diffeomorphism, r > 1.

Definition 5.1. Let A C M be a submanifold invariant under f, f(A) = A. We say that A is a normally
hyperbolic invariant manifold if there exist a constant C' > 0, rates 0 < A\ < u~* < 1 and a splitting for
every x € A

T.M =FE®FE!®T,A

in such a way that
veE] < |Df*(x)v] < CA"|v| n>0
veEY s | Df* (z)] <CAMu|  n<o0 (5.1)
v e T,A < |Df*(z)v| < Cul™vl nez

v
v

We will assume that A is compact or that f is uniformly C” in a neighborhood of A. We will also
assume without loss of generality that A is connected. In the case that A is not compact, one has to pay
attention to the properties of the map f in a neighborhood of A and work out issues such as regularity
of extensions, etc.

It follows from that E2, E¥ depend continuously on x. In particular, the dimension of ES, E%
is independent of z. In fact, these splittings are C*~! with ¢ being any number such that

¢ < min (r, |10g>\|) . (5.2)
log p1

We recall that it is possible to introduce a smooth metric (the adapted metric) in M in such a way
that C' =1 in (5.1) at the only price of redefining slightly A, u.
Given a normally hyperbolic invariant manifold A we define

Wi ={yeM|d(f"(y),A) <C,\", n>0}
Wi ={yeM|d(f*(y),A) < C,A", n <0}

Furthermore, for each x € A, we define

Wi ={yeM|d(f"(x), f"(y) < CeyA", n >0}
W ={yeM|d(f*(z), " (y) < CuyA™, n <0}

and we note that £, = T, W, and E} =T, W}. It is a fact that

wi=Jw;

zEA (53)
Wy =|Jwy

zeA

Moreover, x # & = WiNW: =0, WrNWE =0.

The decomposition can be expressed as saying that {W:},ea, {W¥},ea give a foliation of W73,
WY, respectively.

We recall that in these circumstances we have that

1. A is a C* manifold with ¢ given in (5.2)).
2. W3, Wi are C*~1 manifolds
3. W3, W} are C" manifolds

4. The maps z +— W3, W are C*~177, when W2, W are given the C7 topologies.
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Wi+
X
r
xy =8, (x)
Figure 5.1

Note, in particular, that there are limitations for the regularity of the manifolds besides the regularity
of the map which depend on the ratios of the exponents | log A\| and log . These obstructions are sharp
in the sense that, for typical maps, the foliations W§, W do not have any more regularity than that
claimed above.

Note that the leaves of the foliation {W;},ea of W3 are as smooth as the map. Nevertheless, the
dependence of these leaves on the point = can be considerably less smooth than the map. This is the
reason why the regularity of W} is limited by ratios of exponents.

Note that the definition of normal hyperbolicity implies that £ > 1, but in this chapter we assume
¢ > 2 in order to have W, W C! manifolds. This is important because we will use the implicit function
theorem for C*~! regular objects.

For a point x € W} (resp. z € W}), we denote by x4 (resp. z_) the point in A which satisfies
z €W, (resp.xz € Wi ).

Note that given a point z, the points z,x_ are uniquely defined. Moreover, denoting

Oy Wi’u — A

5.4
T T4, ( )

these maps, that we call wave operators, are well defined and of class C*. We note that, with the standing
assumptions of this chapter, these maps are always C*.

5.2.2 Scattering map of a normally hyperbolic invariant manifold

Now, we turn to the task of defining a scattering map associated to a transversal intersection of W},
More precisely, we will assume that there is a normally hyperbolic invariant manifold A and a homo-
clinic manifold I' € W3 N W§ such that V z € I":

T, M = T,W§ + T,W}"

(5.5)
LW NT,WY =T,T

We will refer to by saying that the intersection of W3 and W} is transversal along I'.

If M is m-dimensional, A is c-dimensional and the dimensions of Ef, E¥ are ds,d, then W7 W} are
ds, d,-dimensional, W}, W} are ds + ¢, d,, + c-dimensional, respectively. Because of Definition we
have that m = ¢+ ds + d,, and therefore, by , the dimension of I has to be (¢c+ds+c+d,) —m = c.

The definition of the scattering map requires that the intersection I' satisfying satisfies also that
for every point « € I' we have

.0 & T,W;, =T,W3

v . (5.6)
T,0 & T,W" =T,W}

We will refer to (5.6) by saying that I" is transversal to the W2, W foliation. Note that to define
we assume (5.5). We also call attention that is used to define the scattering map locally.
This local definition could have some monodromy if extended to domains with non-contractible loops.
In Section[5.6.1} we will discuss these phenomenon of monodromy making more geometric the discussion
in [DLS00].

Because of the persistence under perturbations of normally hyperbolic invariant manifolds and their
stable/unstable manifolds and the transversal intersections between them, we note that if the assumption
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fT
[fix)

fay=fo, A oA

Figure 5.2

is satisfied for a map f and manifolds A, T', then it is also satisfied for any map f in a C!
neighborhood and for some manifolds A, T'. Similarly, we note that the condition ¢ > 2 holds in some C*
open sets of maps. For these maps, we can apply the implicit function theorem to conclude that
holds in C" open sets.

Remark 5.1. By the implicit function theorem, if for some z* € WiNW} it is verified that T« WiNT,-W¢
is c-dimensional, we can find a locally unique manifold I' such that

TpeT = T W5 N Ty W

Moreover, this I is C*~ 1.
Also by the implicit function theorem, if the transversality condition ([5.6) is satisfied for certain z*
in a manifold T, then it is satisfied by all € I close enough to z*.

Given a manifold I" verifying (5.5]), we can consider the wave operators Q4 of (5.4) restricted to I.
Under assumption (5.6) we have that Q. are local diffeomorphisms from I" to A.

Definition 5.2. We say that ' is a homoclinic channel if:

1. T Cc WinW§ wverifies (5.5) and (5.6).
2. The wave operators (Qx)p : I' — Qu(T') C A are C*~1 diffeomorphisms.

Restricting I' if necessary, from now on we will only consider I' C W3 N W} such it verifies Definition
[E.2] and then it is a homoclinic channel.
We denote by Qf = Q4 r, and HL = QL (T) C A, so that

QLT — HY
are C*~! diffeomorphisms. Note that if T' is a homoclinic channel, so is f™(T) for any n € Z.

Remark 5.2. Using the fact that the foliation W satisfies f(W;) = W7}, and that, therefore, f(z)4 =
f(zy), we have (see Figure

)’

of = 1ol Doy, (5.7)
and analogously
Of = fof Moyt (5.8)
Iterating these formulas, we have for every n € Z,
QI‘ — —n Qf"(r) n
+ f © fj—n(r) o f ) (59)
o = o0l o f7™,

Definition 5.3. Given a homoclinic channel T' and QY : T — HL the associated wave operators, we
define the scattering map associated to T’

O'FZHE—>H£

by
ol =0l o(@h)! (5.10)
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Figure 5.3: Hlustration of Definition of the scattering map.

5.2.3 Some elementary properties of the scattering map
Regularity properties

We note that, because of the implicit function theorem, the homoclinic channel T is as differentiable as
the invariant manifolds W3, W§, that is C* 1, where ¢ is given in .

Later, we will consider a family of mappings f. which are jointly C" in all the variables and in the
parameter e. We will show that the scattering map depends on the parameter in a C*~7 way when we
give the maps the C7 topology in a compact neighborhood.

Invariance properties

It is clear from its definition that the scattering map depends on the homoclinic channel considered.

e We note that if I' satisfies Definition so does f(I") and we can define a scattering map corre-
sponding to f(T). Using that f(W3*) = W), equalities and and the Definition [5.3] of the
scattering map, we easily obtain:

Fool —ofM o g (5.11)
Moreover, iterating f and using (5.9)), we have:
ol = froglof. (5.12)

We call attention to the fact that in (5.11]) and (5.12) the scattering map on both sides is not the
same.

o If we exchange the map f by f~!, the manifold A is still a normally hyperbolic invariant manifold
under f~!'. On the other hand, the stable and unstable manifolds are exchanged. Hence, if I is an
homoclinic channel verifying Definition for the Wi’(‘f ), WX’(f ) then it is also a homoclinic channel

—1 -1
verifying Deﬁnitionfor WX’(f ), WK’(f ), and

r, r,(ft r, Lt
Qb — R Ul _ ol (5.13)

and B
Qi,(f ) _ Qi,(f)7 n> 0.
All these properties give

o) = (DTN G Z DD >

) )

5.2.4 The scattering map in other contexts
Autonomous flows

The definition of scattering maps for autonomous flows is completely analogous to the definition for
diffeomorphisms. In this section, we recall the definitions and introduce the notations needed. We recall
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that a manifold A is a normally hyperbolic invariant manifold for a flow ®; if there exist a constant
C > 0, exponential rates 0 < o < 8 and a splitting for every x € A

T.M=E & E!®T,A
in such a way that

v € ES < |D®(x)v] < Ce Py t>0
v e EY & |D,(x)v] < e Py t<0 (5.14)
v e TA < |DO,(x)v] < Celjy]  teR
All the properties and definitions given in section[5.2.1]are analogous in the case of flows. In particular,
the stable and unstable manifolds of A are given by
Wi ={y e M|[d(®i(y),N) < Cpe ™, t >0}
Wi ={y € M| d(®:(y), ) < Cpe " £ <0}

and, for each = € A, we define the stable and unstable manifolds of x as

We={yeM|d®(z),®(y)) < Cpye ", t>0}
Wy = {y € M | d(®:(y), ®e(y)) < Cpye I, ¢ <0}
The regularity of the stable and unstable manifolds as well as the regularity of the foliation are the
same as in the case of maps.
Another important property is that if A is a normally hyperbolic invariant manifold for a flow {®, t €
R}, so it is for fr, the time T map, for any T € R.
In the case of flows we can define analogously the wave operators:
Q4 WX’U — A
x — T4+
such that |®;(z) — ®4(z4)| < Cpoye P as t — Foo.

To define the scattering map in the case of flows we also assume that there exists a homoclinic channel
I satisfying Definition [5.2] and then the maps

QLT — HL CA
are diffeomorphisms. Hence, analogously to (5.10)), we define the scattering map
ol =08 o ()7L

It is straightforward to check that these wave operators QY for the flow ®; coincide with the wave

operators Qi’f T, for any time 7" map fr. That is

oL =obfr =l v 1 eRr
and, consequently:
ol = oliT = ol vT, T € R. (5.15)

From now on, we denote the scattering map for the flow by o'>7, { being the vector field generating the
flow ®;. We have that the following properties, completely analogous to the properties of section |5.2.3
hold:
T, H r,—H
= 007 Hos, QN =, 00" Mo,
O_F,’H _ (JF,—H)—l

o @t (M)H b,00M0d_,
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Non-autonomous flows

One situation that appears in applications is that the vector field H is a skew product vector field
H = (G, L) defined in M = M x N by H(z,0) = (G(z,0),L(0)), which happens to be “close” to an
autonomous vector field, that is, there exists Go(x) such that

G = Goller < 1 (5.16)
We first deal with the product case Ho = (Go, £), which is very simple.

Proposition 5.1. Let A be a normally hyperbolic invariant manifold under a flow ®; on a manifold M.
Let 0 < o < 8 be the exponential expansion rates corresponding to the normal hyperbolicity of A. Let N
be another manifold with a flow p; with exponential expansion rates less or equal than «. Consider the
flow O, = (P4, 1) on the manifold M x N.
Then the manifold A :== A x N is a normally hyperbolic invariant manifold for the flow ;.
Moreover, Wi x N = W3 is the stable manifold of A for the extended flow ®,.
Forxz € A, 6 € N, we have that W¢,, 5 = W7 x {0} is the stable manifold of the point (x,6) € M x{6}.
The same results hold for the unstable manifold.

Therefore, in the product case Ho = (Go, L), we can define a scattering map for the flow. Since
the exponential rates in /N are smaller or equal than «, we have that W(‘Z%) = W2 x {6}, so that

Q(z,0) = (Qx(x),0) and the scattering map has the simple form
6(x,0) = (0(x),0).

In the skew product case H = (G, L), provided that H is an small perturbation (5.16)) of a product
flow, we can define a scattering map in the corresponding domain.

The skew product structure of the perturbation implies that the scattering map has the skew product
form

o(x,0) = (o(x,0),0).

In particular, in the case of quasi-periodic flows coming from a non-autonomous Hamiltonian vector
field of Hamiltonian H(x,#), § = vt, v € R?, defined in M x T¢, one can recover the symplectic character
of the flow simply by adding d extra actions A € R? conjugated to the angles § and working with
the autonomous flow of the Hamiltonian H*(x,0, A) = H(x,0) + v - A in the full symplectic space
M* = M x T*N. When expressing in these complete set of symplectic variables the scattering map, it
takes the form

o*(z,0,A) = (o(x,0),0, Az, 0, A)).

In the following section we will see that the scattering map for a symplectic map is also symplectic.

Center manifolds

Many of the results discussed above generalize to center manifolds of a fixed point [Gar00] or to locally
invariant manifolds with boundary.

The standard method to study locally invariant manifolds (see [Fen72]) is to construct an extended
system for which the center manifolds (or the locally invariant manifolds) are invariant.

Unfortunately, the invariant manifolds thus produced and their stable and unstable manifolds depend
on the extension considered. Indeed, the stable and unstable manifolds of a point in the center manifold
can depend on the extension considered. This is because a trajectory can leave the neighborhood where
the original map agrees with the extension. Therefore, the homoclinic intersections and the scattering
maps obtained depend on the extension considered. In particular, the symplectic properties stated in
Section [5.3| can only be true for center manifolds if the extensions considered are symplectic.

Nevertheless, there are some important cases where there is uniqueness and the results are indepen-
dent of the extension. For example in Hamiltonian systems with 2-dimensional locally invariant manifolds
having KAM tori bounding them. In this case the locally invariant manifolds are indeed invariant and,
therefore, unique as well as their stable and unstable manifolds.

Even if the center manifolds are not unique, some of the objects constructed using them (e.g. periodic
orbits, KAM tori, Aubry Mather sets) remain in any center manifold and their stable and unstable
manifolds are independent of the extension.
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5.3 Symplectic properties of the scattering map

The main result of this section is that, in case that f is symplectic and A is a symplectic manifold (when
endowed with the restriction of the symplectic form), the scattering map preserves the restriction of the
symplectic form to A. A version of this result for a central manifold of a fixed point with a different
proof can be found in [Gar00]. These geometric properties will be very important for the perturbative
computations of the scattering map in section In this discussion, we will use Cartan calculus and
coordinate free calculations. See [AMT78] [Thi97, BGO05|.

5.3.1 Notation and some elementary facts on symplectic geometry

When N, M are symplectic manifolds, we say that f: N — M is symplectic when
[fwm =wn
where f* is the pull back on forms defined by
(f*wnr) (@) (v, w) = war (f (2))(Df (x)v, Df (x)w) ¥V v,w € Te N

We note that the definition of the pull back for forms does not require that f is a diffeomorphism, but
only one to one on N.
When wy = day, wy = dayy, we say that f is exact when

ffay = ay +dP? (5.17)

for some function P/ : N — R. The function P/ is called the primitive function of f.
If f is a diffeomorphism, an equivalent condition for f to be symplectic is

fewn = wy
where f, is the push forward on forms defined by
(fewn) (@) (v,w) = wy(fH2))(DfH2)v, Df Hx)w) ¥V v,w € T,M

Remark 5.3. Note that the function Pf is determined uniquely up to constants when N is connected
and apy, ajp are given. When talking about primitive functions, we will identify two functions which
differ on a constant. This justifies that we can talk about the primitive function of a diffeomorphism.

Specially in the case that N = M = T¢ x R? and that f is a twist map, the primitive function
allows us to study several geometric properties of the map. See [LMS87] and specially [Har99, [Har00] for
a systematic study of the primitive function, including numerical applications.

Formulation of the symplectic properties of the scattering map

Theorem 5.4. Assume that M is endowed with a symplectic (resp. exact symplectic) form w and that
w|a 1s also symplectic (hence, in particular, the dimension m of M and the dimension ¢ of A are even).

Assume that [ is symplectic (resp. it is exact symplectic).
Assume that there exists a homoclinic channel T' and so the scattering map o is well defined.
Then, the scattering map o is symplectic (resp. exact symplectic).

The main technical tool, from which Theorem follows almost immediately is:

Lemma 5.5. Assume that, with the notations above, we have that w|y is symplectic, and that T is C!
close to A on a neighborhood (hence w|r is also a symplectic form).

Then,
(Q})aw|r = wla (5.18)
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Figure 5.4: Tlustration of the proof of Lemma

r

5.3.2 Proof of Lemma [5.5]

The proof of Lemma [5.5]is very similar to the proof of absolute continuity of Anosov foliation in [PS72].
We will prove that given any two-dimensional cell B C I', we have

/w:/ w (5.19)
B Qr (8)

To prove ([5.19), we will consider a 3-cell C in W3 whose boundary contains B, QY (B).

Let B :[0,1] x [0,1] = T be a parameterization of B.

If 2 €[0,1] x [0,1], y = B(z) € B C T and Q% (y) are, by assumption, close enough, so that there is
one shortest v, geodesic in WS5 ) joining y and Qi (y). We parameterize these geodesics in such a way
that

(1) =y
We see by the implicit function theorem that the map C': [0,1] x [0,1] x [0,1] — W} defined by
C(z,t) = 7.(t)

is a C'' map which is a local diffeomorphism and which gives a parameterization of the cell C.
We note that

oC=B-9"(B)+R

where R is the two dimensional cell consisting on a union of geodesics in W¢

Qr (98B)°
/ w:/dw:()
ac C
/w:/ w—/w (5.20)
B Qb (B) R

Hence, the desired result ((5.19) will be established when we prove fR w=0.
This is a consequence of the following proposition, which we will also find useful in discussing exact-
ness.

By Stokes theorem

We therefore have

Proposition 5.2. Let R be a 2-cell in W3 parameterized by
R:[0,1] x [0,1] = W}

in such a way that
R(z,t) € Wy » R(0,1) €A

That is, we can think of R as a union of lines each of which lies in the stable manifold of one point.
Then [, w = 0.
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Proof. Tt consists just in observing that, by the invariance of w under f, we have for every n € f

L=
R ")

and, by the hyperbolicity of A, we also have
Area(f"(R)) < C(Au)"

because the stable coordinates contract at least by CA™ and the coordinates along A expand by a factor
not larger than C'u™.

By the normal hyperbolicity assumption, Au < 1, and since Vn € § we have ff"(]R) w < C Area(f"(R)),
Proposition is proved. O

Proposition finishes the proof of the fact that QE is symplectic.
To finish the proof of Lemma the only thing remaining is to prove the claim of exactness.
If w = da and f is exact, we will show that given a path 7 : [0,1] — ', we have:

/ a= [ a+d' @) - ¢ @ (n(0) (5.21)
Ql (n)
where G'' : Q, (I') — R is a explicit function which we now compute.
Since the path 7 is arbitrary, (5.21)) is equivalent to
(QY).alr = ala +dG" (5.22)

Given a point y € QY (') C A we consider a path 3 C W, joining y and (QY)7(y) € . Then, set
G (y) = / a (5.23)
B

The integral defining G* in (5.23)) is independent of the choice of the path 3 because of Proposition
As usual, we argue that given two paths 3, 3 joining y to (€2} )7!(y), the closing path resulting from
going through one and coming back through the other bounds a two cell ¥ C W] such that 8 — 8 = 9%,

hence
/ozf/})z:/da:().
B B =

Since the integral defining G' is independent of the path, it will be advantageous for us to choose
a path which depends differentially on the base point. For example, we may choose as 3, the shortest
geodesic in W] joining y and Q) (y).

Denoting yo = Q% (9(0)), y1 = Q% (n(1)), the identity follows because

-n + Byl + Qi(n) - Byo =0R

where R is a two cell satisfying the assumptions of Proposition Then, faR a= fR w=0. O

5.3.3 Proof of Theorem [5.4]

By the A-lemma (see e.g., [PS72]) there is an n € f large enough so that f™(T") satisfies the assumptions
of Lemma [5.5

Similarly f~"(T") satisfies the assumptions of Lemma for f~! in place of f.

We note that, by equation with n and —n respectively

— 0l o (@) = ol Mo ool "Dl pon (5.24)

Also, by (5.13), we have that
Qf O _ f .7
- +

Hence, the map o' is symplectic (resp. exact symplectic) as desired.
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5.3.4 The scattering map and the primitive function

The goal of this section is to show that, when the map f is exact symplectic and A is an exact symplectic
manifold, we can obtain formulas for the primitive function of the scattering map. The main result of
this section is formula , which gives the primitive function of the scattering map in terms of the
primitive function of f and formula which gives the analogous formula for flows. Formula
is given by the difference of two sums computed along the homoclinic intersection. In Theorem we
show that formula converges exponentially fast together with some of its derivatives.

Some elementary properties

We recall that in Section we reviewed the standard definition of primitive function.
The next proposition recalls some elementary properties of the primitive of composition that will be
useful in the sequel.

Proposition 5.3. If f: N - M and g: M — V are exact symplectic diffeomorphisms with primitives
PN =R and P9 : M — R, respectively, then we have:

1. The primitive P9°F of g o f is given by

psl = pl 4 pPyof. (5.25)
2. If go f =1d then
PI4+Pfog=0 (5.26)
3.
N-1
PI"=%"Ploy (5.27)
j=0

Proof. The proof of is only the following computation.

(go f)ray = frg*av = f*(anm + dP)
=ay + dPf + df* P9
=ay+dPT +PIof)

The other parts of the proposition are easy consequences of . O

We also observe that the primitive function behaves well under restriction to an exact symplectic
submanifold invariant under f. The primitive function of the restriction is the restriction of the primitive
function in the whole manifold.

Formulas for the primitive function of the scattering map

In this section we study a C” symplectic diffeomorphism f : M — M which has a normally hyperbolic
invariant manifold A such that w), is non-degenerate, and also a homoclinic channel I" verifying Definition
so that there exists a scattering map o =o' : H~ — H* asin . Again, we are assuming that
the map f is uniformly C" in a neighborhood of the manifold A and of the homoclinic channel T.

In the case that the map f is exact symplectic we know that the same is true for the scattering map.
The next Theorem gives us a very effective formula for the primitive of the scattering map ¢ in terms
of the primitive of f.

The main results of this section are Theorem which establishes ([5.28)), a formula for the primitive
function of o, Theorem [5.7, which provides an analogous formula for flows, and Theorem
which guarantees the convergence of the series (and the integrals) defining the primitive function and
their derivatives.

As we will see later in Section we will obtain formulas very similar to and for other
objects. The results of Theorem will therefore, have further applicability.

Theorem 5.6. Let f: M — M be a C" exact symplectic diffeomorphism which has a normally hyperbolic
invariant manifold A such that w, is non-degenerate, and a homoclinic channel T' verifying Definition
so that there exists a scattering map o = o' : H= — H* as in (5.10).
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Then, the primitive for o is given by

N_
P’ = lim Plof o)t —Pfofi
Ni—o0 4
Jj=1
No-1 (5.28)
+ Z Plofio(@ ) too—Plofioon
§=0

In the case that the map f corresponds to the time T flow of a Hamiltonian vector field H of
Hamiltonian H we can adapt the previous result to obtain a formula for the primitive of the scattering
map o = o'"* that was shown in (5.15) that is independent of T

Theorem 5.7. Let ®:(x) be the flow of a Hamiltonian vector field of Hamiltonian H(x) and consider
the time T map of this flow, that is, f(x) = ®r(x). Assume that this map has a normally hyperbolic
invariant manifold A such that w|s is non-degenerate, and a homoclinic channel I verifying Definition
s0 that there exists a scattering map o =o' : H~ — H7T as in .
Then, the primitive P° is given by
0
P’ = lim (aH+H)od; 0 ()™ — (aH + H) o @,

Ty—oo J_p

T (5.29)
+
+/ (aH+H)o®,0(Q) oo~ (aH+H)od,00

0

where we denote aH = iy .

The convergence of the series in ((5.28) and the integrals in (5.29) is guaranteed by the following
result.

Theorem 5.8. Under our standing assumptions let ¥ be a C™ function in a neighborhood of A.
We have the following bounds for all j € i, 0 < k < min(m,€,r). For any A > A\, i > p, we have:

ID¥(Wo f7o (@) oo —Wo floo)|loom )y < Cl¥]|crj* (Ai*)

By B o o (5.30)
I1DF (T o f~7 0 (L) —=Wo f)lcou ) < Cl[¥|orj* (AE")

Analogous inequalities are valid for the case of flows.

Of course, to apply Theorem to (5.28) and (5.29), we just have to take ¥ = Pf ¢ C"™! (or
U =qaH+ H), hence m=r — 1.

A variational interpretation

We recall that the well known Hamilton variational principle states that, under some non-degeneracy
condition, () is an orbit of the Hamiltonian flow of Hamiltonian H if and only if it is a stationary point
of the formal action
“+ o0
L) = [ (it + H o (o)

— 00

or, if & = pdg, and (t) = (v4(t), 7" (1)),

+oo
£) = [ (=@ + Hon0)de
—0o0

Hence, Theorems [5.6] and tell us that the primitive function of the scattering map is the limit of
the difference between the action of the homoclinic orbit and the action of the asymptotic orbits.

We hope that this variational interpretation of the scattering map can lead to a closer interaction
between variational and geometric methods. It seems quite possible that the conditions used in [CY04]
can be interpreted as a transversality conditions between the scattering map and the inner map.

The difference in action plays a fundamental role in the variational approach to diffusion. Certainly,
in the variational theories concerned with local critical points ([Bes96, [BCV01l BBB03a]) the difference
between primitive functions plays a role.
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In more global variational theories, it seems that the definition of Peierls barrier is roughly similar to
the infimum of all the differences of action over all homoclinic intersections. Hence, in our language, it
would be the infimum of P? over all homoclinic intersections ([CI99] [CY04} [CY09] Mat95| Mat04] [Kal03]).

Or course, in the global variational theorems, one assumes that the Lagrangian—and equivalently
the Hamiltonian—are convex in the momenta. The version of Hamilton’s principle stated here—and
the local variational theories—only require some non-degeneracy of the Jacobian so that the Legendre
transform is locally defined. That is, it suffices that for each ¢,, the mapping ¥ — %L is invertible.

This is significantly weaker than convexity. In particular, it is C'* dense.
For a comparison between the local and global theories, and in particular a Hamiltonian discussion
of barrier functions, see [Ber(7].

Proof of Theorem [5.6]
The formula (5.28)) is closely related to the following formula, which is true for any N_, Ny € f:

o= f N ol o fNHEN- o (QF Tyl pN- (5.31)

where we have denoted I'™ = f™(T"), for n € Z.
The formula (5.31)) is a consequence of the formula (5.9) for the wave operators.
To compute the primitive function P of the scattering map o, we start from (5.31) and apply

equations (5.25)), (5.26) and (5.27). We obtain, for any N_, Ny € f, the following formula in the

reference manifold N.

Ny+N_

—N_
pe=p/ " 4 PO ) o pN- gy pf o (8T ) to N
ot NN I N-\—1 _ s—N_
+ P+ of o (2 )" of
+ pfr OQEFM o fN++N- (QE_M)_I o fN-

= — (PfoffN* ++Pfof*1>
I
+ (Pf +...+Plo fN++N771) o (QE’N—)fl o ffN,
—I—PQ£N+ OfN++N, o (inNi)il o ffN,
— (Pf o fﬁN+ +..-+ P/ ofﬁl) le_;_NJr ofN++N— o (QliiN_)fl of*N—
Now, we use formula (5.9) for the wave operators, obtaining
(szN,)fl ofﬁN* _ f—N, o (QE)*I
[N () o N = N o (0F) !
R e Y e

which give, using them in the formula for the primitive P?:

P”:f(Pfof*N7+...+pfof*1)
+ P(QTM)_1 o fN-
+ (Pf o f~N- +--~+Pfof*1) o ()t
+ (Pf +...4pf ofN+_1) o (QE)—l
o™t N ry—1
+ P+ o fY o (L)
_<Pf+...+PfofN+_1)oo'

Now we observe that, by Lemma and the A- Lemma applied to the normally hyperbolic invariant
manifold A, the wave operators QY * are exact symplectic and converge to the identity map when
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-N___ Ny
N4 — 0o. Therefore, we can ensure that the primitives pat )™ and P converge to zero. So, if
we take limits as N1 — oo, we obtain

—N_
o_ T Fotio(QP)-1_ pfoti
P Ni@ooj;]’ o f7o(QF) Plof
o (5.32)
+ Z Plofio(@ ) oo —Plofioor
=0

which is formula (5.28]). O

Proof of Theorem [5.7]

The proof of Theorem is an easy consequence of the fact that the primitive of the Hamiltonian flow
®, is given by

T
P‘I’T:/ (aH + H) o d,dt
0

where H is the Hamiltonian vector field of Hamiltonian H. This formula can be obtained, for instance,
by differentiating with respect to time the definition of the primitive:

d d
d—P®% = —(®,)*
dt RS

= ()" (diper + ipda) = d((D,)* (aH + H))

Once we know the primitive of the Hamiltonian flow &7, we can consider the corresponding scattering
map o = o™ which, by (5.15), is independent of 7. We compute the primitive of o simply applying
formula ([5.28)) for this case and using the following facts:

T G+DT
P®Todp = / (a’}-[JrH)o@to(I)det:/ (aH + H) o ®,dt
0 iT
T —(j-1)T
P od_ijp = / (oH+H)o® 0®_jpdt = / (aH + H) o Oudt
0 —iT
> P*odyy = / (aH + H) o ®,dt
=0 0
N 0
ZPCI)T od_;r = / (aH + H) o Oudt
. —TN_

With these expressions one easily obtains formula (5.29) by calling Ty = TN — to0.

Proof of Theorem [5.8|

We present the proof for the first estimates in . Then, the second estimate follows by applying the
first estimates to a system whose dynamics is given by f~!.

We start by proving the case k£ = 0.

The reason why converges exponentially fast is that the general term in the formula is the
difference of a function evaluated in two points which are exponentially close. Recall that by the definition
of the wave operators and Definition we have:

d(f o ()" oo(@), f 0 o(x))
d(f~7 o (Q5)7 (@), f (@)

oN
oN

IA N

For higher derivatives the argument is more complicated.
We start by choosing a system of coordinates on a neighborhood U of A in Wj. Similar choices are
quite standard in [Fen72).
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We observe that we can identify 4 with a neighborhood of the zero section of the stable bundle. More
concretely, we associate to (x,&), with z € A, £ € E2, |¢] < 4, the point

expy * (€) (5.33)

where eXpZV; denotes the exponential mapping associated to the manifold Wj.

We recall that our standing assumptions include that we have a metric which is uniformly differen-
tiable in a neighborhood of A and that the map f is also uniformly differentiable in a neighborhood of
A. These assumptions are automatic if A is compact, but they hold in many other situations. As a
consequence, eprVf' defines a C" diffeomorphism from a ball U/ of radius 6 > 0 of A in W} to its image
in W3, which is independent of x.

In these system of coordinates, the map f restricted to U takes the form

(2,8) = (fo(x), f2(£)) (5.34)

For the purposes that follow, it is convenient to consider x as a parameter, since we have different
mappings for each stable manifold W7. We also note that the points representing A have & coordinate
equal to zero and that the invariance of A amounts to f,(0) = 0.

In this system of coordinates, f7 is represented by

F(2,8) = (£ (@), £25(6)),

where we have denoted ffg—l(m) o0 fu(&) = fr;(8).

The following adjustments can be made without loss of generality.

1) We can assume that || D¢ fo(&)||lcowy < A || Dafe(Ellcowy < i, by taking U sufficiently small,
where 5\, [ are the numbers appearing in the conclusions.

2) We also note that, by multiplying the metric by a constant, we can assume without loss of generality
that ||D§D§fm(§)||00(u) <1 for ¢ + j > 2. This will simplify slightly some estimates.

3) We can assume that

() (H) U

Indeed, by the A-lemma, we have that for some finite .J, I'*7 = f¥/(I") c U, for j > J. Then, we will
obtain the estimate (5.30) for 7 > J. The desired result follows just changing the constant C.
In the system of coordinates (z,§), we can write (Q%)~! by

(2,0) = (z, ©(z)).
Hence, in this system of coordinates, the desired result, formula (5.30)), is implied by estimates
|DE(W(f3 (@), fo.i(D(2))) = DEW(fF(2),0)] < O||W]|cn* (A (5.35)

The main idea in the proof of is that, if we apply the Faa-Di-Bruno formula for the derivatives
in we will obtain derivatives of highly iterated functions (except for one term). The derivatives
of highly iterated functions will be estimated in Propositions [5.4] below. The remaining term will be
estimated because it is the difference of two terms that have close arguments.

Proposition 5.4. With the notations above we have:
Forn > 1: ' '
ID" f5 (@)l coay < (n = D)™ (") (5.36)

Form>1,n2>0:

1D DE frj(E)llcowy < Crmd™ ™ (AR"H™)! (5.37)
where Cy, ., s an explicit expression depending on n,m, 5\,,& but independent of j.

Proof. The proof of estimates for highly iterated functions is very similar to estimates appearing in
[LMMS6]. The dependence on parameters of the derivatives of highly iterated functions were considered
in [BLW96, [CFLO03]. 4

We start by observing that if we apply the chain rule and the product rule to D" fJ(z) we obtain
an expression containing 7}, terms all of which are factors of the form D?fy o f¥(x) for some 1 < i < n,
0 < k < j. We denote by F;, the maximum number of factors that appear in each of the terms in the
expression above.
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We observe that the number of factors increases only when we apply the chain rule and the number
of terms increases only when we apply the product rule. Therefore,

Tn S Tn—an—l
Fn S anl +.7

We also have T} = 1, F} = j from the chain rule. It follows that F,, < nj, T, < (n—1)!5™.

We also observe that each of the factors can be estimated by |[D?fo o f§(2)||co@) < fi- (Recall that
fi > 1is an upper bound for the case i = 1 and that we have arranged that for i > 1 we have |D"fy| < 1).
Therefore, each of the terms can be estimated from above by jif™ which in turn is estimated by (i")7.
We obtain the upper estimate for the derivative by multiplying the upper estimate for each term
by the upper estimate for the number of terms.

The other estimate is proved along similar lines. Again, we observe that, applying the chain rule and
the product rule as often as possible, we can express Dg D" f,, ;(€) as a sum of Ty, ,, terms, each of which

contains not more than F), ,, factors. Each of the factors is of the form DZLD? (&) for some 1 < n,

b (=)
m<m,j<j.
Again, noting that the number of terms increases only when we apply the product rule, and the
number of factors when we apply the chain rule, we obtain:
Tn,m S Tn—l,an—l,m; Tn,m < Tn,m—an,m—l;

Fn,mSFn—l,m+j; Fn,mSFn,m—l"i'j;

Since

Defuj(€) = Def11,(€) faj1(6) - Def g1y () © fuj—2(€) -+ Def(€)

we have that Fy1 = j, Tp,1 = 1. Hence, we obtain from the recursion relations that F), ., < (n+m)j
and, therefore, T}, ,, < (n +m — 1)lj7+™.

In this case, however, we have to observe that there are factors in the terms that can be bounded by
A Indeed, these factors are, in some sense rather abundant. ~

For instance, each of the factors in the derivative D f, ;(§) above can be bounded by A so that we
have |[De fo,;(€)llcowy < M.

We observe that, when we take derivatives (with either x or £) we obtain a sum of terms in which
only one of the factors is affected.

Therefore, we conclude that in the expression of Dy D" fz,;(&) alluded before, each of the terms
contains at least j — m — n + 1 factors in which the derivative with respect to £ is of first order.

We obtain that, therefore, each of the terms is bounded by Xj’m*”Jrlﬂ(”*m)j. We therefore, obtain
the desired bounds by multiplying the upper bound for each of the terms by the upper bound on
the number of terms. O

The bound (5.35)) is an easy consequence of Proposition
It follows by induction (or by Faa-Di-Bruno formula) that

Dl fei(@@) = > Conyomy DI DI fu ()| e=(a) Py s

mi+mo=m

where C,,, m, is a combinatorial coefficient and P, ,n, is a polynomial on the derivatives of ® up to
order m. We call attention that the combinatorial coefficients are independent of j. For the purposes of
this calculation we are treating f, ; as a single function.
Therefore, we have
1D fa.i (2(2))|co@y < CF™ (AR™)? (5.38)

where C' depends on the C™ norm of ® and the combinatorial coefficients, but is independent of j.
Coming back to the proof of inequality (5.35), we compute the derivatives of W(f3(x), fx;(®(z)))
and see that most of the terms that we obtain are already considered in Proposition or in .
The terms not considered will exhibit cancellations with the derivatives of W(f(z),0)).
We will do first the case of first derivatives explicitly. This will be the basis of the induction.

Dy ¥(f§ (), fo,;(®(2))) = (Dl‘I’)(fé(x),fm,j(@(x)))Dmfg(w)
+ (D20)(f5(2), fo,5(2(2))) Dafo 5 ((2))) (5.39)
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The second term of ([5.39) above is controlled in (5.38).
(D2W)(f3 (), fu,j(@()) Da fi,j(@(@))] < Cl¥[ e 00y (M)

For the first term, we note that D, W (fJ(x),0)) = (D1 ®)(fi(x),0)) D, fI(z), so that, by the mean value
theorem and Proposition

[(D1®)(f3(2), f2.(®(2))) Do f () — (D1\I/)(fg($_), 0)) D, f(2)]
< |¥lc2@nll fz,j © @llcoaylIDafollco@)
< 10| e @y (M)

These last two bounds imply immediately inequality for k= 1.

For higher derivatives, we note that all the derivatives of the second term in satisfy the desired
bounds, so these terms are dealt with.

Hence, when we take higher derivatives, we see that the only terms that we have not shown to satisfy
bounds of the desired type are terms in which the second argument of ¥ is not differentiated. The
collection of these terms is of the form:

> i in (DR (@), o j(®(2)) D2 f () - - D2 f3 () (5.40)
k=iy otk

The combinatorial coefficients CY, ;, ... are the same coefficients that appear in the Faa-di-Bruno ex-

pansion of D¥W(fI(x),0)). Namely,

ik

Dy (f3(2),0) =

> Crrin (D) (2),0)D2 £3 () - - Dk f ()
ke=i1 ik

Therefore, we see that

DYV (f3(x), fr;(®(2))) — DEW(f(2),0)) =
Y Crinenin (DT O3 (@), fui(2(2))) — (DT O)(f3 (2),0)]
k=1 + g
D2 fi(x) - D f3 ()
+ 0|19l @y d* A"y
We can use the mean value theorem and for m = 0, to obtain
(DFW)(f3(2),0) = (DFW)(f3(2), fa,i (D(2)))] < Ol | i1 e N

The other factors are bounded in Proposition [5.4]

5.4 A geometric framework for a perturbative calculation of the
scattering map

In the applications in [DLS00, [DLS03| [DLS06a, [DLS06b] the scattering map was computed perturbatively
in several models.

The goal of this section is to present a geometrically natural set up for a perturbative calculation of
the scattering map which will be carried out in next section. As we will see, the final results in Theorem
and Theorem are a generalization and simplification of several results that go under the name
of Melnikov theory.

There are two basic ingredients in our calculations that will be developed along this section. First, the
theory of normally hyperbolic invariant manifolds shows that the scattering map depends smoothly on
parameters. Second, a family of (exact) symplectic mappings o, is conveniently described by observing
that %05 is a Hamiltonian vector field which, of course, is determined by just a Hamiltonian function.

Along this section we discuss the theory of persistence of normally hyperbolic invariant manifolds and
the deformation theory of symplectic mappings. This section does not contain proofs but refers to the
literature. The more experienced reader may want to skip them except to get familiar with our notation.
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5.4.1 Deformation theory

Deformation theory was introduced in singularity theory [TL7I] but soon was used in volume and sym-
plectic geometry [Mos65l [Wei79 Ban7g]. In [LMMS6, BLW96] we can find applications to dynamical
systems and normal form theory which are particularly close to our applications.

Let N, M be two connected manifolds. In some applications later, it could happen that N = M, but
in some other applications, N and M may have different dimensions.

When N, M are assumed to be symplectic (respectively exact symplectic) we will denote the sym-
plectic forms on N, M by wy,wns (respectively wy = day, wy = dayy).

Given a C" family of one to one mappings

f.:N—>M

that is, the map (z,¢) — fo(x) is a C" map in all its arguments for r > 1, we can define vector fields F.
by

d
digfe = fg [¢] fg (541)

Note that F. = (d—dsfs) o f=1is a vector field defined only on f.(N).

If f. is C", r > 1, we can determine a unique F. which is C"~!. Conversely, from the theory of
ODE’s, given fy € C" and F. € C", as above, we can find a unique f. € C" satisfying .

In what follows, we will assume that the regularity is high enough so that we can identify f. with the
pair (fo, Fe).

One should heuristically think of F. as an infinitesimal deformation.

We will refer to F. as the generator of the family f.. We will use the convention that, given a family
denoted by italic letters f., its generator will be denoted by the same letter in calligraphic capitals.

A perturbative calculation of the family f. will be for us, a prescription to compute F..
Remark 5.4. One could think that higher order perturbation theory provides with a way of computing
%}"g, j—;}}, etc. We note, however, that in the case that f.(IN) is an strict submanifold of M of positive
codimension it could well happen that f.(N) N fz(N) = () when € # £. Hence, the vector fields F. have
disjoint domains. Of course, one can make a geometrically natural definition of these higher derivatives,
but it is not quite straightforward.

A Proposition which will be very useful for us is the following

Proposition 5.5. If f. : N — M and g. : M — V are one to one mappings and F. and G. are their
generators, we have:

1. If we define h. = g- o f-, its generator H. is given by

He = Ge + (9e)+Fe (5.42)
where (ge )« is the push-forward:
(ge)«Fe = Dge 0 g Foo gt = (Dg. Fo) o gz . (5.43)
2 Ifg.of. = 1d then
Ge +(9:):Fe =0 (5.44)

The proof of the first item of Proposition [5.5]is a simple computation. The second item is a conse-
quence of and allows us to compute the generator of the inverses of a family of maps.

It will be important for us to recall that the definition of the push-forward of vector fields does
not require that g. is a diffeomorphism, but only one to one on f.(N).

Note that H. is defined on h.(N) = g.(f-(N)) C g-(M) so, it could well happen that G, is defined
in a larger set than H..

Note that if f. is a smooth family of exact symplectic maps so is dP/<. The primitive function P/
is defined uniquely up to additive constants. We will assume that these constants are chosen in such a
way that Pf< is also smooth.

To study the relations with geometry, we are interested in studying conditions on F. that guarantee
that f. remains symplectic (resp. exact symplectic) when fj is.

Proposition 5.6. Let f. : N — M be a smooth family of one to one maps between symplectic manifolds.
We have:
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1. If fo is symplectic, the necessary and sufficient condition for f. to be symplectic is:
di]:st S Kerfs* (545)

where we recall that ix. wy = war(Fe,-).

2. If fo is exact symplectic, the necessary and sufficient condition for f. to be exact symplectic is that
there exists a family of functions ¢, : N — M such that:

filir.wm) = dy. (5.46)

3. In the case that f. are diffeomorphisms, we have:
(a) If fo is symplectic, f. is symplectic if and only if

dig.wy =0 (5.47)

(b) If fo is exact symplectic, f. is exact symplectic if and only if there exists a family of functions
F.: M — R such that:
i;st = dFe (548)

Proof.
If fo is symplectic, f. is symplectic if and only if % ffway = 0. Using Cartan’s magic formula, we
rewrite

d . .
%f:wM = f: [d’L]:EOJM + Z]:Ede]

= fZ[diF.wm]

Hence, f. remains symplectic if and only if f*[diF.was] = 0, which is condition (5.45). In the case that
e is a diffeomorphism, the necessary and sufficient condition for f. to verify (5.49)) is .

In the case that fy is exact symplectic, proceeding as before and recalling the definition of the
primitive of f. , we see that a necessary and sufficient condition for f. to be exact symplectic is
that

d d
d| —P ) = —fray = flir.dan + diF. o]
de de

That is d
filirwom] =d ngpff - fs*i]-'saM] = dipe
which is condition (5.46) with 1. = LP% — frir ay.
In the case that f. is a diffeomorphism, this is equivalent to (5.48]), if we take

Fe = (fo)s ((Zpk) —iF.M (5.49)

O
For exact symplectic deformations, we will refer to F; in as the Hamiltonian for f. (note,
however that is defined uniquely up to additive constants). We will also use the convention that the
Hamiltonian for a family is denoted by the same letter in capitals.
The formula simplifies enormously in the case that the two families are exact and admit
Hamiltonians.

Proposition 5.7. If f. : N = M and g. : M — V are exact symplectic diffeomorphisms generated by
their Hamiltonians F. : M — R and G, : V — R respectively, then we have:

1. If we define h. = g. o f., its Hamiltonian H. is given by

H.=G.+F.og ! (5.50)

2. If g. o f. = 1d then
G-+ F.og-'=0 (5.51)
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In the case of families of exact symplectic diffeomorphisms f., sometimes will be useful to work with
the primitive function of the family Pf<. The next Proposition gives us the effect of the deformation
on the primitive, and it is a direct consequence of ([5.49)).

Proposition 5.8. If f. : N — M is a smooth family of exact symplectic diffeomorphisms generated by
its Hamiltonian F. : M — R and P'= is its primitive, then we have the following formula:
d

£Pf5 = f:(ajvjfg +F)= f:(i]:EOAM + F,) (5.52)

5.4.2 Perturbation theory of normally hyperbolic invariant manifolds

The perturbation theory for normally hyperbolic invariant manifolds is a very classical subject [Sac65l
Fen72 [HPSTT, [Pes04, [Wig94]. In this section we will just summarize the properties of the parameteri-
zation method and obtain formulas for geometric objects, especially in the symplectic case.

The goal of this section is to present a convenient framework for the perturbation theory of invariant
manifolds.

We recall that the standard perturbation theory of normally hyperbolic invariant manifolds shows that
if fo has a normally hyperbolic invariant manifold A = ko(NV), where ko : N — A is a diffeomorphism,
then there is a C! open set of maps that also possess a normally hyperbolic invariant manifold A7.
Furthermore, these manifolds are C* close to the original one.

It follows from the above considerations, using the implicit function theorem, that given any map f
in a the C! neighborhood of fy, one can find a diffeomorphism &k : N — Af in such a way that

fok=kor (5.53)

where k=N —- M,r: N — N.

Remark 5.5. Note, however, that the solutions of (5.53) are far from unique. If k,r are solutions of
(5.53) and h : N — N is any diffeomorphism, we have

fo(koh)=(koh)o(h toroh)

so that

okl

=koh
:h7

Loroh

(5.54)

<

is also a solution of ([5.53)).

The idea is that k is a parameterization of the manifold A, r is the dynamics on the manifold in the
chosen coordinates, and h represents the possibility of changing coordinates in the reference manifold
N.

It is a classical result that the manifolds themselves are unique. Hence, all the solutions of (5.53)) can
be obtained from a solution (k,r) by applying (5.54) with a conveniently chosen h.

Remark 5.6. The study of equation provides with an alternative way of establishing the persistence,
regularity etc. properties of invariant manifolds.

It is possible to show existence, regularity etc. of normally hyperbolic invariant manifoldsby studying
the functional analysis properties of . This method has several desirable properties. For example,
it can be used to validate numerical calculations and it leads to efficient algorithms. See [HLOG].

For the purposes of this chapter, it is enough to point out that the classical persistence theory of
normally hyperbolic invariant manifoldss implies the existence of solutions of . Moreover, the use
of is very convenient since it is a geometrically natural equation. Hence, it will be very easy to use
it to study geometric properties. Also, the geometric naturalness will allow us to compute derivatives in
a very efficient manner.

One can study stable and unstable invariant manifolds by studying the equation
fok¥" =k>" ot (5.55)
where k%% : E5% — M and E®" is a bundle over N, r®% : %% — E%% is a bundle map and
k>4(€,0) = k(&)

(€, 0) = r(6)
Dok (€,0)EL" = B3
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where B2, E¥ are the stable and unstable spaces at the point x = k(£) in the usual sense of the theory
of normally hyperbolic invariant manifolds, see Definition [5.1]
The following is a reformulation of the classical results in the above language (see [Fen72 [HPSTT]).

Theorem 5.9. Let f. : M — M be a C" family of diffeomorphisms, r > 2. Assume that A C M
is a normally hyperbolic invariant manifold for fy with rates A, p as in Definition [5.1, Then for any

¢ < min(r, ‘llggil) there exists an g > 0 such that for || < ¢ there exist C*=' families k.,r. satisfying

(5.53), and C*~1 families k3%, r%% defined on the unit ball bundle, satisfying (5.55).
Moreover, there is an open set U D ko(N) = A in such a way that the set Ac = ke(N) is a normally
hyperbolic invariant manifold and verifies

Ac=k(N)= () f1U)NU

neE”Z

The parameterizations k., r. provided by Theorem are non unique. We now proceed to fix a
suitable ones.

If f., ke, r. satisfy , taking derivatives with respect to e we obtain that their generators (see
Proposition verify on k.(N) = A,

]:s + (fs)*’cs = ICE + (ks)*Rs (556)
where

R. : N—TN
F. + M—>TM
Ke @ ko(N)=A.—TM

If 2 € A, by Definition we have that
T, M = E}* @ EP @ T,A. (5.57)
If we define the projections II2¢, IT%¢, II$* associated to , we will call
Fe(a) = 3o Fe(z), K2 (x) = M5 Ke(2)

for « = s,u,c.
Due to the fact that (5.57) is invariant under f. we have that

%o (fE)* = (fs)* o IT™<.

Writing (5.56) as
]:e = K:e - (fa)*’ce + (ks)*Rs P

and taking projections over the splitting ((5.57) we obtain that
O F, = MK — TN (fe) o + TT™® (ke )R
for o = s,u,c. Since (k:).R. is tangent to the invariant manifold A., (5.56]) is equivalent to

Fo =K = (f)K2
Fr = K= ()KL (5.58)
Fo=KZ— (fa)*’cg + (ka)*Rs-

We know that k., 7. are not unique. A particularly useful choice of them is the following.

Theorem 5.10. There exist unique k., r- such that
Ki=0. (5.59)

Proof. If we fix (5.59)), then the solution of the third equation in (5.58) is clearly F¢ = (k.).R.. The K2,
KY are determined uniquely by (5.58)) because, by the definition of the invariant bundles, a sufficiently
large power of f., is a contraction on E? and a sufficiently large power of f,! is a contraction on E¥. [
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One can think that the deformation thus selected is the most economical one since K., the change of
the embedding, moves only on the stable and unstable directions. As we will see in Section when
we discuss symplectic properties, the normalization is also natural from the symplectic point of
view and leads to interesting symplectic consequences.

Remark 5.7. The equation (5.56|) can be used as the basis of a formal perturbation expansion that can
be carried out to high orders in e.

If we assume that f., F. can be expanded in powers of €, we obtain after equating terms of order n
ine

(f0)«K™" = K" = F™ + (ko)«R™ + A, ( ) (5.60)

where A4,, is a polynomial expression involving /Cy,--- , K1, Ry, -+ ,R,,_1 and their derivatives up to
an order not bigger than n — 1.

Since A = ko(N) is a normally hyperbolic invariant manifold, we know that f verifies , and then
equation admits C? solutions provided that the right hand side is a C° function.

Indeed, the theory of cohomology equations over hyperbolic systems shows that the solutions are C*
when the right hand side is C*® and s < ¢ — 1.

Hence, it follows that the perturbation theory can be carried out up to the order ¢ — 1 which
appears as a limit of the regularity of the manifold in Theorem

An interesting particular case is when the motion given by fy is integrable when restricted to the
invariant manifold A = ko(N). This situation occurs in the problems considered in [DLS00, [DLS03|
DLS06al, DLS06DL [GLO6]. In such a case, the dynamics by fo on A has a simple expression and one can
carry out the perturbation theory to all orders less or equal than 7 in €. In those papers, one can find
detailed perturbative formulas to order m < r with error estimates. However, there are examples that
show that, even if the family f. is analytic, the manifold A, is not C* in € and much less analytic.

5.4.3 Symplectic properties of normally hyperbolic invariant manifolds

In this section we study the effect of symplectic properties of f. on the manifold A.. Since the deformation
method deals very well with geometric properties [Ban78), [LM8T7, [BLW96], we will obtain very simple
formulas.

The main result of this section is:

Theorem 5.11. In the same conditions of Theorem[5.9, assume furthermore that

A) M is endowed with a symplectic form w (resp. w = da is an exact symplectic form) and w|p is a
symplectic form.

B) (f.)uw = w (resp. (f)oa = a+dPY),
Let k., r. be as in Theorem that is, K. satisfies (5.59). Then:
1) kfw=wy is a symplectic form (resp. exact symplectic form) in N. It is independent of €.

2) The vector field R, is Hamiltonian (resp. exact Hamiltonian) with respect to wy. Moreover, its
local Hamiltonian (resp. global Hamiltonian) is

R.=F.ok, (5.61)
where Fy is a local Hamiltonian for fe (resp. a global Hamiltonian).

Formula (5.61) can be considered as a perturbative calculation of the map 7. since it allows us
to compute the Hamiltonian of Ry = %ﬂg:o ory 1 the derivative of the map r., once we know the

unperturbed manifold and Fy = Cg—;| =00 f§ L

Remark 5.8. Note that the choice of the identification k. in such a way that it is symplectic from N to
A. endowed with the restrictions of the global symplectic forms is a generalization of the constructions
in Section 8.1 of [DLS06b]. There, as A = N and kg was simply the trivial inclusion, the system of
coordinates on A, was chosen in such a way that kXw|s. took the standard form, which in the case
considered was just w|y.
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Proof
If wis a 2-form on M invariant under f., for every u,v € T, M and n € Z we have

w(@)(u,v) = w(fE (@) (DfE(@)u, DfE(x)v) (5.62)

Applying repeatedly (5.62)) and taking into account the different rates of growth in Deﬁnition we
have that
w(z)(u,v) =0

in the following cases
u € ES® =T, A, v e ES™® (or vice versa)
ue E ve ES*
ue Eb ve EYE
So that, with respect to the decomposition
T.M = E;* @ Ey® @ Eg©

The symplectic form w(z) is represented by a matrix

0 |w™]| O
( —w | 0 0 ) (5.63)
0 0 w|Ec

Since dw = 0 (resp. w = da) and A, is an invariant manifold for f. we obtain that da_w|s. = 0 where
dy. denotes the exterior differential in A (resp. we have w|x, = da_alp.).

Because of the openness of non-degeneracy and using that wys is a symplectic form, as well as the
stability properties of normally hyperbolic invariant manifolds, we obtain that the perturbed normally
hyperbolic invariant manifolds A. are symplectic.

Hence, we can define a symplectic form w. x on N by

we, N = kZ(w[a,) (5.64)

Note that w. n depends on k., which is not uniquely determined. Nevertheless, we will not include
the k. in the notation unless it can lead to confusion. In Lemma we will show that if k. is chosen
to satisfy , we, N is constant. This reinforces the notion that is a very natural normalization
to avoid the non-uniqueness in .

A consequence of ([5.53) is that
(feoke)'w=(keor:)'w .
Therefore

k ek kpk
EXffw=rlkiw

using that f'w = w and the definition of w, n, we obtain
We, N = TiWe, N (5.65)

In other words, r. is a symplectic map with respect to the form we y.
If w is exact and f is exact we have

E:ffo =k (a+ dPfe) = kXa + dy (kI PT)

*

Hence, as kI ffa = rik}a, denoting o y = kl o,
T:aa,N =g, N+ dN(kJ;deﬁp (5.66)

so that 77 is also exact symplectic.
The proof of R, = F; o k. is only a computation:

* %/ .
d(FE o ks) = kEdFE = ks(zfewlf\g)
= Kk (Z]—"gwlAE +iFawiA, T ’L]::OJME)
= ki(irewn,) = ik Fekiwn, = ir.we N

The only thing remaining to obtain Theorem is the following:
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Lemma 5.12. With the notations above, if we choose k. satisfying (5.59)) as in Theorem we have
that we n 1s independent of €, that is
We, N = Wo,N

Proof. We compute d%wa ~ using Cartan’s “magic” formula

d d .

dfw&N = Ekew
= k: (i;csdw + di;gsw)
= k:di)csw

= de:i;CEOJ

Now, we claim that
k‘:ijcsw =0.

We have that, by definition, the 1-form k}ix_ w acting on a vector v € T, N is defined by
(kZik.w(x))v = (ix w(ke(r))(dke (2)v) = w(ke(2))(Ke (ke (2)), dhe (2)0)
Now, we observe that, by
Ke o (ke(z)) € E}_(2) © Ej_(2)

whereas

By (5.63) we obtain the desired result. O

5.5 Perturbative formulas for the scattering map

In this section we are going to study a C” family of symplectic diffeomorphisms f. : M — M, where fy
has a normally hyperbolic invariant manifold A such that w, is non-degenerate and has also a homoclinic
channel T' verifying Definition so that, there exists a scattering map o9 = o' : H- — H7T as in
(5.10)).

Then, if € is small enough, the theory of normally hyperbolic invariant manifolds (see Theorem [5.9))
and the persistence of condition , ensures that there exist a normally hyperbolic invariant
manifold A. and a homoclinic channel I'. and then it is possible to consider the scattering map o. :=
ol : H- — HZ defined in some domain HZ C A, close to H~.

Remark 5.9. Note that, from Definition [5.2] smoothness and smoothness with respect to parameters of
the scattering map follow using the implicit function theorem from the corresponding properties for the
homoclinic channel T'.

A situation that has been considered very often in the literature is a family of maps indexed by e
such that for € = 0 the stable and unstable manifolds of A coincide.

In such a case, it is natural to consider some first order perturbation theory about the breaking of
the connection. Using an adapted Melnikov method, in [DLS06a] it is shown that, under appropriate
conditions, for 0 < |¢| < 1, one can find transversal intersections along a manifold I'.. Furthermore, it
is possible to show that the manifold I'. extends smoothly in € across € = 0. In this case, it also follows
that the scattering map extends also smoothly across € = 0.

Of course, the limiting manifold I'y is not a transversal intersection. Nevertheless, it follows from the
theory in the above reference that the projections Qis depend smoothly on parameters and that they
extend to QL.

In particular, we note that, when Qi‘) is invertible in an open domain—this follows from the implicit
function theorem under non-degeneracy conditions—then the scattering map has a domain which can
be chosen uniform in €.

By Theorem the scattering map o. defined in is symplectic, so it is very natural to develop
formulas for the Hamiltonian that generates its deformation d%ag.

Unfortunately, in doing so, we are faced with the annoyance that the domain of o, is contained in
A.. Since A. is a submanifold of positive codimension, it could happen that A. is disjoint from A., when
€ # &', hence there is no common domain for all o., so that the %0’5 is not easy to interpret.
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Fortunately, the cure of this annoyance is rather easy. We have shown in Theorem and Theo-
rem that there is a unique symplectic parameterization k. between the reference manifold N and
the normally hyperbolic invariant manifold A.. So, we consider

se=ktoo.ok.: (k)" (H7)C N — (ko) "(HF)C N

Hence, our goal in this section is to give formulas for the Hamiltonian function S, which generates
the deformation §. of the scattering map s..

The main result of this section is Theorem which contains formula which expresses the
Hamiltonian S, of the deformation of the scattering map s. in terms of the orbit appearing in the
connection, and the Hamiltonian F. of the change of the map f.. We note that the formula and the
calculation leading to it are coordinate independent.

In Section we derive formula which expresses the primitive P*®s of the deformation of the
scattering map s. in terms of the primitive P’ of the change of the map in the case that f. is exact
symplectic.

An analogous result to Theorem for the case of Hamiltonian flows is provided in Theorem [5.14]

The proofs of theorem and Theorem are given respectively in sections and and some
heuristic considerations relating the proofs of theorems and are given in section

Remark 5.10. From the point of view of applications it is very natural to study the Hamiltonian S.. In
[DLS00, [DLS03, [DLS064a, DLS06b] the mechanism of diffusion involved comparing the inner dynamics
of the map 7. = k- ! o f. o k. with the outer dynamics of the scattering map s.. Roughly, one could get
diffusion provided that the inner dynamics and the scattering map were transversal. This comparison
can be achieved in any system of coordinates provided that we choose the same coordinates for both
maps.

In Theorem we computed the Hamiltonian R. for r. so that, the combination of formula
for R. and formula for S. will provide the desired comparison. In the above papers one can find
calculations up to first order in € which agree with the ones presented here. See Section for a detailed
comparison in the case of geodesic flows.

The main result of this section is

Theorem 5.13. Let fo : M — M be a C" family of symplectic diffeomorphisms where fy has a normally
hyperbolic invariant_manifold A such that w|s is non-degenerate and also has a homoclinic channel T
verifying Definition s0 that there exists a scattering map o9 =o' : H- — H™' as in .
Assume also that the parameterization k. of the perturbed normally hyperbolic invariant manifold A,
verifies , and denote s. = k=! o 0. o k., where 0. is the perturbed scattering map associated to the
perturbed homoclinic channel T.. Then, denoting TN = fN(T'.), the Hamiltonian for s. is given by

N_—-1
Se= Jm 3 Foflo (@) oo ok~ Foofi oo ok
=0
Nt
+> Foofio(@) ok, — F.oflok.
j=1
N o1 (5.67)
= 3 oo @) okeost < Reokor o
iz

Ny
+ZFEOij o(Qls) ok, — F.ok.or!
j=1

In the case that our family of maps f. correspond to the time T flow of a Hamiltonian vector field
H. of Hamiltonian H. we can adapt the previous result to obtain a formula for the Hamiltonian S, of
the scattering map s. = s'"*<, that was shown in ([5.15) that is independent of T'.

Concretely, we have the following

Theorem 5.14. Let &, .(z) be the flow of a Hamiltonian vector field of Hamiltonian H.(x) and consider
the family given by the time T map of this flow, that is, f-(x) = ®r.(x). Assume that this map has a
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normally hyperbolic invariant manifold A. and that its parameterization verifies ((5.59). Denoting by Se
the Hamiltonian generating the deformation of sc, it is given by

0
. dH, _ _
S = Tilinoo T d{; © (I)“’E °© (Qgi) Yo (Ge) o ke
H
- dd; o®, . o(c.) ok (5.68)
T+ aH. o dH.
+ /0 e o®, .o (Qei) Yoke — de 0®y 0 ke

Remark 5.11. We call attention to the similarities between the formulas and and the
formulas and . In Appendix we remark the analogy with the perturbative formulas
for the scattering matrix in quantum mechanics. Some heuristic reason explaining these similarities is
discussed in Section [5.5.41

It is important to note that the sums and the integrals in and converge uniformly
together with several of their derivatives. The argument, which is given in Theorem [5.8] is the same as
in the discussion of Theorem [(.6l

Formula is closely related to the following formula, which is true for any N_, Ny € i

N —N
_ _ r.+ ol T \—
SE:kalofE N+095+ of6N++N Q.2 ) 1of

N-ok, (5.69)
The formula (5.69)) is a direct consequence of the formula (5.31)).
Formulas (5.67) and (5.68) are analogous to formula (5.90) in quantum mechanics in the appendix.

5.5.1 Proof of Theorem [5.13

The proof will be based on studying , computing the Hamiltonian of its deformation and taking
limits when Ny — oo.

One minor annoyance is that it is hard to adjust the domains because the wave operators QL% are
defined in I'; and then, their domains depend on e.

As it turns out, it is possible to introduce identification maps for all the I'?" with I'fj, so that the
calculation can be referred to the I'j’s. Even if this technology could be interesting on its own right, we
have followed another technically simpler route.

We will perform an extension of Q;{ to open sets of the manifold M independent of . This will
allow us to consider the maps in as defined in open sets of the whole manifold M and not only
in I'?. Then, applying Proposition we will obtain a formula for finite V.. When we take limits as
N1 — 0o, we will obtain the desired formula . In particular, the terms corresponding to the wave

operators QEZ{ will disappear in the limit as Ny — oo.

We start the proof by establishing a technical extension result that we will use to extend ngt

Recall that, by the A-lemma, the manifolds T'? are getting C*~! close to A. when n — 4oco. The
dependence on parameters is also C*~1.

Given a submanifold N, let p > 0 be small enough such that its exponential mapping is a local
diffeomorphism in a neighborhood in any ball of radius p centered at any z € NN.

We denote N, = {y € M | dist(y, N) < p}.

Proposition 5.9. Let (M,w) be a symplectic manifold. Let N, T C M be symplectic submanifolds.
Assume that:

a) there exist C" families of maps h : N — 'L such that ||hZ||cr(ny < 0. (The C"-norm is understood
in all the variables including €.)

b) hZ are symplectic from N to T'.

c) 10:h2ller—1(ny — 0, when n — oo (as n — —oc0)
Then, it is possible to find ﬁ? : Np — M such that:
i) |y =ho

i6) 12l or s,y < 20
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iii) ||65ﬁ?||m,1(1\7p) — 0, when n — oo (orn — —o0)

iv) ﬁ? are symplectic
Proof. Given p > 0 small enough, as T, M = T, N & E} (where we use B = E$ @ EY), we have that
given p € N, there exist + € N and v € E such that exp,(v) = p. We can extend the families of
diffeomorphisms h? to some families h? satisfying i), ii), iii) using e.g., the identifications given by the
exponential mapping and the Levi-Civita connection

hZ(exp,(v)) = exppa () (0)

where ¢ denotes the transportation of v along the shortest geodesic connecting z to h(z).
Of course, the resulting mapping will not be symplectic. Nevertheless we note that

||(B?)*W - W||c£—2(]\7p) =0(p)

Now, we can apply the global Darboux theorem with dependence on parameters [BLW96] to find
families of diffeomorphisms g!' such that

(92« (hE)uw = w
The desired diffeomorphism is ﬁg =glo ﬁ? O

Denoting A, = (Qg{)_l o k. we know, by Lemma m Theorem and the A- lemma applied to
the normally hyperbolic invariant manifold Ac, that the diffeomorphisms A7 , verify the hypotheses of

Proposition 5.9 Therefore, we obtain extensions A, and (h",.)~' of their inverses.

Using this notation and (5.54)), formula (5.69)) reads:

Ny —N_
se = ro o (k) oy o SO )T ok o

= N o () o N o N
As the extensions of hévf coincide with the original functions in their domain of definition N, we

have that the formula for the scattering map does not change if we use the extensions ilévf So we have

the diffeomorphism s, : N — N defined by
se =N o (Rl ) o SN0 b 0N (5.70)

Applying repeatedly Proposition to formula , we obtain that the Hamiltonian of s. is
S. == (Reor +.-+Roor.)
- H EA_I: o }Alé\f:— o rlV+
(Pt Foo f7h oo Foo fr MmNt ) ol o ps
—|—H;N* o foN-"N+ oleivj orl+
- (RE orM-4...+R. or5> o (lALE__N_)*l o frN-"N+ o izg;’ orlV+
As the parameterization for the invariant manifold verifies normalization , we know that the
Hamiltonian of the restricted map r. is given in formula by R. = F. o k.. Since S; is defined in

N, we have that A, = b, = (ngnt)*1 ok, and using also formula (5.9)) for the wave operators Q;{ and
(5.54)), we can easily obtain that

R.orl! =F.ok.orl =F.o0 fl'ok.

N N N

hef orle = () Mok or = (@) Mo flr o ke
= fN+o (Qgi)—l o k.

foN- TN o orle = foN-mNe o fNe o (QL5) o ke
=fNo(Ql5) ok

FoN_\—1 _ p-N_-Ny 3N+ Ni _ -1_olc"~  ,—N_ r.\-1

(h€7 ) ofa Oh’e+ OT& - Ve 0957 Ofs © (Qe+) Ok&
= (k) to foN 0z 0 (25) o ke

= (]gs)_lofs_N* ocj‘g_lokE
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And we obtain the following formula, for any N

Ny
S. = ZFsofgo(Qgi)_lok:E—Fgofgokg
j=1
N_—-1
+ Y Fofiio(@) oot ok —Foofioos ok
j=0
— HY o fNo (@) ok

+ HN- of;N* o (ng_)fl ok,

e—

Now we observe that, by property (iii) in Proposition the Hamiltonians H, EiiNi, corresponding to

~ N+
the projections hévf, which are the extensions of hivf = (ngt )~1 o k. converge to zero in the sense of

families. Then, taking the limit when N1 — oo we obtain the desired formula (5.67]).
The second expression for the Hamiltonian in formula (5.67)) is a simple consequence of the fact that
0c:0 k. = k. os. and that fo ok, = k. or..

5.5.2 The primitive function of the scattering map s.

In Theorems [5.6] and we have obtained formulas for the primitive P? of a scattering map ¢ on a
normally hyperbolic invariant manifold for a exact symplectic map f. On the other hand, in applica-
tions, it is useful to deal with families of maps (or flows) and invariant manifolds. As we have already
mentioned in Section to deal with functions defined in families of mappings, it is natural to use a
parameterization to reduce the family of maps to maps defined on a reference manifold. Moreover, the
applications to diffusion in [DLS064a] rely on the interplay between the scattering map and the dynamics
restricted to the manifold.

Therefore, the goal of this section is to obtain expressions for the primitive function of the map s,
which is the expression of the scattering map in the reference manifold.

The primitive function of the inner map r. is very easy from the properties of restriction. Recall
that, since kXap, = an (see Theorem , we have that P*s = 0. Therefore, using the formula
for the primitive of compositions, we have:

Pe = pfeo k.. (5.71)

Proceeding as in Theorem and Theorem we obtain the primitive for s., using (5.70) instead of
(5.31). This gives, in the case of families of maps f:

Ni—1
P% = lim Pffofgo(ng_)flossoks—Pffofgossoks
Ni—oo =0
N (5.72)
+ prs o fgj o (ng)71 ok, — p/fe ofgj ok,
j=1
and in the case of a family of flows ®, .:
0
P% = lim (oM. + H)o®y . 0(Q") Lok,
Ty—oo J_p
—(aHe+H:)oPi 0k
( £ 5) t,e £ (573)

Ty
+/ (oz’HE+H5)o®t7so(ﬂgj_)flossok5
0
—(aHe +H.)o®y05:0k:

There are two ways to obtain the derivative of the primitive P®s with respect to e. We can differentiate
this formula with respect to € or we can apply Proposition to s. to obtain the derivative of
its primitive in terms of its Hamiltonian S. given in Theorem [5.14] Of course, both formulas give the
same result. In general, when we compute the derivative of a sum (or an integral) there are two terms.
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One due to the change of the function being integrated and another due to the change of the orbit of
intersection. The variational Hamilton principle (see Section[5.3.4]) tell us that this second term vanishes.
So that, for instance, in the case of flows, one obtains:

d s : 0 d r'y—1
<d€P >8—0 B Tilgm T %(QHE + He)je=o © ®r0 0 (02) 0 ko

d
- *(O/Ha + Ha)\s:O o (bt,O o ko

de (5.74)

Ty g
+/ dT,_:(OCHE+HE)|6:00(I)15,00(Q£)_1OSOOkO
0

d
- %(QIHE + HE)\E:O © q)t,O 0 S50 ©° kO

5.5.3 The case of flows: proof of Theorem [5.14

In this section we adapt formula (5.67)) for the case of flows. First, we need to know the Hamiltonian F.
of the deformation in the case that our family f. corresponds to the time 7" flow of a Hamiltonian vector
field H. of Hamiltonian H.. Concretely, we have the following

Proposition 5.10. Let ®;.(z) be the flow of a Hamiltonian vector field of Hamiltonian H.(x) and
consider the family given by the time T map of this flow, that is, fe(x) = ®r(z). Then, the Hamiltonian
Fr . of its deformation is given by

T d
FT,S = / Hs o q)sz,st (575)
o de

Proof. We start from the consideration that the flow ®; . verifies the corresponding differential equation

d
%(I)t,a = Hco (I)t,a
‘I)O,a = Id.

We will assume that the flow is differentiable enough with respect to the point and with respect to
parameters.

Moreover, we have formulas for the derivatives. We denote by - the derivative with respect to ¢ and
D the derivative with respect to x. So, we have the variational equations:

d . . .

&q)t,a = (DHE o (I)t,s)q)t,e + Hs o (I)t,e
d
%D(I)t,a = (DHE o (I)t,E)DCI)t,S

The proof of is based on thinking on D®, . as a set of fundamental solutions of the homogeneous
equation associated to the first non-homogeneous equation.

Therefore, we can use the formula of “variation of parameters” obtaining the solution @twg, using that
®p. = 0 and that (D®; )" =D®_, .0, .:

t
b= [(DBvco @0 ®acds
0

t
(I)t7€ = </ (‘bts,a)*HadS) o (bt,s
0

So that the deformation vector field for @ . is

Or, what is the same

t
/ (q)t—s,s)*,}'.lsds
0
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In the Hamiltonian case, to compute the Hamiltonian we just compute the contraction with the
symplectic form w. Using the linearity of the contraction and that iy w = dH., we have

t t
U (@) HedsW = /0z(q)tiw)ﬂ_zgwds:/o(@tfs,s)*zqglswds

t t
/ (®s_o)udHods = d / (s c)wHods
0

0
t
d/ H.o®, ,.ds
0

O

Once we know the Hamiltonian of the deformation of the time 7" map of a flow f. = &7 ., we
can consider the corresponding scattering map o. = o°<, that was shown in Section that is

independent of T. We compute the Hamiltonian S, of its deformation simply by “translating” formula
(5.67) for this case and using the following facts

T iT
dH, J dH,
Freo®jr. = / Eo@szso‘I’jTedSZ/ = 0Py du
) k) 0 dE ) k) (J_l)T de k)
T —3T
dH, J dH,
Freo®_jr. = / = o Qs_1e0P_jrods = / = o Py, cdu
o de —G+nr de
dH.
Z Freo®_jr. = / 2= ° Dy cds
=0 -TN_ a&
N+ TNt dH
ZFT,E o®ir. = / y S0 ®, .ds
j=1 0 c

With these expressions one easily obtains formula (5.68)).

5.5.4 Heuristic considerations about the proof of Theorems and

We think that it is quite remarkable that the formulas derived in Theorems and are so similar.
Indeed, it is even much more remarkable that very similar formulas appear in other contexts. Notably,
these formulas are very similar to the geometric formulas for the convergent Melnikov functions [Rob88|
Tre94l, [EN94, [DRI7, [LMS03, [DGOQ], and for the other quantities appearing in variational calculus,
[Mat95]. In Appendix we also note the similarities between these formulas and the perturbative
calculations of Scattering matrices in quantum mechanical scattering theory.

In the following, we present some heuristic argument — still not a proof — that argues that, all the
geometrically natural formulas are determined uniquely up to constant factors. This would imply that
the geometric theories and the variational methods have to agree at least in the perturbative cases.

The scattering map can be considered approximately as the junction of three long trajectories: one
going backwards N_ units of time along the manifold A., a second one going forward N_ + N, units
of time along the homoclinic trajectory in I'. and a third orbit going backwards Ny units of time along
the manifold A..

The following heuristic argument (not a complete proof) will perhaps make reasonable why one can

expect formulas such as (5.67)) or (5.28]).

We make the following observations:

1. By definition, the first order term in perturbation theory has to be linear in the first order term of
the perturbing transformation.

2. The first order perturbative term has to depend only on the values of the perturbation on the
unperturbed obit.

3. From the previous two items, it is reasonable to conclude that the Hamiltonian Sy is expressed as
a linear combination of the Fjy evaluated at the points of the unperturbed orbit.
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4. By the invariance of the origin of time, we note that the coefficients have to be independent of the
index in the homoclinic orbit, and in the forward and backwards orbits.

5. If the coefficients on the forward and backward orbits do not agree up to a sign we do not obtain
a convergent suim.

The above heuristic considerations determine the formula up to a constant multiple.

Of course, these arguments, even if we hope illuminating, are not a complete proof.

For example, there are other linear functionals on fj(z) besides )~ fj(z)w; (e.g. functionals “at
infinity” such limits, asymptotic averages).

In item 5, we assume that there is indeed a well defined formula.

Perhaps the above argument can be completed into a complete proof.

We point that the above considerations apply not only to the proof of Theorem [5.13]and Theorem 5.6

5.6 Example: Scattering maps in geodesic flows

In this section we will describe in greater detail the scattering map of a quasi-periodically perturbed
geodesic flow considered in [DLS00) [DLS06b].

For this particular example, we will show the existence of a homoclinic channel (see Definition
that will allow us to define its associated scattering map. In the unperturbed situation we will see that
the scattering map of the geodesic flow can be globalized to the whole manifold A. Nevertheless, in the
perturbed case this globalization leads to monodromies so that the scattering map is not well defined in
the whole A..

We deal with a n-dimensional manifold M, and we will consider a C" metric g on it (r sufficiently
large).

We recall that a geodesic “A” is a curve “A\” : R — M, parameterized by arc length which is a critical
point for the length between any two points. It is also possible to consider a dynamical system given by
the geodesic flow in S; M, the unit tangent bundle of M. We denote the parameterized curve in Sq M
corresponding to the geodesic “\” as A(t), and we denote by A= Range(\) C S1 M.

We will assume that the metric g verifies:

H1 There exists a closed geodesic “A” such that its corresponding periodic orbit A under the geodesic
flow is hyperbolic.

W

H2 There exists another geodesic “y” such that 4 is a transversal homoclinic orbit to A.

That is, 4 is contained in the intersection of the stable and unstable manifolds of [\, W/:i, W;{, in
the unit tangent bundle. Moreover, we assume that the intersection of the stable and unstable
manifolds of A is transversal along 4. That is

Tv(t)W/{ + T"/(t)WK = Tw(t)SlM, teR. (576)

Hypotheses H1, H2 are verified in great generality. We refer to [DLS06bL Sec. 2] for a discussion of
the abundance. After the publication of [DLS06b], the paper [Conl(] established that H1, H2 hold for
generic metrics on any manifold.

We will assume without loss of generality and just to avoid typographical clutter that the period of
A is 1. This, clearly, can be achieved by choosing the units of time.

We recall that the hyperbolicity of A implies that there exist C' > 0, By > 0 such that

dist (“A”(s + ax), “y7(s)) < Ce Pl as s — +oo0. (5.77)

Standard perturbation theory for periodic orbits of ordinary

differential equations (see e.g. [CL55]) shows that the asymptotic phase shift A := a; — a_ exists
and is unique modulo an integer multiple of the period of “A”.

We recall that the geodesic flow is Hamiltonian in T*M and the Hamiltonian function is

1
Ho(p,q) = §gq(p,p),

where g, is the metric in T*M. We will denote by ®; this geodesic flow.
Since the energy Hj is preserved and g, is not degenerate, for each £ the energy level Y =
{(p,q) , Ho(p,q) = E} is a (2n — 1)-dimensional manifold invariant under the geodesic flow.



5.6. EXAMPLE: SCATTERING MAPS IN GEODESIC FLOWS 109

Given an arbitrary geodesic “\” : R — M we will denote

Ap(t) = (N (1), A (1)

the orbit such that Hyo(Ag(t)) = E, Range(“\”) = Range(A\%) and “N”(0) = A%(0). It is easy to check
that the above conditions determine uniquely the orbit of the geodesic flow in the cotangent bundle
corresponding to a geodesic “N\”’. We use A to denote the range of the orbit Ag(t).

It is very important to recall that a characteristic property of the geodesic flow is that the orbits
rescale with energy as

(0. X4(0) = (VEEN,, (VEEY) A8y (VEEY) ) (5.78)

Since Ay /5 has period 1 (with our conventions that the geodesic “A” is normalized to have length 1), Ap

has period 1/v2E.
The hypotheses H1, H2 of the geodesic flow when formulated in the Hamiltonian formalism for the
Hamiltonian H, translate into:

HY’ For any E > 0, there exists a periodic orbit Ag(t), as in (5.78), of the Hamiltonian Ho whose
range Ag is hyperbolic in the energy surface

g = {(p,q) € T"M, Ho(p,q) = E}. (5.79)

H2’ The stable and unstable manifolds WS " of AE are n-dimensional, and there exists a homoclinic
orbit vg(t). That is, the range of vg satlsﬁes

e < (Wi \Ag) 0 (We \Ag).

Moreover, this intersection is transversal as intersection of invariant manifolds in the energy surface
Yg along yg.

As a consequence of the hyperbolicity of A, /2, we have that, analogously to (5.77), for some a+ € R,
there exist C' > 0 and an exponential rate By > 0, such that

dist (Aq/2(t + ax),71/2(t)) < Ce Pltlas t — +oo. (5.80)

We consider any fixed value Ey > 0, and introduce the manifold A = B> Eo Ap for all values of the
energy larger than Ey which is a 2-dimensional normally hyperbolic invariant manlfold with boundary,
diffeomorphic to [Ep, 00) x T!. Moreover, its stable and unstable manifolds, Wj and W}, are (n + 1)-
dimensional manifolds diffeomorphic to [Ep, 00) x T! x R"~1  intersecting transversally along ~y, defined
by:

U 42 c (Wi\A)n(Wi\A)
E>FEq
which is diffeomorphic to [Ep, c0) x R.
By inequality (5.80) and the rescaling properties ([5.78) we have:

dist (AE (t+ %) VB <t+ \;’%)) < OV2Ee PVIR st doo. (581)

Given a point © € 7, it can be written as x = vg(7) = g ( F) for some (p, E) € R x [Ey, 00]. Then,
by (5.81)) the corresponding x4 € A such that x € W7 N W} are given by

+a
x*_AE(w@i>’

so that the definition (5.4)) of the wave operators gives that Q4 (z . Indeed, one can easily see that
if we move z_ = Ap ‘Pj% ) around Ap up to Ap <¢+a +1) = then (Q-)"1(z_) moves from the

point x = *yE(F) to its image under the time one map vg/(

W\
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In order to make this monodromy more apparent, by using that Ag is 1/v2F periodic, if we take

. p+n
v (@) = ®,,55(®),

property (5.81)) gives

Qy(2™) =2} =24
so that the maps foy 1y — A are not global diffeomorphisms.
In order to study the monodromy of these maps, for any ¢t € R, we define

+t
It — {WE (f/ﬁ) ol <1/2, E> Eo}

which are homoclinic channels, that is
af 1t — HL =0 (1)

are global diffeomorphisms.

As Ag is 1/V2E periodic, the sets H. can be written as H, = A\ UEZEOAE(W#).

For any fixed ¢, we can construct the scattering map ot = QT (Qlj)*l, which assigns . = Ag(

to z- = Ap(¥2=), for (¢, E) € (~1/2,1/2) x [Ey, 00).

It is remarkable that the scattering map in this case is globally defined in the whole manifold ~
because the monodromy of (2_)~! is exactly canceled out by applying to it .

The monodromy of (2_)~1! is precisely an application of ®;, the time 1 map of the geodesic flow.
Since Q24 o ®; = QO we see that o has no monodromy and is globally well defined in A for the geodesic
flow.

Concretely, we observe that of = ¢ in H! N HY, and that U,cg HY. = A, so it is possible to define
globally the scattering map

ptttay )
V2E

c:A — A

"2} +a_ Y2} + a4 )
r_=A — xp=A
" ( V2E ) T ( V2E
We use now the notations of Section for the parameterizations of A and introduce the (sym-

plectic) system of coordinates (¢, J), J = V2F in the reference manifold N = [Ep,o0) x T, so that
x =k(p,J) = Arp(¢/V2E). The scattering map, when written in these coordinates, is given by:

st:N — N (5.82)
(. J) = (p+4,J)

where A = a4 — a_ is called the phase shift.

Remark 5.12. It is worth mentioning that the scattering map for the geodesic flow is a very degenerate
integrable non-twist map with the same phase shift for all the points. This is a consequence of the fact
that the energy Hj is preserved and the scaling properties (5.78)) which are a very particular feature of
the geodesic flow. See [CDMROG] for an example, in the planar restricted three body problem, of an
integrable scattering map which verifies the twist condition.

5.6.1 Perturbations of geodesic flows

In order to deal with the quasi-periodic perturbations of the geodesic flow of the form H.(p,q,t) =
Ho(p,q) +€*U(q, evt), for some vector v € R? considered in [DLS06b], we first study the product vector
field of the geodesic flow Hy(p,q) on T*M and the quasi-periodic flow 0 = ev in TY, defined in the
extended phase space T*M x T¢. In we have computed the formulas for the scattering map
associated to this geodesic flow, and, as we saw in Section the scattering map on A=AxT?is
given, in the extended reference manifold N =N xT¢, by

5N — N
(Lop,0) = (Jp+A0)
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If we want to make apparent the symplectic character of the scattering map, we add the extra actions A,
conjugated to the angles 6, obtaining the autonomous Hamiltonian Hy(p, ¢) +ev- A in the full symplectic
space T*M x R% x T?. We have a (2d + 2)-dimensional manifold A* = A x R? x T¢ whose projection
to the extended phase space T*M x T% is A. Using the extended symplectic coordinates (J, ¢, A, 8), the
reference manifold of A* is given by N* = N x R% x T?, and its parameterization is given by

kK*:N* — A¥
(J,(p,A,@) = (k(Jv(P)7A79) = (AE(SD/\/E)VA’H)

where E = J?/2.
Moreover, the scattering map in this full symplectic space is symplectic and it is given, in the reference
manifold N*, by:

s*:N* — N~
(Lo, A,0) = (Jp+AA0).

Before applying perturbation theory we fix some homoclinic channel T = T'" x R? x T¢ for some
fixed to € R, in the homoclinic manifold v* = v x R? x T<.

When we consider the perturbed Hamiltonian HZ(p,q,0, A) = Ho(p,q) + €2U(q,0) + v - A, stan-
dard perturbation theory with respect to the parameter 2 guarantees the transversal intersection of
Wis N WI’{; along a homoclinic channel T'}, e2-close to I'§, for a normally hyperbolic invariant mani-

fold A} C T*M x R? x T? and the local existence of a perturbed scattering map oZ. Nevertheless, all
the considerations about the global definition of the scattering map ¢* are only valid for the extended
geodesic flow Hf (p, q,0, A) = Ho(p,q) +cv- A. Indeed, the cancellations between the different perturbed

maps (QI:EE)*1 and QI;EE are not satisfied in general providing an obstruction to the global definition of

ol = o' and only guarantee the existence of o in a set H*_, 2-close to H*"™ = H" x R? x T?, of
relative measure 1 — &2 in AZ.
We will now compare the perturbative calculation of the scattering map which was already done in

IDLS00] and [DLS06b] and formula (5.68]).

Remark 5.13. In order to compare the perturbative formulas for the scattering map in [DLS06b] and the
ones obtained applying the method of section [5.5| we need to take into account the following fact. In the
example considered here, the perturbed Hamiltonian is given by H*(p, q,0, A) = Ho(p,q) + %V (q,0) +
ev - A, so, it depends on the parameter ¢ in two different ways. On one side, the term €2 in front of the
potential makes the perturbation small. On the other hand, the term ev - A makes the potential slow in
the angular variable 6. So, as it was proved in [DLS06D], the perturbation theory is done with respect
to the small parameter, which in this case is €2. So, when we apply formula we will replace the
parameter € by €2 in all the formulas.

In order to perform this comparison, we can choose the parameterization of the perturbed normally
hyperbolic invariant manifold A* verifying hypothesis (5.59). In the notation of [DLS06b], any point in
this manifold is given by

x: = (p’ Q7 A’ 9) = k:(J7 @7 B’ 9) = (‘F(J’ 907 97 82)7 A(J7 %0? B’ 97 82)7 9)

for some parameterizations F = Ap(p/V2E) + O(e?), A, that, under assumption (5.59), verifies
A(J, ¢, B,0,e%) = B.

In those papers, a perturbative formula for the difference of the actions A of the points z7% (¢) =
oX(x* () and x* (¢) were obtained. Concretely, if we call (Ji, ¢4, By, 01) to their coordinates in the
reference manifold N*, we have, first of all, applying standard first order perturbation theory that

pr = @+ax+O0()

Jr = J+0() (5.83)
By = B+0()

b = 0,

for some ¢ € R, J € R, B € R?, and § € T?, and where a+ were introduced in hypotheses H2’, in

formulas (5.77)) and (5.80)).



112 CHAPTER 5. GEOMETRIC PROPERTIES OF THE SCATTERING MAP

Now, denoting z*(¢) = (Qgi)*l(mj_(e)) = (Qg)’l(xi(e)) in the homoclinic channel I'}, standard

first order perturbation theory gives, by (5.81), that 2*(0) = vg(y¢/J). Using all these facts, Lemma
4.18 of [DLSO6b] gives

(E> 2 9) + O(C1 (54)’ (584)

with L(E, ¢, 0) is the Poincaré function given by

(5.85)

where the functions U (0) and U(q, ) are defined by:

1
U0 = [ Ulu0).00p. T(a6) = U(a6)=T00) (5.56)

Remark 5.14. In this perturbative formula we can see that, in general, L(E, ¢ + 1,6) is not equal to
L(E,,6). That is, when ¢ increases by 1, the scattering map changes. Note that changing ¢ by 1,
amounts to shifting the unperturbed homoclinic channel. Therefore, the cancellations on the monodromy
that happened in the geodesic flow, are destroyed by perturbations whose effect is different on the shifted
orbits.

Indeed, we are going to see that Hamiltonian Sy of formula (5.68]) corresponds to L. Concretely,
using that of o k§(J, ¢, B,0) = ki o s§(J,p,B,0) = ki o (J,¢o + A, B,0), with A = a; —a_, and
kS(Ja 90,Ba9) = (AE(CP/J)ﬂ B, 9)7 where E' = J2/2ﬂ and (Q(l;:ot)il OkS(J, », B, 9) = (FYE(((P*a:t)/J)v B, 9)3
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we have

O *
So(J.,B,6) = lim Uo®ug0 () o (05) "  oki(J, 0, B,0)
+—=0
— Uo®yugo(op) "t okg(Jp, B,6)
T4 .
+ Uo®,00 ()" o ki(J,, B,6)
0
— UoflJu’Ooka‘(J,go,B,G)
0
= lim Uo®,00(0°) oki(J,o—A,B,6)

Ty—oo J_p

— Uo®,p0ki(J,p—A,B,0)

[ «
+/ U o ®y00 (Q80)" o k3(J, ¢, B,0)
0

- UO(I)u,OOkS(J3<)07Bve)
0
= lim Uo®,p0(ve(l¢—ay)/J),B,0)

Ty—o0 J_p

— Uo®,o(Ar((¢—A)/J),B,0)

Ty
T / Uo®u00 (1e((p —as)/J), B,0)
0

— Uo®ugo(Ap(p/J),B,0)
Ty
= lim U(vg(u+ (9 —a4)/J),0 + evu)

Ty—oo J_p

- /_T U(AL (u+ (o — A)/J), 0 + evu)

_ /O T UL (u + (0 7)),0 + evu).

So that, we obtain:
SO(J,QO,B,G):—L(J,QO—(L+79) (587)

Observe that So(J, o+ a4, B,0) = —L(J, ¢,0). So that, taking into account that the perturbation of the
geodesic flow is of order €2, the first order perturbative term of the scattering map is

st(J, @, B,0) = s5(J, 0, B,0) + €255 (J, ¢, B,0) + O(e")
and, deformation theory gives that,
ST(J,SD7B79) = §0 OSS<J7@7Ba9) = §O(J590+A5359) = jVSO(JagoJ'_AaBaH)

where J is the symplectic matrix.
We denote the coordinates of z*, by (J,¢ + a_,B_,0) as in (5.83)) and we obtain that s7(J, ¢ +
a_,B,0)=JVSy(J,p+as,B,0) = —-TVL(J,¢,0), and then:

5:(J790+a—7B—79) = (J,<p+a+,B_,0) *52~7VL(J790’9) +O(54)

In particular, for the coordinates B we have

L
B, =B_ 752%(E,g0+a_,3_,9) +0(Y =B_ +622—9(J,g0,9) +0(e)

Finally, using that AL = By with the normalized parameterization, we obtain that this formula agrees
with provided in [DLS06D].

The calculations in those papers were done by very different methods using averaging theory which
relies on the fact that the energy is a slow variable. The method in [DLS00, [DLS06a)], also used in
[DLS03| [IDLS06D], allowed only to compute the energy component of the scattering map but it does not
allow us to compute the ¢ component since ¢ is not a slow variable. The method of this chapter, also
gives the ¢ component of the first order expansion of the scattering map.



114 CHAPTER 5. GEOMETRIC PROPERTIES OF THE SCATTERING MAP
R? = T?

>

s
il
i

Tllustration of the closed geodesics.

Figure 5.6



5.7. A COMPARISON WITH QUANTUM MECHANICAL SCATTERING THEORY 115

The applications in [DLS00, [DLS06bD] also involve comparing the scattering map with the effect on
the KAM tori. This calculation will not be undertaken here, since it involves asymptotic computation
of KAM tori and it involves extra cancellations (the leading term in the intersection is O(g%)). We
nevertheless note that the calculation of intersections simplifies when one uses the geometric properties
indicated above. We hope to come back to this application.

We finish the presentation of this example by noting that the primitive function P. = P%: of the
scattering map takes the form:

P. = Py+¢&*P, 4+ O(eh)

where the leading term P; can be controlled from equation (5.74)). It is worth noting that ﬁ (aHe)je=0 =
0, so that Pi(J,¢,0) = —L(J,¢ — ay,0) = So(J, ¢, B,0) as in the computations that lead to formula
(15.87)).

The expression L had played an important role in the variational calculation in [Mat95]. This is
related to the variational interpretation of the scattering map discussed in Section

5.7 An informal comparison with quantum mechanical scatter-
ing theory

Since quantum mechanical scattering theory has been part of the scientific culture for many decades, it is
perhaps useful for some readers, already familiar with quantum mechanical scattering theory, to develop
the analogy between this theory and the scattering theory for normally hyperbolic invariant manifolds
developed in this chapter.

Of course, readers whose background does not include quantum mechanical scattering theory are
urged to skip this section since our treatment will be extremely sketchy and informal.

There are two main versions of quantum scattering theory: time independent and time dependent.
We will consider only the time dependent version.

Standard references on quantum mechanical scattering theory are [GW64, New(2]. These references
emphasize more the time independent scattering theory. Books which emphasize more the time dependent
scattering theory are [RS79, [Thi81]. We should also mention the papers [Hun68, [NT81] [Gal82, [Thi83
Hub89, [FO97] which develop a classical scattering theory for a wide class systems of particles interacting
with repulsive potentials, which is somewhat different from our context, but many of the ideas from
one context apply in the other. We plan to come back to these issues. Some applications of scattering
methods to problems in dynamics appear in [Nel69].

We recall that the time-evolution in quantum mechanics is generated by a self-adjoint operator H.

The Schrodinger equation is
d

@U(t) =—iHU((t); U0)=1Id
where U(t) is a group of unitary operators implementing the evolution U (¢ + s) = U(t)U(s).

The classical analogue of H is the vector field generating the evolution and the analogue of U(t) is
the flow ®;. In particular U(1) will be the analogue of the maps f in the discrete time case.

In the systems considered in quantum scattering theory, particles move freely in the distant future
and in the distant past but in the mean time they interact.

The asymptotic free motion in the future is, in general, different from the asymptotic free motion in
the past and the relation is given by the scattering operator.

We denote by Hy, H; the Hamiltonian operators generating the free and interacting dynamics and
by Uy, U; the corresponding free and interacting semigroups.

The wave operators are defined as

Qi: lim Uf(—t)Ui(t)

t—+oo

(We ignore, in this sketchy exposition, what is the precise sense in which the limits have to take place.
This is also customarily ignored in the Physical literature.)
The intuition is that for large ¢

Up(t)Q9p = Us(t)y

so that Q11 describes the initial condition that, under the free evolution would have behaved as ¢ under
the interacting evolution.
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For example, in the case that the free dynamics is just a particle moving at constant velocity, the
049 gives the asymptotic velocity (and some “initial” position).
Similarly ©Q_1 gives the asymptotic behavior in the past.
Note that from the definition it is clear that
Q1Ui(s) = lim Up(—t)U;(t + s)

t—too

= lim Us(—t+ s)U;(t) (5.88)

t—+oo

=Uys(s)Q+

The relations are called the intertwining relations. From the dynamical point of view,
semiconjugate the free dynamics to the interacting dynamics.

This method of producing conjugacies has appeared several times in dynamical systems, e.g., [Steb9)].
The analogy with quantum mechanics is emphasized in [Nel69).

Notice that for classical particles interacting with repulsive potential, the existence of wave operators
gives a conjugacy to the free particle, so that the results of [Thi83] imply that a wide class of systems
interacting by repulsive potentials are integrable. This includes as a particular case the celebrated
Calogero-Moser system which can be integrated also by algebraic methods [Cal75], [(Cal79, [Mos75l Mos80].
Relations of this type of algorithms for linearization can be found in [DLT93l [DDLTII].

The scattering operator is defined as

g = Q+Q:1

and, given the asymptotic state in the past, gives the asymptotic state in the future. We also have

o= lim Up(—T)Us(Ty +T_)Us(—T-) (5.89)
Ty —00

The perturbation theory for the quantum mechanical scattering can be derived very easily. We note
that if
Hi = Hi,O —+ EHi’l(t) + 0(52)

is a time dependent perturbation of the interacting Hamiltonian operator the variation of parameters
formula gives:

Uz(t) = Ui’o(t) — EUi’O(t)/O dS Ui,O(_S)iHi,l(S)Ui,O(S) + 0(62)

where we have used the notation U;,U; o to denote the evolution groups corresponding to H;, H; o re-
spectively.
Substituting in (5.89) we obtain

T +T_
o=o09+¢ lim Uf(—T+)/ tHy(s)Ui(s)Us(—T0) (5.90)
T4 —00 0

The perturbation from the case in which the unperturbed interaction is the free one is sometimes
called Fermi formula and it can be found in most books in quantum mechanics.

For the applications to the scattering map of a normally hyperbolic invariant manifold it is useful to
think of the dynamics restricted to the invariant manifold as the free dynamics. The dynamics during
the homoclinic excursion is the interacting dynamics.

Both in the future and in the past, there is free dynamics and the scattering map relates the dynamics
in the future and in the past.

If we consider the Hamiltonian operator as an analogue of the vector field and the unitary operators
as analogues of the flow, we see that many of the formulas for quantum mechanics are analogues to the
corresponding formulas in the classical case.

We also note that the proof of the fact that the scattering map is symplectic is very analogous to the
proof of unitarity of scattering matrix in quantum mechanics.

One can pursue the analogy between quantum mechanics scattering and classical mechanics scat-
tering. For example, we have emphasized that the scattering map depends on the homoclinic channel
I'c Wi nW{ considered.

One can therefore consider I" as a rough analogue of the “channels” in quantum scattering theory.

The analogy cannot, however be carried too far. One of the most important properties of the quantum
mechanics scattering matrix is that it commutes with the free dynamics.

oU(t) = Us(t)o (5.91)
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The analogue of (5.91)) and (5.88) in the context of the scattering map of a normally hyperbolic invariant
manifold is more complicated.
In the scattering map for a normally hyperbolic invariant manifold we have

|
SOV m fWEL)
= Wiao) M Wiy
Unfortunately, this does not allow us to conclude that the f commutes with o'. Note that if the

intersection alluded to in the first line occurs in a manifold I', the intersection in the last line occurs in
a manifold f(T").

This means that the analogue of (5.88)) and (5.91)) are
foQF :Qi(r) of
fool =M oy
Since f(T') # T, in general, when we use only one scattering map, we have o' o f # fool.
In the applications to diffusion in [DLS00} [DLS03| [DL.S06a] we have, for the unperturbed system the
commutation of the inner map fy and the scattering map oq, so
04° 0 fo = fooop

Nevertheless for 0 < || < 1 we have:

0rc 0 fe# feooi"

provided that the family satisfies some mild non-degeneracy assumptions. (See Section for more
details of a perturbative computation of o. in these cases.) Note that, if the first order perturbation of
both sides do not agree, then the true maps do not commute.

The last of commutation between the inner map and the scattering map is a crucial ingredient in the
approach to diffusion in [DLS00, [DLS03] [DLS06a].
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Chapter 6

Complete families of perturbations
with few independent harmonics

6.1 Introduction

We are going to see that for any non-trivial perturbation depending on any two independent harmonics
of a pendulum and a rotor there is global instability. The proof will be based on the geometrical method
and relies on the concrete computation of several scattering maps. A complete description of the different
kinds of scattering maps taking place as well as the existence of piecewise smooth global scattering maps
is also provided. In an analogous way, for any non-trivial perturbation depending on three independent
harmonics of a pendulum and two rotors there is global instability.

6.1.1 Main result

We consider an a priori unstable Hamiltonian with 2 + 1/2 degrees of freedom

2 12
H.(p,q,1,0,s) ==+ (102+008q—1> +5+€h(q,s078) (6.1)

consisting of a pendulum and a rotor plus a time periodic perturbation depending on two harmonics in
the variables (¢, s):

h(q,¢,s) = f(@)g(p,s),

6.2
f(q) = cosgq, g(p, 8) = a1 cos(k1p + 118) + az cos(kap + las), (6.2)

with kl, kg, ll, lo € 7.
Our goal is to prove that for any non-trivial perturbation ajas # 0 depending on any two independent

harmonics # 0, there is global instability of the action I for any € > 0 small enough.

k1 ko
li 1o

Theorem 6.1. Assume that ajaz # 0 and kilo — koly # 0 in Hamiltonian (6.1)-(6.2)). Then, for any
I* > 0, there exists e* = €*(I*,a1,a2) > 0 such that for any e, 0 < € < *, there exists a trajectory
(p(t),q(t), I(t),¢(t)) such that for some T >0

1(0) < —I* < I* < I(T).

Remark 6.1. For a rough estimate of * ~ exp(—nI*/2) at least for ‘al/a2| < 0.625, ky =1l =1 and
l1 = ko = 0, and of the diffussion time T = T'(e*,1*,a1,a2) ~ (Ts(I*,a1,az2)/e)log(C(I*,a1,as)/e)
the reader is referred to [DS17]. Analogous estimates could be obtained for all the other values of the
parameters.

The proof is based on the geometrical method introduced in [DLS00, [DLS06a] and relies on the
concrete computation of several scattering maps. A scattering map is a map of transverse homoclinic
orbits to a normally hyperbolic invariant manifold (NHIM). For Hamiltonian , the NHIM turns out
to be simply

Ang\:{(0,071790,5):(I,cp,s)ERx’HQ}. (6.3)

119
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In the unperturbed case, i.e., e = 0, for any I'* > 0 the NHIM A possesses a 4D separatriz, that is to say,
coincident stable and unstable invariant manifolds

WA = {(po(T%(JO(T),I,%S) T eR T [-IM T, (p,5) € TQ}’

where (po, qo) are the separatrices to the saddle equilibrium point of the pendulum

(po(t), qo(t)) = ( —

—~_ 4arctane™’ ).
cosht

In the perturbed case, i.e., for small & > 0, W*(A.) and W*(A.) do not coincide (this is the so-called
splitting of separatrices), and every local transversal intersection between them gives rise to a (local)
scattering map which is simply the correspondence between a past asymptotic motion in the NHIM to
the corresponding future asymptotic motion following a homoclinic orbit. Since the NHIM has also an
inner dynamics, an adequate combination of these two dynamics on the NHIM, the inner one and the
outer one provided by the scattering map, generates the global instability (also called in short Arnold
diffusion) as long as the outer dynamics does not preserve the invariant objects of the inner dynamics.

The inner motion is described in Section the scattering maps in Section and the absence of
invariant sets in both dynamics is checked in Section which also includes the proof of Theorem [6.1]
Section deals with the construction of a piecewise smooth global scattering map which is introduced
as a possible new tool to design fast and simple paths of global instability. We finish this Introduction
with some remarks about the necessity of the assumptions, as well as other features of the scattering
map and a discussion of the model chosen and related work.

6.1.2 Necessity of the assumptions

If the determinant A := kqls — koly or some coefficient a1, as vanishes, for instance, if there is only one
harmonic in g, there is no global instability for the action I. Indeed, looking at the equations associated

to Hamiltonian (6.1

g==+p D= {il + € (a1 cos(k1p + 118) + as cos(kayp + lgs))] sin ¢
p=1 I =ecosq (k1a1 sin(k1p + 118) + koag sin(kap + lgs)) (6.4)
s=1

this is clear for k1 = k3 = 0, since in this case I is a constant of motion. If k; or ko # 0, say k1 # 0, the
change of variables ~
o =kip+lis, rQ — 5= kap + las, I'=Fk1I+1,

where r = ko /k; can be assumed to satisfy 0 < r < 1 without loss of generality, casts system (6.4]) into

Gg==+p p= [:I:l—i—s(al coS @ + as cos(raﬁ—g))] sin g
p=1I I =ck?cosq (a1 sin @ + ragsin(rg — 3))
s=A/k
which is a Hamiltonian system with the Hamiltonian given by
~ ~ P2 2
H.(p,q,I,p,5) == (2 + cosq — 1) + 5 + ek? cosq (a1 cos @ + ag cos(rg — 5)) . (6.5)

If A = 0 Hamiltonian (6.5]) is autonomous with 2 degrees of freedom, and therefore a global drift for
the action I is not possible. Only drifts of size /¢ are possible due to KAM theorem. Analogously one
easily checks that for ajaz = 0 Hamiltonian (6.1) is integrable or autonomous.

6.1.3 Reduction of the harmonic types

Under the hypothesis (k1lo — kal1) ajag # 0 of Theorem we first notice that the case ks = 0 of
Theorem is already proven in [DS17]. Indeed, k; = 0 implies r := ko/k; = 0 and it turns out
from (6.5)) that Hamiltonian (6.1 is equivalent to the one with k1 = 1,ks = 0,1; = 0,l; = 1:

2 I2
H.(p,q,I,p,t) =+ (Z; + cosq — 1> + 5 + ecosq(a cosp + ag coss), (6.6)
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which is just the Hamiltonian studied in [DS17]. Therefore, we only need to prove Theorem for
k1ks # 0 or equivalently for r € (0,1]. For the sake of clarity we will explain in full detail and prove
Theorem along Sections 6.4) just for r = 1, which by (6.5 is equivalent to the case k1 = 1, ko =
1,11 = O,lg =—1:

2 12
H.(p,q,I,¢,t) ==+ <p2 + cosq — 1) + 5 + e cosq (a1 cosp + az cos(p — s)) . (6.7)
To finish the proof of Theorem [6.1} in Section [6.4] we will sketch the modifications needed for the case
re (0,1).

6.1.4 Scattering map types

By the definition given at the beginning of Section [6.3] a scattering map is in principle only locally
defined, that is, for a small ball of values of the variables (I, ¢, s) or (1,0 = ¢ — Is), since it depends
on a non-degenerate critical point 7% = 7*(1, p, s) of a real function , depending smoothly on the
variables (I,¢,s), already introduced in [DLS00]. In the study carried out in Section it will be
described whether, in terms of the parameter p := a1 /ay and the variable I, a local scattering map can
or cannot be smoothly defined for all the values of the angles (¢, s) or § = ¢ — I's, becoming thus a global
or extended scattering map. This description will depend essentially on a geometrical characterization
of the function 7*(I, ¢, s) in terms of the intersection of crests and NHIM lines, following [DH11|]. Any
degeneration of the critical point 7* = 7*(1I, ¢, s) may give rise to more non-degenerate critical points
and a bifurcation to multiple local scattering maps or to a non global scattering map. Different critical
points 7* = 7*(I, ¢, s) give rise to different local scattering maps, and putting together different local
scattering maps, one can sometimes obtain piecewise smoth global scattering maps, which are very useful
to design paths of instability for the action I, and are simply called diffusion paths.

For instance, in the paper [DS17] devoted to the Hamiltonian , it was proven that for 0 < p =
ay/as < 0.625, there exist two different global scattering maps. Among the different kinds of associated
orbits of these scattering maps, there appeared two of them called highways, where the drift of the
action I was very fast and simple. As will be described in Section [6.3] such highways do not appear for
Hamiltonian . Nevertheless, as will be proven in Section there exist piecewise smooth global
scattering maps, and the possible diffusion along the discontinuity sets opens the possibility of applying
the theory of piecewise smooth dynamical systems [Fil88].

6.1.5 About the model chosen and related work

Hamiltonian is a standard example of an a priori unstable Hamiltonian system [CG94] formed by
a pendulum, a rotor and a perturbation. It is usual in the literature to choose a perturbation depending
periodically only on the positions—which turn out to be angles in our case—and time. Our perturbation
h(q, e, s) is a little bit special since it is a product of a function f(gq) times a function g(p, s). This
choice makes easier the computations of the Poincaré-Melnikov potential , which is based on the
Cauchy’s residue theorem. Theorem [6.1] can be easily generalized to any trigonometric polynomial or
meromorphic function f(g), although the computations of poles of high order become more complicated.
In the same way, it could also be generalized to more general perturbations h(g, ¢, s), as long that h is
a trigonometric polynomial or meromorphic in q. The dependence on more than two harmonics gives
rise to the appearance of more resonances in the inner dynamics, which requires more control of their
sizes, see for instance [DS97, [DHO09]. Apart from more difficulty in the computations of the Poincaré-
Melnikov potential and the inner Hamiltonian, we do not foresee substantial changes, so we believe that
Hamiltonian could be considered as a paradigmatic example of an a priori unstable Hamiltonian
system.

The model considered is a natural culmination of [DS17], which dealt with the simpler Hamilto-
nian , and where a detailed description of NHIM lines and crests was carried out. An “optimal”
estimate of the diffusion time close to some special orbits of the scattering map, called highways, was also
given there. The study in our case of Hamiltonian is more complicated, due to a greater complexity
of the evolution of the NHIM lines and crests with respect to the action I and the parameters of the
system. In particular, the absence of highways prevents us of showing an estimate of diffusion time close
to them.

The paper [DS17] also contains a fairly extensive list of references about global instability. Let us
simply mention some new references that are not there, like [DT16] which contains a similar approach
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to the function 7* of [DLS00] and the crests of [DHII], and the recent papers [GT17, [LMS19, Mar24,
GM22] [ChelT7] involving the geometrical method or variational methods.

We finish this introduction by noticing that we stress the interaction between NHIM lines and crests,
since this allows us to describe the diverse scattering maps, as well as their domains, that appear in our
problem. In more complicated models of Celestial Mechanics the Melnikov potential is not available. In
these cases the computations of scattering maps rely on the numerical computation of invariant manifolds
of a NHIM or some of its selected invariant objects, and the search of diffusion orbits is performed in a
more crafted way (see [CDMRO6, DMROS8, [DGR13}, [CGL17al [DGR16, [DGR26]).

6.2 Inner dynamics

The inner dynamics is derived from the restriction of H. in (6.7)) and its equations to 1~\, that is,

12
K(I,p,s) = 5 + € (a1 cos p + as cos(p — s)) , (6.8)

and differential equations
p=1 $=1 f:g(alsin<p+agsin(g0—s)). (6.9)

Note that in this case the inner dynamics is slightly more complicated to describe than in [DS17]
where there was just one resonance, namely, in I = 0. In the current case we have two resonant regions
of size O(y/e) where secondary KAM tori appear. To describe these regions, we use normal forms as in
[DLS00].

Consider the autonomous extended Hamiltonian

— I?
K(I,A7ap,s):5+A+5(alcos<p+agcos(<p—s)), (6.10)

with the differential equations

=1 I =¢ (a1 sin + ag sin(gD—S))

$=1 A =—caysin(p — s).

This system is equivalent to the system represented by +. We wish to eliminate the dependence
on the angle variables. Consider a change of variables e-close to the identity

(@7 S? I? A) = g(¢7 J, J7 B) = (¢7 U? J7 B) Jr O(s)
such that it is the one-time flow for a Hamiltonian G, i.e., ¢ = g4—1, where g, is solution of

d
=L = JoVeG o gy, where Jo is the symplectic matrix (—01 tl)) '

Composing K with g and expanding in a Taylor series around ¢ = 0, one obtains
_ o 1( (—
Kog—=FK+ {K,gG}+5 {{K,sG},sG} ..,

where {-} is the Poisson bracket. Using the expansion (6.10]) of K, the equation above can be written as

— J? J?
Kog:7+B+€ a1 cos @+ ascos(¢p — o) + 7+B,G
(6.11)

2 2
+% {‘]2 +B,G} LGS+ O@ED).

We want to find G such that a1 cos ¢ + ag cos(¢p — o) + {J; + B, G} = 0, or equivalently,

oG  0G
J% + By = O cos ¢ + ag cos(¢ — o).
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Given a < b < 1, consider any function ¥ € C*°(R) satisfying ¥(z) = 1 for z € [—a,a] and ¥(z) = 0 for
|z| > b and introduce
ai

G(J,B,¢,0) = > (1—U(J))sing + 7

a_2 1 (1 - \II(J - 1)) Sin(¢ - U)a

Substituting the above function G(J, B, ¢,0) in (6.11)) we have

2
Fow;%+3+ow% (6.12)
for J,J — 1 ¢ [-b,b]. For J € [—a,al,

_ J?
Kog:?—&—B—i—salcosgb—&—(’)(g). (6.13)

Finally, for J —1 € [—a, a],

—_ J?
Kog= > + B +cay cos(¢ — o) + O(e?). (6.14)
From (6.13)) and (6.14)), one sees that on J = 0 and J = 1 there are resonances of first order in ¢ with a
pendulum-like behavior.
Coming back to the original variables, three kinds of invariant tori are obtained. For the first order
resonance I = 0, there is a positive @ such that the invariant tori are given by FO(I,p,s) = constant

with
2

I
FOI,p,5) = 5 + ay cos p + O(£2). (6.15)

for I € [—a,q)
Analogously, for the first order resonance I = 1, with
(1)

"+ eay cos(p — 5) + O(e?),

F'(I,p,s) = 5

for I —1 € [—a,a).
Remark 6.2. As commented in [DLS00], there exists a secondary resonance in I = 1/2, but the size of

the gap in its resonant region is much smaller than the size of gaps in resonant regions associated to
I=0and I =1.

Remark 6.3. In a more general case with r # 1, the resonances take place in I =0 and I = 1/r.
From (6.12)), on the non-resonant region the invariant tori has equations F™ (I) = constant with
12

Fr(I) = 5+ O(e%).

An illustration of the inner dynamics is displayed in Figure [6.1]

4 —
3
12
1 _ ——
0 _ ————
-1 - ‘
0 /2 T 3m/2 2«

@

Figure 6.1: Plane ¢ x I of inner dynamics for y = 0.75 and € = 0.01.
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6.3 Scattering map

6.3.1 Definition of scattering map

We are going to explore the properties of the scattering maps of Hamiltonian (6.7)). The notion of scat-
tering map on a NHIM was introduced in [DLS00]. Let W be an open set of [—I*, I*] x T? such that the
invariant manifolds of the NHIM A introduced in intersect transversally along a homoclinic mani-
fold ' = {Z(I, v, 8;€),(I,p,8) € W} so that for any Z € I" there exist unique £ _ =24 _(I, ¢, s;¢) € A
such that 2 € W2 (x_) N W2(Z4). Let

Hy =J{&+ T, o.52): (I,p,5) eW}.
The scattering map associated to I' is the map
S:H. —» H+
o — S(@_)=174.

For the characterization of the scattering maps, it is required to select the homoclinic manifold I and
this is done using the Poincaré-Melnikov theory. From [DLS00, DHII], we have the following proposition

Proposition 6.2. Given (I,¢,s) € [—I*,1*] x T?, assume that the real function
TeER+— LI, p—IT,s—7T) €R (6.16)
has a non degenerate critical point T* = 7*(1, ¢, s), where
+oo
L(I,p,s):= / (f(qo(o)) = f(0)) g(¢ + I, s + 03 0)do.

Then, for 0 < e small enough, there exists a unique transversal homoclinic point Z to A, of Hamilto-
nian (6.1)), which is e-close to the point Z*(I,p,8) = (po(T*),qo(7*),I,p,s) € WO(A):

5= HI,p,8) = (po(r") + O(e). qolr*) + O(). Lip,s) € WH(K2) h W*(A.).

The function £ is called the Melnikov potential of Hamiltonian (6.1)). For the concrete Hamilto-
nian (6.7)) it takes the form

L(I,p,8) = A1(I)cosp + Aa(I) cos(p — s), (6.17)
where
_ 27lay _ 2n(I-1)a
A =Gy A= Gana s 1)2/2)'

The homoclinic manifold T is characterized by the function 7*(I, ¢, s). Once a 7*(I, ¢, s) is chosen, which
under the conditions of Proposition [6.2] is locally smoothly well defined, by the geometric properties of
the scattering map, see [DLS06al [DLS08, [DHT1], the scattering map has the explicit local form

_ oL 2y o 9L 2
S(1005) = (145 o) + O~ 5 1) + 0.5 )
where
L*(Ia<p75):[’(Ia@_IT*(IﬂOaS)ﬁS_T*(I7§058))' (618)

Notice that the variable s is fixed under the scattering map. As a consequence [DHI1I1L [DS17],
introducing the variable

0=¢p—1Is
and defining the reduced Poincaré function
L(1,0) :=L*(I,po—15,0) = L*(1,¢,s), (6.19)
in the variables (I, ), the scattering map has the simple form
S(I,0) = (1 + gaaia(f, ) + O(?),0 — 5%(17 ) + 0(52)) ,

so up to O(e?) terms, S(I, 0) is the € times flow of the autonomous Hamiltonian —£*(I, ). In particular,
the iterates under the scattering map follow the level curves of £* up to O(g?).
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6.3.2 Crests and NHIM lines

We have seen that the function 7* plays a central role in our study. Therefore, we are interested in finding
the critical points 7* = 7%(1, ¢, s) of function (6.16]). For our concrete case (6.17), 7* is a solution of

TA;(I)sin(p — IT")+ (I — 1) Ax(D) sin(p — s — (I — 1)7%) = 0. (6.20)

This equation can be viewed from two equivalently geometrical viewpoints. The first one is that to find
T =1*(I, p, s) satisfying for any (I, ¢,s) € [-I*,I*] x T? is the same as to look for the extrema
of £ on the NHIM line
R(I,¢,8)={I,o—Ir,s—7): 7 €R}. (6.21)

Remark 6.4. Since (p,s) € T2, R(I, ¢, s) is a closed line if I € Q and it is a dense line on {I} x T? if
1¢Q.

The other Vlewpomt is that fixing (I, ¢, s), a solution 7* of (6.20]) is equivalent to finding intersections
between a NHIM line and a curve deﬁned by

TA;(I)sing + (I — 1)A2(I)sin(p — s) = 0. (6.22)

These curves are called crests or ridges, and in a general way can be defined as follows.

Definition 1. [DH11] We define by Crests C(I) the curves on (I,¢,s), (p,s) € T2, such that

oL
E(IWO*IT’S*T”T:O = Oa (623)
or equivalently,
8/5 oL
I — (I =0.
050( #,8) + 51,0, 8)

As in our case L(I,p —IT,s —7) = A1(I) cos(p — IT) + As(I) cos(p — s — (I — 1)7), equation (6.23))
takes the form ([6.22)). Introducing
o=p—s, (6.24)

equation (6.22) can be rewritten as
pa(I)sing +sino = 0, (6.25)
for I # 1, where
I?sinh(Z(1 — 1
u:@ and o) = s (2( I))
az (I —1)%sinh(%")

(6.26)

From now on, when we refer to crests C(I) we mean the set of points (I, ¢, o) satisfying equation (6.25]).
See an illustration in Fig.

Remark 6.5. In [DS17] the crests were described on the plane (¢, s), whereas now such curves lie on
the plane (¢, o). Besides, differently from the cases studied in [DHIIl [DS17], the function «(I) is not
defined for all I. More precisely, it is not defined for I = 1. For this value of I, equation is not
adequate, and one has to use to check that for I = 1 the crests are just two vertical straight lines
on the plane (p,0) given by ¢ =0 and ¢ = 7.

Remark 6.6. For Hamiltonian (6.5)) and r € (0,1), a,-(I) is not defined for I = 1/r and is given by

smh( (rl — ))
(rI —1)2 bmh( I)

a.(I) =

We are interested in understanding the behavior of these crests because, as we have seen in previous
works [DH11l, [DS17], their intersection with the NHIM lines determine the existence and behavior of
scattering maps.

From (6.25), when |a(I)| < 1/|ul, o can be written as a function of ¢ for all ¢ € T on the crest
C(I). On the other hand, if |a(I)| > 1/|ul, ¢ can be written as a function of o for all ¢ € T. These
two conditions give us two kinds of crests: horizontal for |a(I)| < 1/ |u| and vertical for |a(I)| > 1/ |ul.
These names are due to their forms on the plane (p, ). We consider the same characterization used in
[DS17]:
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o For |a(I)| < 1/|ul, there are two horizontal crests o = &vm (1, )

Crtm () = {(1,, &nam(L, ) : 9 € T},

m(

I,¢ — arcsin(pa (1) sin @) mod 27 (6.27)
¢nm(l,0) = arcsin(pa(l)sing) 4+« mod 27.

)

e For |a(I)| > 1/|ul, there are two vertical crests ¢ =y m(l,0)

Cum(I)={I,num(I,0),0):0 €T},

nmu(I,0) = —arcsin(sing/ (pa(I))) mod 27
Nm(I,0) = arcsin(sino/ (pa(l))) +m mod 2.
Remark 6.7. |a(I)| = 1/ |p| is a singular or bifurcation case. In this case, the crests are straight lines

and are not differentiable in ¢ = 7/2 and ¢ = 37/2. See Fig. 6 of [DS17].

Remark 6.8. The crest containing the point (¢,0) = (0,0) will be denoted by Cy(I) and the crest
containing the point (¢,0) = (7, 7) by Cn ().

Note that the function |a(I)| is not bounded, indeed

}1_>1rn1 lo(I)| = +o0.

This implies that for any p there exists a neighborhood U of I = 1 such that for all I € U the crests
are vertical. On the other hand, since «(0) = 0 there exists a neighborhood V of I = 0 such that for all
I € V the crests are horizontal. We notice here a remarkable difference with the Hamiltonians studied
in [DH11), [DS17], where, for |u| < 0.97, all the crests are horizontal for all I.

Now take a look at the properties of the function «(I) introduced in to describe under which
conditions in u the crests are horizontal or vertical. First of all, observe that for I # 1, «(I) is smooth
and o/(I) # 0, and for I =1 «(7) is not bounded, indeed it has a vertical asymptote

lim a(l) = —o0 and lim «a(I) = 4oc.
I—1- I—1+

Given a p # 0, since a(0) = 0, there exists a unique I, € (0,1) such that |a(I)| = 1/|u|. So, the
crests are horizontal for I € [0, I.) and vertical for I € (I.,1).
Others important limits are

lim «a(I) = exp(m/2) and lim «(I) = exp(—m/2).

I——o0 I—+o00

The first limit implies that |a(I)| < exp(m/2) for I € (—00,0). Thus, if exp(m/2) < 1/ |u| the crests are
horizontal for I € (—o00,0). Otherwise, if 1/ |u| < exp(7/2), there exists a unique I € (—00,0) such that
|a(I)| =1/ || and the crests are vertical for I € (—o0, 1) and horizontal for I € (I1,0).

The second limit implies that [(1)| > exp(—/2) for I € (1,+00). Then, if exp(—7/2) > 1/ |u], the
crests are vertical for I € [1,+00). if exp(—m/2) < 1/ |u|, there exists a unique I, € (1,+00), such that
the crests are vertical for any I in [1,1,) and horizontal for I € (I, +00).

Summarizing, for 1/ |u| > exp(w/2), crests are horizontal for I € (—oo, ) U (I}, +00) and vertical
for I € (I, I;). For exp(—n/2) < 1/ |pu| < exp(m/2), crests are horizontal for I € (I, I.) U (I, +00) and
vertical for I € (—oo, ) U (I, I;). Finally, if 1/ |u| < exp(—n/2), crests are horizontal for I € (I, I;)
and vertical for I € (—oo, 1) U (I 4o0)-

Remark 6.9. For r € (0,1), a,(I) is not bounded on a neighbourhood of the resonance I = 1/r, i.e.,
lim;_,; /- o (I) = —o00 and lim;_,q /,+ a-(I) = +00. The same behavior takes place for » = 1 and close
to I = 1. On the other hand, for I — 400, «,(I) has the same behavior as in the case for r = 0,
lim;_y400 ao.(I) = 0. This implies that for any value of pu, for I close enough to I = 1/r the crests are
vertical, and for |I| large enough the crests are horizontal.



6.3. SCATTERING MAP 127

Example To illustrate this discussion, we present a concrete example. Taking p = 0.5, we have
exp(—7/2) < 1/p = 2 < exp(n/2). In this case we have I} ~ —1.807, I, ~ 0.701 and I, ~ 1.367. The
crests are horizontal in (—1.807,0.701) U (1,367, +00) and vertical in (—oo, —1.807) U (0.701,1.367). We
emphasize that this scenario is very different from the case in [DS17]. There, for ;= 0.5 the crests are
horizontal for all I.

Now, we are going to focus on the transversality of the intersection between NHIM lines R(Z, @, s)
and crests C(I). On the plane (@, o) the NHIM lines can be written as

Ri(p,0)={(p—Ir,0 — (I —1)7),7 € R}, (6.28)

so that its slope is (I — 1)/I in such plane. Therefore, there exists an intersection between NHIM lines
and crests that is not transversal if, and only if, there exists a tangent vector of C(I) at a point that is
parallel to (I,I — 1), or, using the parameterizations,

193 _I-1 an I
S =2 o So-

Considering a horizontal parameterization of C(I), the tangency condition is equivalent to
+a(l)pcosy I-1
\/1 — p2a2(I)sin? I

Therefore, there exists a ¢ satisfying the above condition if, and only if,

1 Ia(I)
B(I)| > —, where [(I)=
Bl = n-15
and ¢ takes the form
N2 — (1 2
o = +arctan | /207 = A/W*

(1/n)? - a(1)?

In an analogous way, for a vertical parameterization n(I, o), there are tangencies if, and only if,

1 wi o = *arctan -1 (1/p)* = B)?
8D < th Farct ‘1‘ o(I)2 = (1/p)?

Remark 6.10. Observe that in both cases, horizontal and vertical crests, there are tangencies if, and only

if,
(lotl =) (el = ) <o

The function |3(I)| is smooth in R\ {1} and d|B(I)| /dI = 0 only for I = 0. Besides, we have

lim |B(1)| = +o0,  lim [B(I)| =exp(r/2) and  lm [B(I)] = exp(—r/2).

Therefore, there are three possibilities:

o for 1/ |u| > exp(w/2), there exist Iy € (1/2,1) and I € (1,+00) such that Iy and I, are solutions
of [B(I)| — 1/ |u| = 0. Besides, |8(I)| < 1/|u| for I € (=00, Io) U (I4,+00) and |B(I)| > 1/ |u| for
Ie (I(), 1) U (17I+)

o for exp(—7n/2) < 1/|p| < exp(n/2), there exist I_ € (—00,0), In € (0,1) and Iy € (1,400)
such that I_, Iy and Iy are solutions of ‘B(I)’ - 1/|M| = 0. Besides, (I)| < 1/|p| for T €
(I-,Io) U (I4,+00) and |B(I)| > 1/ |u| for I € (—o0,1_) U (Ip,1) U (1, 14).

e For 1/|u| < exp(—m/2), there exist I € (—00,0) and Iy € (0,1/2) such that I_ and I, are
solutions of |B(I)| — 1/ |u| = 0. Besides, |B(I)| < 1/|u| for I € (I_,I) and |B(I)| > 1/ |u| for
Ie(—o00,1_)U(lp,1)U(1,00).
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Putting together this description of | B(I )| with the study about vertical and horizontal crests and
adding that
|B(D)| < |a(I)] VI € (—00,0)U(0,1/2);
|5(I)‘ > |a(I)| VI e (1/2,1)U (1, 400);
16(0)| = |a(0)| =0 [B(1/2)| = |a(1/2)] = 1

we can state the proposition below.

Proposition 6.3. Consider the two crests C(I) defined by (6.25) and the NHIM line R;(p, o) defined
in (6.21) for Hamiltonian (6.7)).

o For |pu| < exp(—mn/2), there exist Iy < I, < I4 < Ip such that

— for I <Iy orlg<I,C(I) are horizontal and intersect transversally any R;(p,0);

— for I, <I <I,orls<I<Ig, the crests C(I) are horizontal, but now, there exist tangencies
between C(I) and two NHIM lines Ry(p,0);

— for I, < I < Iy, the crests C(I) are vertical and intersect transversally any Ry(p,0).
e Forexp(—m/2) < |u| < exp(w/2) there exist I, < I, < I.< Ig <14 < Ip such that

— for I <Iy orlc<I<Iy, C(I) are vertical and intersect transversally any Rr(p,o);

— for Iy < I < I,, the crests C(I) are vertical and there exist tangencies between C(I) and two
NHIM lines Ri(p,0);

— forI,<I<I.orlIpg<I,C(I) are horizontal and intersect transversally any Ri(p,0);

— for Ix <1 < Ip, the crests C(I) are horizontal and there ezist tangencies between C(I) and
two NHIM lines Rr(p,0);

— forI. <1I<Ig, if I. < 1/2, the crests C(I) are vertical and there exist tangencies between
C(I) and Ri(p,0). If I. =1/2, from the properties of a(I) and S(I) this interval is just one
point. If I. > 1/2, the crests C(I) are horizontal and there exist tangencies.

o For |u| > exp(n/2) there exist I, < I, < I4 < Ip such that

— for I <Iy orIg<I,C(I) are vertical and intersect transversally any Ry(p,0);

— for I, <I <I,orls<I<Ig, the crests C(I) are vertical and there exist tangencies between
C(I) and two NHIM lines Ri(p,0);

— for I, <I < Iy, the crests C(I) are horizontal and intersect transversally any Ry(p,0).

Remark 6.11. Note that we are not considering the singular case |(I)| = 1/ |u| described in Remark

Example Again, to illustrate this proposition, we take the case with u = 0.5, see Fig. In this
case, we have |B3(I)| =1/ for I ~ —2.942, 0.595, 1.85 and

o for I € (—o00,—2.942) U (0.701,1) U (1,1.367) = { 300 = 1/l > no tangencios

a(I){ >1/|p| = vertical crests

o for I € [—2.942, —1.807) = {

a(l)| > 1/|u| = vertical crests
B <1/|u| =  tangencies

a(I)‘ <1/|p| = horizontal crests

e for I € (—1.807,0.595) U (1.85, +00) = { 80| <1/l >  mo tangencies

e for I €[0.595,0.701) U (1.367,1.85] = {

a(l)| <1/|u| = horizontal crests
B >1/|ul = tangencies

Once more, we compare with the Hamiltonian (6.6) studied in [DS17]. For Hamiltonian and
= 0.5 there is no tangency, but for Hamiltonian e can find tangencies for horizontal and vertical
crests. Indeed, for Hamiltonian and any 0 < |u| < 0.625 there is no tangency, whereas for any
1 # 0 there are tangencies for Hamiltonian .
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~4

(a) |a(I)| and |B(D)|:p = 05, I, ~ —2.942, I, ~ (b) |ar(I)| and |B-(I)|: p=0.5 and r = 0.5.
—1.807, I. =~ 0.595, Ic ~ 0.701, In =~ 1.367 and
Ip ~ 1.85

Figure 6.2: |a(I)| and |3(I)| : Behavior of the crests and tangencies.

Remark 6.12. For r € (0,1), B,(I) is defined by 8,(I) = Ic.(I)/(rI—1). In this case, lim;_,; . |ﬁT(I)’ =
400 and lim;— 4 |3, (I)| = 0. In Fig. a comparison between the functions «,(I), 5,(I) and the
straight line 1/ |u| for r = 1/2 is displayed.

For each crest, where it is well defined, there exists, at least, a value 7* such that
(p— It 0 — (I = )7) = (¢ — I, €, o — 7)) or (n(L,0 — (I = 1)7*),0 — (I = 1)),

which means that R;(¢,0) NC(I) # (. This intersection is intrinsically associated to a homoclinic orbit
to the NHIM. To make a choice about how to take such 7* is to choose in which homoclinic manifold I"
the homoclinic points Z* lie. Even more, it is to choose what scattering map we are going to use.

6.3.3 Construction of scattering maps

We have now several goals. First, to explain, given (I,6), how to find the intersection between one of the
NHIM lines and one of the two crests, and consequently, to define the function 7*. Second, to show how
each crest can give rise to many scattering maps. And third, to explain the different scattering maps or
combinations of them that can be defined.

Let us first study the intersection between NHIM lines and crests. From the definition of the function
7™ =71*(I, ¥, s) in equation and the definition of a NHIM line R(I, ¢, s) in and a crest C(I)
in Definition [T} it turns out that

R(I,@,S)QC(I) = {(I,(p—IT*(I,QD,S),S—T*(I,QO,S))}.

Moreover, from the equation satisfied by the function 7*, one can get (see Eq. (3.12) in [DS17]) that for

any -y
(o —Iv,s =) =7°(1,¢,5) — .

In particular, for the change (6.24) s = ¢ — 0 and v = ¢ — 0 one gets
(I, 0,0 —0)=7"(1,0) + ¢ — 0, (6.29)

where § = ¢ — Is = (1 — I)p + Io. In the variables (I, ¢, o), taking into account the expression (6.28)
for the NHIM lines R(I, ¢, — o) and again equation (6.20]) satisfied by the 7%(I, ¢, s), we have that

R(I,p,p—0)NC(I) = {(I,(p—[T*(I,(p,(p—J),a—(I—l)T*(I,(p,gﬁ—o))}
- {(1,9_17*(1,9),9— (I - 1)7*(1,9))},

where (6.29) has been used, and 8§ = (1 —I)p + Io.
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From a geometrical point of view, to find an intersection between a NHIM line and a crest, one throws
from a point (6,0) on the plane (¢, o) a straight line with slope (I —1)/I, until it touches the crest C(I).
The function 7*(I, 6) is the time spent to go from a point (6, 6) in the diagonal o = ¢ up to C(I) with a
velocity vector v = —(I,I — 1), see Fig. 6.3

m
crest O N (e=£&(L))
NHIM line
-(I-1)7" (Liz,8)
?l'f? It (1p,8)
(=1 (F.0)
o (I-1)7" (1.6)
I77 (L8
F=¢
0 ]
=3 _d_,/
st
I_l),;' cte
-m/2 :
"0 w2 T 3m/2

Figure 6.3: Finding 7*(, ) using the straight line o = ¢.

One has to decide the direction for 7* using the idea explained above. For example, if we are on a
point on the straight line o = ¢, we have to decide if we go up or go down along the NHIM line, i.e., to
look for a negative or a positive 7%(1,0) (to look at the past or the future). In both cases we are going
to detect an intersection with the desired crest, but, in general, different choices give rise to different
scattering maps, because we are looking for different homoclinic invariant manifolds I'.

To show another difference between scattering maps from the choice of 7* we begin by introducing
each kind of scattering map. The first one is inspired in [DHIT] and [DSI7] for |u| < 0.97. In these cited
cases all scattering maps studied were associated to one of the horizontal crests like in . In the
same way, we can separate completely the scattering maps associated to the horizontal crests and the
scattering maps associated to the vertical crests. Notice that the scattering maps associated to horizontal
crests are defined only for values of I satisfying |a(I)| < 1/|u| whereas the scattering maps associated
to the vertical crests are defined only for values of I satisfying |a(I)| > 1/ |ul.

As noted previously, crests are vertical in a neighborhood of I = 1 for any value of u. Therefore,
there is no scattering map associated to a horizontal crest close to I = 1. Analogously, since |a(0)| =0,
crests are horizontal in a neighborhood of I = 0 for any value of x and, therefore, there is no scattering
map associated to a vertical crest close to I = 0. This implies that these “horizontal” or “vertical”
scattering maps are just locally defined, in other words, they are not defined on the whole plane (6, I).
This motivates to define global scattering maps. Global scattering maps are important because they
describe the outer dynamics for large intervals of I and are defined as follows

Definition 2. A scattering map S(I,0) is called a global scattering map if it is defined on all € T for
any fized I.

Note that S(I,0) is a global scattering map as long as 7*(7,#) is a global function, i.e., defined on
all € T for any fixed I. If 7*(1,0) is smoothly defined, the same will happen to S(I,8). Tangencies
between NHIM lines and crests, as well as discontinuities in their intersections give rise to non-smooth
scattering maps.

Remark 6.13. For instance, in the paper [DS17] devoted to the Hamiltonian , it was proven that
for 0 < p = aj/az < 0.625, there exist two different global scattering maps. Let us add that for
0.625 < u < 0.97, due to the existence of tangencies between the NHIM lines and the crests, there
appear two or six scattering maps. Such multiple scattering maps are indeed piecewise smooth global
scattering maps, see Figs. 9-11 of [DS17]. Their discontinuities lie along the tangency locus and were
avoided there to construct diffusion paths, just for the sake of simplicity.

For Hamiltonian (6.7]), to extend scattering maps which are in principle only locally defined we have
now two options: to combine a scattering map associated to a horizontal crest with a scattering map
associated to a vertical crest or to extend the previously called “horizontal” or “vertical” scattering maps.



6.3. SCATTERING MAP 131

Although the first option may provide a global scattering map, they may appear complex discontinuity
sets which give rise to a complicated phase space.

The second option is to apply the same idea used in [DS17] when we defined the scattering map
“with holes”. When |a(I )‘ > 1/|p|, the horizontal crests are no longer defined for all ¢ € T, indeed,
they become vertical crests defined for all o € T. Nevertheless, the vertical crests are formed by pieces of
horizontal crests. This implies that even for these values of I we can use £ given in to parameterize
some intersections between R(I,¢,0) and C(I). As we can see in Fig. the vertical and horizontal
crest Cyp are very close in a neighbourhood of ¢ = 0. When we have a bifurcation from horizontal to
vertical crests (or vice versa), it is natural just to change the parameterization from &y to ny for these
values of ¢. With this choice the orbits of the scattering map are continuous for € close to 0 or 2. The
same happens with &, and 7, for values of ¢ close to 7. Scattering maps associated to horizontal crests
for values of I satisfying } pe(I)| < 1 are defined for all ¢ € T. The extension of them to values of I for
@ € T such that |ua([) sin <p| < 1 are called extended scattering maps.

Definition 3. A scattering map S(I,0) is called an extended scattering map if it is associated to
horizontal crests for which |,ua([)| < 1, and is continuously extended to the pieces of the vertical crests
where they behave as horizontal crests, that is, for the values ¢ such that |,uoz(]) sin<p| < 1.

Since we have already seen in Proposition that there exist tangencies between NHIM lines and
crests for any value of p, there are no global scattering maps for Hamiltonian (6.7]). However, there exist
extended scattering maps with a domain large enough to provide diffusion paths.
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(a) A piece of &m(I, ) for I = 0.68. (b) A piece of nu(I,0) for I =0.72.

Figure 6.4: Comparison between &y(I, p) and ny (I, o) for = 0.5, I = 0.68 and I = 0.72 respectively.

To illustrate the current scenario we will display the level curves of the reduced Poincaré function
L£*(I,6) defined in (6.19), which up to O(e?) contain orbits of the scattering map S(I,6). We begin by
considering p = 0.6 and the horizontal crest Cy (). In Fig. We display the scattering map built using
7* defined by the first intersection between R;(p, o) and Cy(I) from o = ¢ going down along Ry (p, o).
In Fig we use a similar idea, but now, form o = ¢ going up along R;(¢,0). Alternatively, if we
choose 7* with minimal absolute value, independently of going up or down, we obtain the scattering
map plotted on Fig. In this last case, there are orbits of the scattering maps that are not smooth
in & = 7. This happens because we change the homoclinic manifold I", so we are using, indeed, two
different scattering maps. In [DS17] we chose scattering maps associated to a function 7* with the
minimal absolute value, which were called primary scattering maps. This example show us that is not
enough to say what crest is associated to a scattering map, but it is also necessary to make explicit the
criterion used for 7* (going up or down along the NHIM lines, or choosing a minimal |7*]).

The next lemma is a good example about the criteria for 7*(I,0) and its consequences, and is used
to prove Proposition [6.5] Before, a new notation is introduced. An even subindex k is assigned to the
branches Ci(I) of Cyp(I) when considering o, ¢ € R

&x(I, ) = —arcsin (a([)u sin<p) +kr and 7 = — arcsin (;1(1—;)(;) + km
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-0 w2 e In/2

(¢) Minimal absolute value of 7*.

Figure 6.5: Different phase space of scattering maps S(I,60) associated to the same horizontal crest
Cum(I), for 1= 0.6 and e = 0.01. The orbits of scattering maps are represented by the blue lines which
are, up to O(g?), level sets of the reduced Poincaré function £*(I,6). In the red zones the values of T
on such orbits decrease, in the green one the values of I increase. The white regions are regions where
|pa(I) sing| > 1 is satisfied.

and an odd subindex k to the branches Cy(I) of Cyy(I) when considering o, ¢ € R

k(L = arcsin (a(l)usiny) + kr and = arcsin Sma + k.
&l e psin g U

a(l)p
We notice that the crests C(I) are naturally defined for (¢,0) € T? and give rise to two different
crests Cni(1), Cm (1) (except for the singular case ’ua([)| = 1). When we run now over real values of

©, o, we may have an infinite number of crests Ci(I), where even (odd) values of k are assigned to the
branches of Cyvi(I) (C(I)). Among them, we are going to use Co(I), C1(I) and Co(I).

Lemma 6.4. Let L} and L} be reduced Poincaré functions associated to the same crest C(I), where for
Ly we look at the first intersection points “under” o = ¢, that is, with Co(I), and for L} we look at the
first intersection points “over” o = ¢, that is, with Co(I). Then we have

oL
00

(I,0) = —% (I,27 —0). (6.30)

Remark 6.14. We say “under” o = ¢ and “over” o = ¢ for intersection points going down or up along
R;(p,0), respectively on (i, &y (I, ¢)) and (p, & (1, ¢)), because when the horizontal crest Cy (1) is defined
for all ¢ € T the graphs (p, & (I, )) of Co(I) and (v, &2(I,¢)) of Ca(I) are under and over the straight
line o = ¢.
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Proof. Let L£* be a reduced Poincaré function (6.19))-(6.17)), then

oL Ay (I)sin(6 — I74(1,0))

a6 L0 = T—1 :

So, equation ([6.30]) is satisfied if, and only if
sin(6 — It5(1,0)) = sin(0 — I(—75 (1,2m — 0))). (6.31)

We assume that the crest is horizontal and given by the graph of &\, the other cases are analogous.
Indeed, we are going to use

&I, ) = —arcsin(pa(l)sing) and &L, ) = &o(L, ) + 2. (6.32)

This implies that the intersection point “under” o = ¢ is a point on the curve parameterized by (I, ¢).
Otherwise, the intersection “over” o = ¢ is a point on the curve parameterized by & (I, ). As the slope
of the NHIM lines is (I — 1)/1, given a point (6, 6), we obtain

62(1,9—17';([,9))—6_1_1
0—Ir3(I,0)—0 I’

which can be rewritten as
o + (1,0 — IT3(1,0))—60 T—1

—I75(I,0) I

From this equation, we obtain an expression for 75 (I, 0)

— (27 + & (1,0 — I75(1,0)) — 0)

5 (1,0) = T3

From the expressions of 75 (I, ) above and (6.32]),

(6o(1.6 — 1 (=731, 27— 0))) + 6)
I—-1 ’

5 (I, 2m —0) =
and therefore
0— (I —=1)(-73(L,2m = 0)) =&(L,0 — (I —1)(—75(L,2m —0))),

which implies that —75 (I, 27 — 0) is a time of intersection between the NHIM line and the curve param-
eterized by &y. In the case that there exists only one intersection point, this implies

5 (1,8) =75(I,2m —0).
So, condition (6.31]) is satisfied. O

Proposition 6.5. Let S;(I,0) be the scattering map associated to the graphs of {1 and n; of Ci(I).
Assuming a1,as > 0, for any I there exists a 04 such that I > 0 for 6 € (w,0,). Moreover, 4 > 3m/2

for I ¢ (-1/2,1/2).
Proof. A proof is given in Appendix O

Remark 6.15. If a; < 0, we have that there exists a _ such that [ > 0 for any 6 € (§_, 7).

Remark 6.16. An analogous proposition holds for Sy(7, ), the scattering map associated to the graphs
of & and 7y of C2(I). In such case, there is a 6, such that I > 0 for any 6 € (6, 27) where 6 > 37w/2
for I € (1/2,3/2).

Note that this proposition leads us to ensure the diffusion in an analogous way to the one used to
prove Theorem 4 in [DS17]. Next, the diffusion mechanism is stated and the Arnold diffusion is proven.
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6.4 Arnold Diffusion

In this section we are going to complete our goal proving the existence of global instability or Arnold
diffusion, that is, Theorem

We begin by presenting some general geometrical properties of the scattering maps that we have to
take into account to prove the theorem of diffusion. The first one reduces the study of scattering maps
to positive values of u. More precisely, we have the lemma below

Lemma 6.6. The scattering map for a value of u and s = w, associated to the intersection between
R(I,¢,8) and C(I) (Cp(I)) has the same geometrical properties as the scattering map for —p and
s =0, associated to the intersection between Ry(I) and Cpy(I) (Cp(1)), i-e.,

Sy L0 7) = S (L0, 0) = Sy (1, 6)
Proof. First, we look for 7,y such that the NHIM segment R(I, ¢, s) intersects the crest Cy, (). If we fix
s =7, we have from (6.17)) and (6.18)):
LI, m) = Ar(I) cos(p — I (I, p, m)) + Az (1) cos(p —m — (I — )75, (1, 0, ). (6.33)
Besides, 7* satisfies
pa(l)sin(p — Iry) +sin(p —m — (I - 1)77,) =0,

or
—po(I)sin(e — I7)) +sin(e — (I — 1)7y) = 0.

We have that ¢ — 7 — (I — 1)77%, (mod 27) = &, (I, ¢ — I7) with 7/2 < &, < 37/2. Then, for each
75 there exists a K € Z such that

3
g<<pf7rf(lfl)7';+27rK<§.

This implies

3
§<@—(I—1)T;+27TK and @—(I—I)T;+27T(K—l)<g.
Therefore,
N T " 37
o— (I —=1)7;, (mod27) < 5 O ¢-— (I -1)7;, (mod 27m) > -

We can conclude that ¢ — (I — 1)7;%, (mod 27) = &m (I, ¢ — I7). Therefore 7.5 (1, ¢, ) for p is equal to
(L, 9,0) for —p. From (6.33), L}, (I, ¢, ) satisfies

L:;,m<]7 2 77) = Al (I) COS(()D - TK/I(L ®s 0)) + (_AQ(I)) COS(QO - (I - 1)7-1?:4([7 2 0))
= L%, m(1,9,0).

Since Ly, ,,(+, -, m) and L (-, 0) coincide, their derivatives too and this implies that
Srlfl(Iv 2 7T) = Sl\jlu(-[a ¥, 0) = 81\71“(17 9)
O

From now on, just to simplify the exposition, a; and as are considered positive. The same strategy
used in [DS17] is applied to prove the existence the diffusion: we combine the scattering map in an
interval of § where I > 0 and the inner map to build a diffusion pseudo-orbit. Then we apply shadowing
results to get the existence of a diffusion orbit.

Since I = 0 and I = 1 are resonance values, the application of the inner map must be more careful,
because in these resonance regions, for some orbits, the value of I decreases in order O(y/¢), i. e., the
tori cannot be considered flat. We study the transversality between the foliations of invariant sets of the
inner and the scattering map in resonant and non-resonant regions and its image under the scattering
map S. For more details and a more general case, the reader is referred to [DHQ9].

Consider the resonant region associated to I = 0. In such region, the tori can be approximated by
FO(I, ) given in . The tranversality between invariant sets of the inner and the scattering map
holds if the gradient vectors of the level curves of FY and £* are not parallel vectors, or equivalently,

{FO(I,H),[,*(I, 9)} £0,
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where {, } is the Poisson bracket,
OF°9oL OF°OL
0 «( Y+ Y~ YL Ye
{F’E}_ 00 oI oI 99’

From (6.15)), the partial derivatives of F° are
OF° I an OF°
or 20

and since L*(I,0) = A1(I) cos(0—I7*(1,60))+Ax(I) cos(0—(I—1)7*(1,0)), we have the partial derivatives
given by

= —caq sin b,

oL  Ay(I)sin( — IT*)
0 I—-1 ’

oL*
oI
Note that if |I| > O(g), FY/0I dominates OF°/06, so the Poisson bracket above can be reduced to

= A(I)cos(0 — IT*) + A5(I) cos(0 — (I —1)7*) + A1 (I)7* sin(0 — I7*) + Ao (I)7* sin(0 — (I — 1)7%).

OF°0L  —TA{(I)sin(0 — IT*)
0 2 g~ 1
{F’ﬁ}* oI o0 T—1
Expanding sin(6 — I7*) in Taylor’s series around I = 0, we have

sin(@ — I7") = sinf + O(1),

which implies {FO, E*} = 0 if, and only if, § ~ 0, 7, assuming that O(I) is small enough.

Now, we consider I = O(e) and look at the intersections between the NHIM lines and the graph of
&1. Note that as the value of I is close to 0 we can assume that the crests are horizontal. Using Taylor’s
series we can write

sin(@ — I7") =sinf + O(I) cos(f — IT") = cos + O(I)
sin(@ — (I — 1)7*) = O(I) cos( — (I —1)7") = -1+ 0().

This implies

TA(I)si
{FO,,C*} = —% —eay sinf (A} (I) cos§ — AL (1) + A1 (I)7*sin6) + O(I?, €I). (6.34)

Taylor expanding the functions A;(I), A} (I) and A5(I) around I = 0, we obtain
Ay(I) = 4a; + O(I1?), AL(I) = O(I) and AY(I) = agn(m coth /2 — 2)csch(n/2) + O(I)

Plugging these expressions in (6.34), we set

4aq,Isinf
{FO, E*} = —% — eay sin 6 [asm(m coth /2 — 2)esch(m/2) + 4ay (7 — 0) sin§] + O(I°, Ie).
So, {F%,L*} = 0 < a;sind {I_—f{ — eagm(mcothw/2 — 2)csch(m/2) + ed(m — 0) sin 0] = 0. In other
words, we do not have transversality if, and only if, § = 0, 7 or satisfies

I w(cothm/2 — 2)eschr/2)

—0)sinf = —
(m — 0)sin 5a1+ 1

)

which is not an horizontal curve in the plane (0, I) and is transversal to an invariant torus of the inner
dynamics.
For the other resonant region I = 1, F'! is very similar. Assuming I — 1 = O(g), we have

{Fl’ ﬁ*} = agsind {4 (1-;1) — & [ma1(2 — 7 coth(m/2))csch(m/2) + 4as sin 6] } .

Applying the same methodology, we obtain an analogous result for the other resonant region F'. In
short, we conclude that the image S(7;) of an invariant torus 7; of the inner map under the scattering
map intersects tranversally another invariant torus 7;;1 of the inner map.
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Finally, in the non-resonant region, we notice that

OF™ oL*  IAy(I)sin(6 — IT")
I 00 -1 ’

{Fnr,ﬁ*} I

just the same expression as the one for the resonance I = 0, so the transversality between invariant sets
of the inner and the scattering map follows.

Now, a constructive proof of Theorem is presented. This proof is similar to the proof presented
in [DS17], but now, there is no any piece of “highway” or fast vertical lines where |I| is large. So, the
inner map is applied more times.

6.4.1 Proof of Theorem [6.1]

Proof. First of all we have to choose what scattering map we use. This choice depends on the sign of
1 as explained in Lemma Assuming p > 0, we take S1(,0), the global scattering map associated
to the graphs of & and ;. If a; > 0, by Proposition for any I there exists an interval 6 € (7, 0)
where I > 0. Define H, the set (p,0;) x [—I*,I*], where p = 7 + 4 is such that 7 < p < 6, and
the transversality between NHIM lines and £} holds. We first construct a pseudo-orbit {(1;,6;) : i =
0,...,N1} C H, with Iy = —I* and 0y, as close as possible to p. Note that all these points lie in the same
level curve of L3, that is, £(Iy,00) = L£5(1;,0;), i = 1,..., N1. Applying the inner dynamics, we get
(INy+1, 0N, +1) = ey, (Iny, 0N, ) With On, 41 € (p,04) and then we construct a pseudo-orbit {(I;,6;) : i =
N1 + 1, ey N1 +M1} C ﬁT(IN1+17 9N1+1) = ZN1+1 with 91 S (p, 9N1+1), 0+ - 9N1+M1 = 0(82). Applying
the inner dynamics, we get (IN1+M1+1,6N1+M1+1) = ¢tN1+M1 (IN1+M179N1+M1) with 9N1+M1+1 € (pa 6+)
Recursively, we construct a pseudo-orbit {(I;,6;) : i = Ny + 1,...,Na} such that I, > I*. In the same
ways as in [DS17] (Theorem 4), we can apply shadowing techniques of [FMO00L [FM03], [(GLMS20], due to
the fact that the inner dynamics is simple enough to satisfy the required hypothesis of these references,
to prove the existence of a diffusion trajectory. If a;g < 0, changing H, to H; = (04, m) all the previous
reasoning applies. O

Remark 6.17. Considering Remark [6.3] Remark [6.6] Remark [6.9] and Remark for any r € (0,1), an

equivalent diffusion result is readily obtained.

6.5 Piecewise smooth global scattering maps

In this section, the geometric freedom of the choice of 7* is explored. Until now, only two different
scattering maps have been used to build a global one, and this was enough to ensure diffusion. But, with
this approach, finding a diffusion pseudo-orbit is not always easy enough and this pseudo-orbit can be
also complicated. This depends simply on the “aspect” of the scattering map obtained.

We now suggest a new criterion to choose 7*: to take the minimal value for |7*| for any (0, I). This
provides us with a piecewise smooth global scattering map with a good property: the phase space of this
scattering map which is O(g?)-close to the level sets of the reduced Poincaré function £*(I,6) associated
to the chosen 7* is simpler and “cleaner” than the phase spaces of other scattering maps displayed up
to now. By a cleaner scattering map, we mean that we can easily identify and understand the orbits of
the scattering maps, except for a small region which contains the tangency locus.

Besides, the zones where the value of I is increased or decreased under the scattering map is well
behaved. I decreases for 6 € (0, 7) (the red region on all pictures in Fig. and [ increases for 6 € (m, 27)
(the green region on all pictures in Fig. . So it is easy to infer that for finding a diffusion pseudo-orbit
it is enough to build a combination between the inner map and this scattering map restricted to (m, 27),
for example if an increased value of I is wished. The same idea used in the proof of Theorem [6.1]

Observe that the scattering maps we are now considering are a mix of the scattering maps studied
previously. As an example, we illustrate the scattering map obtained for g = 0.9. Such scattering map
can be divided into three regions and in each region, the scattering map coincides with a scattering map
studied before.

In Fig. for regions I (0 < 0 < w/2), II (7/2 < 0 < 37/2) and III (37/2 < 6 < 2) the scattering
map has the following correspondence:

I Extended scattering map So(I, 8) associated to the horizontal Cyi(I) “under” o = .

IT Extended scattering map S; (7, 0) associated to the horizontal Cy, ().
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(a) Piecewise scattering map for p = 0.3.
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(c) Piecewise scattering map for u = 0.9. (d) Piecewise scattering map for p = 1.5.

Figure 6.6: Examples of piecewise smooth global scattering maps. The orbits of scattering maps are
represented by the blue lines. In the red zones the values of I on such orbits decrease, in the green one
the values of I increase.

IIT Extended scattering map Sa2(I,0) associated to the horizontal Cy(I) “over” o = .

If extended scattering maps are not considered and we just use scattering maps associated to hori-
zontal and vertical crests, one can see that these scattering maps can be divided into 6 regions, i.e., they
can be viewed as a combination of up to 6 scattering maps.

Another property of these scattering maps is the loss of differentiability on the straight lines § = 7 /2
and 6 = 37 /2. The vector field associated to the Hamiltonian —£} defined around these discontinuity
lines behaves as the vector fields studied in non-smooth dynamics theory. More precisely, we can find
regions with slide and unstable slide behavior [Fil8§]. In a future work, we envisage to design special
pseudo-orbits along these discontinuity lines using such theory. Note that these pseudo-orbits would be
very similar to the “highways” defined in [DS17], so in principle, one can expect fast and simple diffusion
along these discontinuity lines.

6.6 Sketch of the simplest case k1 =10, =1, ko =11 =0

Consider now a pendulum and a rotor plus a time periodic perturbation depending on two harmonics in
the variables (¢, s) depending separately on the variables ¢ ans s (case k1 =ly =1, ko =13 = 0):

2 12
Ha(p7 q, Ia§07t) ==+ <p2 + COsq — 1) + E + Eh(q,(p,s) (635>

h(g, ¢, ) = f(q)g(p,s),

6.36
f(q) = cosgq, 9(p,s) = ay cosp + ag cos s. ( )
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0 /2 = 32

f

Figure 6.7: A piecewise smooth global scattering map divided into 3 regions. The vertical black lines
are the boundaries of the domains of smooth scattering maps.

S N W s U @

Figure 6.8: The Melnikov Potential L(I,¢,s) for I =1, p=ag/a;1 =0.6, k; =l =1 and ks =1; =0.

The Melnikov potential becomes

L(I,p,s) = Ag(I)cosp+ Ajcoss,

271 2
2% and A = AT g g = p — I's, the Reduced Poincaré function is

where Ay(I) = sinh(r1/2) sinh(7/2)

LI =L(T,op—17(1,0,8),s—7(1,9,5)),

so we have to look for 7* such that %(I, p—171%s—7%)=0. Recall the two different view-points for

or
=7, p,8):

e Look for critical points of £ on the straight line R(I,¢,s) = {(¢ —I7,s — 1), 7 € R}.

e Look for intersections between R(I,p,s) = {(ap —Irt,s—7),T€ R} and a crest which is a curve
of equation

oL
E(I,cp—IT,s—THT:O =0.

For each I, the crest C(I) is the set of curves in the variables (¢, s) of equation

oL oL
I—(I — =0. .
S0 0) + 5 (g =0 (637



6.6. SIMPLEST CASE k1 =1la=1,ky=101=0 139

which in this case can be rewritten as

pa(I) sing + sins = 0, with o(l) = —5—, p=—. (6.38)

e For any I, the critical points of the Melnikov potential £(I,-,-) ((0,0), (0,), (7,0) and (7, 7): one
maximum, one minimum point and two saddle points) always belong to the crest C(I).
e L£*(I,0) is nothing else but £ evaluated on the crest C(I).

e 0 = ¢ — Isis constant on the straight line R(I, p, s)

Figure 6.9: Level curves of £ for p=ag/a; =05, I =12, ky =lo =1and ko =1; =0.

Crests are important:

Understanding the behavior of the crests
4

Understanding the behavior of the Reduced Poincaré function

4
Understanding the Scattering map

In this simple case (k1 =l = 1 and ky = I3 = 0) there appear Highways.
Definition 6.1 (Highways). Highways are the level curves of L* such that

27‘(@0

£7(1,6) = sinh(7/2)’

e The highways are “vertical” in the variables (¢, s).

e We always have a pair of highways. One goes up, the other goes down (this depends on the sign
of i = ao/ar)

e The highways give rise to fast diffusing pseudo-orbits.
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Figure 6.10: The scattering map jumps O(e) distances along the level curves of £*(I,6)

6.6.1 Case 0 < |u| <0.97

e For |pa(I)| < 1, there are two “horizontal” crests Cym(I) parameterized by:

s = §M(I7
Em({,

v) = —arcsin(ua(l)siny) mod 2, (6.39)
v) = arcsin(ua(l)sing) 4+« mod 2.
6.6.2 Case 0 < |u| <0.625

e For each I, the line R(I, ¢, s) and the crest Cy.m () have only one intersection point.

e The scattering map Sy associated to the intersections between Cyi(I) and R(I, ¢, s) is well defined
for any ¢ € T. Analogously for Sy, changing M to m. In the variables (1,6 = ¢ — Is), both
scattering maps Sy, Sy are globally well defined.

6.6.3 Case 0.625 < |y

e There are tangencies between Cyim (I, ) and R(I,¢,s). For some value of (I,¢,s), there are 3
points in R(I, ¢, s) N Cn,m(I).

e This implies that there are & scattering maps associated to each crest with different domains.( Multiple
Scattering maps)

6.6.4 0.97 < |yl

e For some values of T, | po(I )| > 1, the two crests Cym m are parameterized by:

e=nm(I,s) = —arcsin(ua(l)sins) mod 27, (6.40)
nm(I,s) = arcsin(ua(l)sins) + mod 27,



6.6. SIMPLEST CASE k) =1ly=1,ke=10,=0 141

I=12
1=0.6

i

] w2 T /2

Figure 6.11: Two horizontal crests Cnv m (/) having each one only one intersection point with the line
R(I,p,s) for pu=0.6, 1 =1.2.

(a) Level curves of L£3,(I,0) (b) Level curves of £;,(I,6)

so they are “vertical” crests.
For the values of I when horizontal crests become vertical, it is not always possible to prolong in a
continuous way the scattering maps, so the domain of the scattering map has to be restricted.

6.6.5 An example of pseudo-orbit

An estimate of the total time of diffusion between —I* and I*, along the highway, is

T, C
T, = = 210g <€> + O(€b>] , for e = 0, where 0 <b < 1,
with
I :
—sinh(7w1/2)
Ty =1, I*a ’ = = dl,
( @10 a01) /0 7ra10[ Sin wh(I)

where ¢y, = 6 — I7*(1, ) is the parameterization of the highway £*(I,¢y) = Ao + Ao1, and

. 1.465
C = C(I", a10, a1) = 16 |ayo] (1 * 1——AL2AQ>
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Figure 6.13: For I = 1.5, y = 0.9, there are 3 points in R(I,p,s) N Cymm(I) so there are 3 scattering
maps associated to each crest with different domains

inh(Z) I?
where A = max «(I), with o(I) = sinh(3)

——="—— and p = aip/ap:-
1€[0,17] sinh(ZL) # = ao/aon

1 1
Note: This estimate quantifies the general optimal diffusion estimate O < — log ) of [BB0Z, [CG03a),
€ €
Tre04].

6.7 Proof of Proposition [6.5

Proposition Let S;(I,0) be the scattering map associated to the graphs &; and n;. Assuming
ay,as > 0, then for any I, there exists a 04 such that I > 0 for 6 € (w,04). Moreover, 0, > 37/2 for

I¢(-1/2,1/2).
Proof. We have

i 88119* (1,0) = A1(I)sin(8 — I7*(1,6)) _ ~ As()sin(@ — (I — 1)7*(4, 9)- (6.41)

I-1 I

where Ay (I) and Ay (I) are positive, because a1, as > 0. Notice that u = ay/as > 0.
Note that as (I, = 7,6 = 7) is always on the crest Cy,(I), 7(I,7) = 0 for all I.
Consider first the case of horizontal crests (|a(I)u| < 1).

a) For I < 0, the function a(I) introduced in satisfies a(I) > 0, and from (6.40)), sin(&; (1, ¢)) sinp =
—pa(I)sing < 0. Take § = 2%; since I < 0, the slope m = (I —1)/I of the NHIM lines is greater
than 1. Therefore, 37/2 — I7y(I,37/2) € (w,3w/2). This implies that for any 0 € (m,37/2),

0 — IT{(I,0) € (,3m/2), so sin(f — I7{) < 0. From (6.41), I > 0.

b) For 0 < I <1, a(l) <0, sosin& (I,¢)sinp > 0. Besides, m < 0, so if we look for 0, satisfying

0—It=2rm (6.42)
0—I—-Dr=m,
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(a) The three types of level curves. (b) Zoom where the scattering maps are different.

Figure 6.14: Level curves of £3,(1,6), ,Cfv(fl)(l, 0) and Lj\/(f) (1,0).

we have that for any 6 € (7,0.), 0 — I € (m,2m). By solving (6.42) and defining 0 := 0., we
obtain 0, = (2—1)m. Then, sin(d—1I7;(I,60)) < 0 and therefore I > 0 for any 6 € (7,0 = (2—1I)7).
In particular, 0, < 37/2 if, and only if, I € (1/2,1).

c¢) For I > 1, one more time «(I) > 0 and sin&; (I, ) sin(p) < 0, but now 0 <m=1-1/I < 1. We
first fix @ = 37/2 and search for I such that

37” —1(1,37/2) = 0
37” (T = 1) (1,37)2) = 7.

We obtain I = 3/2, so 0 —I7(I,0) € (0,7) for any I > 3/2 and 6 € (7,0, = 37/2). Consequently,
sin(f — I7;(1,0)) > 0 and I > 0. For the values of I € (1,3/2) we change the strategy. We look
for 0, such that

0—Ir*(1,0) =0
0—(I-1)7(1,0)=n.

We have 0, = 7 and 0 — I7}(I,6,) € (0,7) for any I € (1,3/2) and 6 € (r,6,), so I > 0. Note
that 0, < 3w/2 and we can define 6, := 6,.

Observe that for I = 1 the crests are vertical, and for I = 0, § = §—I7#(I1,60), and I > 0 for 6 € (m, 37/2).
Consider now the case of vertical crests (|a(I)u| > 1).

a) For I <0, sinn(I,0)sino = —pa(I)sin® 0 < 0 and m > 1. We fix § = 37/2 and look for I such
that

3n2m —IT" =m
3r/2— (I —-1)r"(1,37/2) = 0.

We obtain I = —1/2 and therefore, sin(6—(/—1)7y(1,0)) > 0for I € (—o0,—1/2) and § € (7, 37/2).
Consequently, I > 0 from (6.41). For I € (—1/2,0), we have that 6, = (1 — I)7 satisfies

0—Ir"(1,04)=m
0+ - (I - 1)7*(I,0+) =0.
Therefore, sin(@ — (I — 1)7{)(1,0) >0 and I > 0 for any 6 € (m,6,).
b) For 0 < I < 1sinn(I,0)sino >0 and m < 0. 04 = (I + 1)x satisfies
0—Ir"(1,04)=m
9+ - (I - 1)T*(I,0+) = 27.

So, sin(@ — (I —1)7;(I,6)) > 0 and I > 0 for any 6 € (m,6, ). Note that §, < 37/2 for I € (0,1/2).
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Figure 6.15: vertical crests of £* for y=1.5and I = 1.
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Figure 6.16: The level curves of £3;(1,0), u = 1.5. In green, the region where the scattering map Sy is
not defined.
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Figure 6.17: In red: Inner map, blue: Scattering map, black: Highways

c¢) Finally, for I > 1, sinni(/,0)sino < 0. We have that 6 — (I — 1)77(/,0) € (7, 27), so sin( — (I —
1)75(1,0)) < 0 and I > 0 for any 6 € (w,37/2).

For I = 0 the crests are horizontal. For [ =1, 0 =0 — (I — 1)7(I,8), so I > 0 for 6 € (m,27).

6.8 3+ 1/2 degrees of freedom

6.8.1 A model

We now consider an a priori unstable Hamiltonian system with 3 + 1/2 degrees of freedom (d.o.f.)

introduced in [DGS24)

H.(p,q,1,¢,8) ==+ (p; +cosq — 1) +h(I)+ef(q) g(p,s), (6.43)

with (p,q,I,¢,s) € R x T x R? x T? x T, where
h(I) = h(I1, Is) = 213 /2 4+ Q213 /2,
f(q) = cosg, (6.44)
g(p,s) = g(p1,p2,s) = ay cos p1 + as cos g + ag cos s.

Combining again iterates of the inner and the outer dynamics associated to the 5D-Normally Hy-
perbolic Invariant Manifold (NHIM) A = {qg = 0,p = 0}, to build a diffusing pseudo-orbit, and applying
shadowing results, we prove the existence of a diffusing orbit of the system. More precisely, we are able
to prove the following theorem on global instability for the following set of parameters:

ajazas #0 and  |ai/as| + |az/as| < 0.625. (6.45)
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Theorem 6.7 ([DGS24]). Consider the Hamiltonian (6.43)+(6.44). Assume ajazas # 0 and |ay/as| +
|a2/a3’ < 0.625. Then, for every 0 < 6 <1 and R > 0, there exists g = £9(d, R) > 0 such that for every
I, I_ satisfying |I+| < R, there exists an orbit £(t) and T > 0, such that

[1(0)—I_| <6 and |I(T)—I.|<sé.
6.8.2 Unperturbed case

For & = 0, Hamiltonian (6.43))+(6.44)) becomes

’ W2 QI
Ho(p’q’j’%s)_i<};+cosq1>+ 10 T2

2 2’

with associated equations

q=p p =sing
o1 =Ml =1w L =0
Gy = Qoly = wo I,=0
§—=1,

This system consists of one pendulum plus a 2 d.o.f rotor. From the equations above, I; and Is are
constants of motion, and the flow has the form

(I)t(pa%IaSD) = (p(t), Q(t)71a50+tw)a

where w = (w1, ws) = (Q111, Q215). To include the frequency of the time, we also will use the frequency
vector @ = (wq,ws, 1).

Observe that (pg,qo) = (0,0) is a saddle point on the plane (p, q) with unstable and stable invariant
curves. These invariant curves coincide and separate the behavior of orbits and, for this reason, are
called separatrices. In addition, they can be parametrized by

m,élarctan eit> . (6.46)

(polt), ao(8)) = ( 2

For any I € R?, T; = {(0,0,1,¢,5);p,s € T3} is an invariant torus under the flow of the system
with the frequency w = (2111, Q215) and is called a whiskered torus. For each whiskered torus, we have
associated coincident stable and unstable manifolds called whiskers, which we denote by

WOT = {(po(T),qo(T),Ltp, s):TER,(p,5) € ’]I‘Q} )
The union of all whiskered tori 7
A={(0,0,1,¢,5): (I,,5) € Rx T?} (6.47)

is a 5D-Normally Hyperbolic Invariant Manifold (NHIM) with 6D-coincident stable and unstable invari-
ant manifolds given by

WOA = {(po(7),q0(7), I, 0,8) : T € R, (I, 0,5) € R? x T3}

For ¢ # 0, there exists a NHIM A., which in our system, due to the fact that f(q) = cosq in (6.43),
coincides with the NHIM A. Nevertheless, its stable manifold W#(A.) and unstable manifold W™ (A;)
no longer coincide, that is, the separatrices split.

6.8.3 Inner dynamics
The inner dynamics is derived from the restriction of the Hamiltonian (6.43) to A given in (6.47)), that

is,

2

2
KE(I,QO,S):Z +e Zakcosapk—i—agcoss
k=1 k=1

Q12
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and its associated equations are

@1 = W1 = 91]1 jl = a1 sin ®1 (648)
gbg = Wy = QQIQ jg = &ay sin Y2
s=1.

Note that the inner dynamics is integrable, with first integrals

Q12

Fi(Ii,¢1) = +eay (cospy — 1),

Q12

Fy(Iz,¢2) = +eaz (cospa — 1),

in involution. The inner dynamics is described in Fig. so there are two resonances, one centered at
I; = 0 and other at I = 0.

3 3
1—— — 1
4 i e X Iy S= - e ——
B -1
-3 -3
_50 T 2w -50 T 2
©1 P2

Figure 6.18: Inner dynamics

Remark 6.18. When ¢ is small enough, the level curves of I} and F; are almost flat or horizontal in the
action I = (I, I), i.e., the values of I; and I remain almost constant, see Fig. Since there is a
continuous foliation of invariant tori, a genuine ‘large gap problem’ does not appear.

Remark 6.19. There is a double resonance at I; = Iy = 0. The study of dynamics close to double
resonances is a challenging problem and is out of the scope of this work. Since, in our case, the double
resonance is just the point I = (0,0), we will avoid it when necessary.

6.8.4 The Melnikov potential and the scattering map
The Melnikov potential of Hamiltonian (6.43)) is defined as

+o00
L(I,¢,5) ¢=/ (f(ao(p)) — £(0)) g(e + pw, s + p; 0)dp,

— 00
and takes the form
L(I,p,s) = A1 cosp + Ag cos g + Az cos s, (6.49)
where
2w, a;
A =A@, a;) = —————, i=1,2, .
(@i, a;) N i 3 (6.50)

and @ = (w1, we, 1), for w; # 0, and A; = 4a; for w; = 0.
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Given (I,¢,s) € [—I},I7] x [=If,I;] x T3, any non-degenerate critical point 7* = 7*(I, ¢, s) of
TER+— LT, p—Tw, s—7) € R, (6.51)

where w = (w1, ws) = (111, Qals) gives rise, for 0 < & small enough, to a unique transverse homoclinic

point Z to A, of Hamiltonian (6.43]), which is e-close to the point 2*(I, ¢, s) = (po(7*),q0(7*), 1, ¢, s) €

WPO(A):
z=%(I,¢,5) = (po(T*) + O(e), qo(77) + O(e), I, 0, s)and z € W™(A.) h W*(AL).

Once a function 7*(I,p, s) is chosen, by the geometric properties of the scattering map, [DLS0S|
DHO09, [DHT1], the scattering map S = S,- has the explicit form

S(I,p,s) = (1 + eV, LY + O(2), p — eV L* + O(e?), s) ,

where
L*=L"(I,p,8) =L (I,p—7"(I,¢,8)w,5s —7"(I,¢,5)) . (6.52)
Note that the variable s is fixed under the scattering map. As a consequence, introducing the variable
0=¢p—suw, (6.53)
we can define the reduced Poincaré function as
L(1,0) :=L*(I,¢ — sw,0) = L*(I,p,s). (6.54)
In these variables (I, 6) the scattering map has the simple form
S(I,0) = (I + e%u, 6) + O(e?), 6 — 5885; (1,0) + 0(8)) . (6.55)

So, up to O(g?) terms, S(I,6) is the —¢ times flow of the autonomous Hamiltonian £*(1,6). In particular,
a finite number of iterates under the scattering map follow the level curves of £* up to O(g?).
Tt is easy to see[DHI1] [DS18] that the reduced Poincaré function £*(1,6) in (6.54) is equivalent to

L(I1,0) = £(I,0— 7°(I,0)w,—7(1,0)),
where
T(I1,0) =71"(I,p,s) — s. (6.56)
Therefore, from the reduced Poincaré function £*(I,6) can be explicitly expressed as

2
LH(I,0) = Agcos(by, — wpt™(1,0))
k=1
+ Ascos(—7"(1,0)). (6.57)
From now on, both 7*(I, ¢, s) and 7*(I, #) will be used at our convenience. It is important to note that,
as the variable s is fixed for S(I,8), it plays the role of a parameter, which for simplicity[DS17] will be
taken s = 0.
Remark: The reduced Poincaré function £*(1,6) can be defined but the associated Hamiltonian
vector field is no longer integrable.

6.8.5 Crests and NHIM lines
We have seen that the function 7* plays a key role in our study. Therefore, we are interested in finding
the critical points 7* = 7*(1, ¢, s) of function (6.51]) or, for our concrete case (6.49)), 7* solution of

oL

or
This equation can be seen from two equivalent geometrical viewpoints. The first one is that to find
™ = 7*(1, p, s) satisfying (6.58) for any (I, p,s) € [—I],I7] x [-I3,15] x T? is the same as looking for
the extrema of £ on the NHIM line

R(I,p,8)={(I,p—Tw,s —7): T €R}. (6.59)

The other point of view is that fixing (I, ¢, s), a solution 7 of (6.58]) is equivalent to finding intersections
between a NHIMline (6.59)) and a set of points determined by the equation V(, o L(1,¢,s) - @ = 0.

(I, —wr,s =7)=V(, oL, —wr,s —7)-@=0. (6.58)
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Remark 6.20. Note that R(I,¢,s) on {I} x T? is either a closed line when w € Q?, or densely fills a
torus of dimension 2 or 3.

Remark 6.21. By taking 6 as defined in (6.53) and s = 0, we can rewrite R(I, y,s) on variables (I,0),
that is, R(I, ¢, s) is equivalent to

R(I,0)={(I,0 — tw,—7) : T € R}. (6.60)
Definition 4. [DHI1)] A crest or ridge C(I) is the set of points {(I, ¢, s), (p,s) € T3} such that

oL
E(Lap—ﬂu,s —T)|r=0 =0,

or equivalently,

Fixing I, Eq. (6.61)) defines, at least locally, a surface in the variables (1, 2, s) € T2, that we want
to characterize.
From the expression (6.49) of the Melnikov Potential £(I, ¢, s), Eq. (6.61]) can be rewritten as

a(wy)py sin o1 + a(wg)pe sin pg +sins =0 (6.62)

where, for i = 1,2,
a; o sinh(7/2)
P = d i) = (Wi)" =757
K as and afwi) = (@) sinh(w;m/2)
Observe that « is well defined for any value of w;. For any fixed I, to understand the intersection between
NHIMlines R(I,-) and the crest C(I), we first need to study how the surfaces contained in the crest look

like for different values of y; = a;/as and w;, for i =1,2.

Remark 6.22. We wish to emphasize the similarity between Eq. (6.62) of the crest with the equation of
the crests studied for 241/2 d.o.f. [DS17, [DSTS]

Eq. (6.62) is just a linear equation for the variables sin ¢1, sin 2 and sins. To parametrize the crest,
we want to isolate one of these variables with respect to the other two.
We begin with the case

(6.63)

a) |o(wr)psingr + a(wa)pz singy| <1, (6.64)

where we can write s as a function of ; and s, for any (¢1,p2) € T2, more precisely, we have the two
functions

Em(I, @) == arcsin (a(wy )1 sin gy
+a(wa) g sin gag) mod 27

&m(I, ) == — arcsin (a(wy)pq sin gy
+a(ws) g sin gog) + 7  mod 2.

Then the crest C(I) is formed by two surfaces Cni(I), Cm(I) which are simply the global graphics in
the space (1, @2, s) of the functions & (1, @), Em (1, ), defined for all ¢ € T2, According to the notation
used for 24+1/2 d.o.f.[DS17, [DS18], the crest C(I) is called a horizontal crest; see Fig. [6.19] From the
expression of the function a(w;) given in (6.63), we have |o(w;)| < 1.03. This implies

|ae(wr ) p sin 1 + a(ws) pg sin | < 1.03(|p1] + |pal).

Therefore, if
| + |p2] < 1/1.03,

the two surfaces of the crests C(I) are horizontal for any value of I; and Is.

If condition is not satisfied, s cannot be written as a global function of ¢; and @5 in ,
and then two more possibilities arise: b) we can write ¢; as a global function of ¢; and s, or ¢) we cannot
write any variable ¢1, w2 and s as a global function of the other two and, therefore, the projection of
the crest C(I) on each plane (¢1,p2) , (¢1,s) and (@2, s), has “holes”.

Case b) is only possible if

sin s

T sing; + <1, (6.65)

awi)pi ow; ) i
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3n1/2

Figure 6.19: Horizontal Crest C(I) formed by two surfaces: 1 = po = 0.4 and wy; = wy = 1. We plotted
01, P2,8 € [—7r/2, 37r/2) for a better illustration.

for 4,j = 1,2 and ¢ # j. Then, the crest C(I) is formed by two vertical surfaces Cp(I) and Cp (1) that
can be parameterized by

nm(I, pj,s) := arcsin (m (sins

— awj) singoj)) mod 27
i =

M (I, j,s) := — arcsin (m (sin s

—av(w;)p, sin (pj)> + 7 mod 27.

In this case, C(I) is called a vertical crest; see Fig.

Case ¢) only occurs if Eq. and do not hold. Then the crest C(I) is given by a unique
surface; see Fig. Note that the horizontal and vertical crests C(I) are formed by two disjoint surfaces
that can be parameterized separately Cam(I) and Ci (1), and C(I) = Car(I) UCwm(I). In case ¢), C(I) is
called anunseparated crest.

It is worth noting that to express ¢; as a global function of ¢, and s, || is needed to be greater
than 1/1.03. Indeed, assume that there exists an I such that ¢; := ¢;(¢;, s). From condition (6.61f), we

have
Ajw;sin . Assins
Aiwi Aiwi ’

sing; = —

for any (¢, s) € T? satisfying (6.65). In particular, for ¢; =0 and s = £7/2, so

As .
<1, or equivalentely <1
Aiwi a(wi)ui
Therefore, we obtain the following.
1
— < < il -
103 < |a@y| =
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Figure 6.20: Vertical Crest C(I) : p; = 1.7, uo = 04 and w; = wy = 1.We plotted ¢1,¢2,s €
[—7/2,3m/2) for a better illustration.

As a consequence, if |u1] + |pu2| > 1/1.03, but |p1|,|ne| < 1/1.03, there are no vertical crests, that is,
there are only horizontal or unseparated crests.
We now summarize all these calculations.

Proposition 6.8. For a fized value of I, if condition (6.64) holds, C(I) is a horizontal crest formed by
two disjoint horizontal global surfaces. Otherwise, we have two cases:

a) If \p1| > 1/1.03 or |uz| > 1/1.03, C(I) is a wvertical crest formed by two disjoint vertical global
surfaces.

b) If |p1| + |pe| > 1/1.03 and |p1], |ue| < 1/1.03, C(I) is an unseparated crest.

Moreover, if |p1] + |p2| < 1/1.03, then (6.64) is satisfied and C(I) is a horizontal crest formed by two
disjoint horizontal global surfaces.

Remark 6.23. The values of u1, puo providing equalities are bifurcation values for which the two surfaces
intersect tangentially.

Remark 6.24. The notation Cyp(I) and Cpy(I) come from the fact that (0,0,0) € Cp(I) and (7,7, 7) €
Cm(I), and (0,0,0) and (m,7,m) are, respectively, a maximum and a minimum point of the Melnikov
potential L(I,p, s) given by (6.49), for a;, as, az > 0.

Tangency condition

The tangency between the NHIM lines R(I, ¢, s) and the crest C(I) is an obstacle to the existence of a
global scattering map [DS17, [DS18]. Since we only deal with global scattering maps, we need to avoid
such tangencies. We now make a study about the conditions of their existence.

The crests C(I) form a family of surfaces, so there exists a tangency between C(I) and R(I, ¢, s) if a
tangent vector of the straight line R(I, p, s) lies on the tangent bundle of one of these surfaces.

A tangent vector of R(I, ¢, s) at any point is —@. Consider the function Fy : T3 — R,

Fr(p,s) = a(w)p sin gy + a(ws) e sin pg + sin s.
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Figure 6.21: Unseparated Crest C(I) : p1 = 0.8, ua = 0.4 and w1 = wy = 1.We plotted ¢1,p2,s €
[—7/2,3m/2) for a better illustration.

We note that the crest C(I) is defined from (6.62) as the set of (¢, s) € T such that Fy(y,s) = 0. Fixing
a point ¥ = (¢, s) in C(I), the normal vector of C(I) at the point ¥ is

VF () = (a(w )1 cos p1, a(ws) s COS pa, COS S).

The tangent vector —& lies on the tangent space of the crest at the point W if and only if VF(¥)-w = 0.
This condition is equivalent to

awy)wi 1 cos 1 + a(wa)wafig cos g + coss = 0. (6.66)

From (6.62) and (6.66), there is a tangency between a horizontal crest C(I) and a NHIMline R(I, ¢, s)
for 1 and @9 satisfying
2 2
2 2
Zwka(wk)uk cospr | + Za(wk)uk sing, | =1
k=1 k=1

Denote by
2
f1(p) = (wra(wr)py cos o1 + wao(wa) iz cos ps)
. . 2
+ (ov(wr ) sin 1 + a(ws ) po sin o)
Note that for values of py and ps such that fr(p) < 1 there is no tangency. As commented above,

|ov(wi)| < 1.03. From (6.63)), we obtain |w;a(w;)| < 1.6, see Fig.|6.22] This implies

F1() < (1.6)? (| cos 1] + |2 cos pa)”
+(1.03)? (Jpa sin 1| + |z sin o)
<16 |M1|2 +1.67 |M2|2
+2 | 12| (1.6 |cos 1] |cos |
+1.03% |sin ¢, | |sin<p2\>
< L.6%(|pa | + |ual)?.

Therefore it is enough to require |u1| + |p2| < 1/1.6 = 0.625 to ensure fr(p) < 1 for any value of I. Tt is
easy to verify that if |p1| 4 |ue| > 1/1.6 there exist I and ¢ such that f7(y) > 1.
We now collect all these properties in the following proposition.
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Figure 6.22: Graph of |a| and |w;a.

Proposition 6.9. For any I, consider the crest C(I) defined in and the NHIMlines R(I, p, s) defined
in (6.59).

a) For |py|+|u2| < 0.625 the crest C(I) is formed by two horizontal global surfaces and the intersections
between any surface and any NHIMline are transversal.

b) For 0.625 < |u1| + 2| < 1/1.03 the crest C(I) is still formed by two horizontal global surfaces, but
for some values of I there are NHIMlines that are tangent to the surfaces.

¢) For 1/1.03 < |p1| + |u2| and |pa], |ue] < 1/1.03, the crest C(I) is either formed by two global
horizontal surfaces or is unseparated, and for some values of I there are NHIMlines that are tangent
to the crest.

d) For1/1.03 < |u1] or1/1.03 < |uz| , the crest C(I) is either formed by two horizontal global surfaces,
either formed by two vertical global ones, or it is unseparated, and for some values of I there are
NHIMlines that are tangent to the crest.

Here we will consider only case a), that is, |p1|+ 12| < 0.625 which is contained in hypothesis
of Theorem 1, because in this way the crest is formed by two surfaces and the NHIMlines are transverse
to them.

We have assumed until now that s € T. This implies that C(I) = Cym(I) U Cn(I) and R(I, ¢, s)
intersects infinitely many times Cp(I) and Cp (7). We will restrict our analysis to a finite number of
intersections to obtain our results. Taking s € R, the crest C(I) is no longer formed by two horizontal
surfaces, but it is an infinitely countable family of horizontal surfaces, that is, C(I) = J, ., C;(I), where

JEL
C;(I) can be parametrized by

2
&(I,p) = —arcsin Z pupe(wg) singy | + 277, (6.67)
k=1
if j is even, otherwise
2
& (I, ) = arcsin Z pro(wg) singy | + 7 4 275. (6.68)

k=1

Remark 6.25. Note that if s € T, C; = Cy for all even j. Analogously, C; = Cy, for all odd j.
Therefore, we immediately have the following corollary from Prop.

Corollary 6.1. Consider the crest C(I) defined in (4)) and the NHIMlines R(I, ¢, s) defined in for
s € R. For || + 2] < 0.625 the crest C(I) is formed by infinitely countable horizontal surfaces C;(I),
J € Z, that is, C(I) = U;¢; C;(I), and the intersections between any surface C;(I) and any NHIMline
R(I,p,s) are transversal.
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Figure 6.23: Dynamics of the Poincaré map the section I; = 0 at the energy level £*(0,0, 57 /4,57 /4) .
Initial conditions are taken at the section {(I1, I3, 62) = (0,0, [57/4 — 0.2, 57/4 + 0.2]) } for iy = 0.2 and
2 = 0.3. Each color represents a different orbit of the Poincaré map.

After this construction, each line R(I, ¢, s) intersects each C;(I) at a unique point. We denote
by 77 the value of 7 such that R([,¢,s) intersects C;(I). Following the same philosophy, we denote

L:(1,0) = L(I,p—Tjw,s —7;) and S; the scattering map associated to C;, that is,

S;(1,0)" = (1,0)T +eJVLI(1,0)" + O(e),

where J = (7&2 1‘32) is the 4 x 4 symplectic matrix.

Corollary 6.2. Under the same conditions of Corollary the scattering map S;(I,0) associated to
C; is globally defined, i.e., it is well defined for any (I,0) € R? x T?.

Proof. The existence of 77(I,6) for all (I,0) € R* x T* holds by the fact that the slope of R(I, ¢, s) is
@ = (wi,we,1) and the surfaces C;(I) are horizontal and there is no tangency between R(I,¢,s) and
C;(I). O

Remark 6.26. In practice, it is enough to deal with Sg and S;, which are also called primary scattering
maps[DS17, [DS18]. Indeed, we will only explicitly use Sp.

6.8.6 Transversality between the Inner and scattering flows

To perform diffusion through a scattering map, that is, to find trajectories of Hamiltonian system
+ where the action I changes significantly, we would like to prove that an orbit of the
scattering map is not confined in an orbit of the inner dynamics, since the value of I is almost constant
under the action of the inner map.

Recall that the scattering map is the e-time flow of the Hamiltonian —£%(1,6) up to order O(e?).
Then, from a geometrical point of view, looking at the flow associated to the reduced Poincaré function
L5 will be very useful.

*

Definition 5. The flow ¢;£j of the Hamiltonian —L7 given by the equations

j—aﬁju) d 6= 8/:;19 6.69
*W(v) an *7W(7) ( )

is called the scattering flow associated to L.

The scattering flow is 4-dimensional and autonomous and exhibits rich dynamics. In Figure we
show a simulation of the Poincaré map onto a hyperplane given by I; = constant, where non-integrability
is clearly manifested.

From ([6.57)), the above Hamiltonian equations take the form, for i = 1,2,

jl‘ = —Ai sin(@i - wnf) (670)

. A;
9i — _Qi (Ccliw: COS(ei _ wﬂf) + T*Ai 511’1(91 — WiT;)> .
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Remark 6.27. Take an initial point (Ip,6y). After a large number k of iterates of scattering map S;,
(I, 0r) = S;c (I, 6p) is expected to accumulate an error with respect to the scattering flow ¢:(Ip,6) at
time ¢ = ke, as the flow is just an approximation of the scattering orbit. However, this error can be
controlled by also using the inner dynamics in order to keep the iterations of S; close to the scattering
flow. A complete description of this mechanism and an analysis of this accumulated was done for 2+1/2
d.o.f. in [DSI7] as described in section

Lemma 6.10. The scattering flow with equations (6.70) has only four equilibrium points: (0,0,0,0),
(Oa 07 07 ﬂ-)) (07 Oa T, O) and (07 07 , 77)'

Proof. Tt is an immediate consequence of (6.70]) and the form of A;, given in (6.50]), and their derivatives.
O

We can now state the following result.

Proposition 6.11. Consider Hamiltonian (6.43)+(6.44). For |ui| + |ne| < 0.625 and I not e-close to
(0,0), there is no common orbit of the inner flow and the scattering flow.

Proof. From (6.48)), the first integrals on variables (I;, 6;) are given by

o

F; 5

+ea;cosb;, i=1{1,2}. (6.71)

The transversality of any invariant set of the inner flow and the scattering flow holds if the gradient of
the level surfaces of F} and Fy are not parallel to the gradient of the level surfaces of L*, or equivalently,

{Po-L;} (0,5 (10,0%) £ 0, i={1,2}, (6.72)

. . L . . .
where {, } is the Poisson bracket and ¢, 7 (I°,6°) is the scattering flow associated to —L5. Note that

A OROL; 9F oL
{F"’_Eﬁ} =90, o1, © oI, o0,

J

(3

dA;
= ea;$); sin 6; (d cos(6; — wiT;) + Tj’.*A,» sin(f; — wiq—’f)>
— w; A; sin(0; — w;T))

J
Suppose that does not hold.

In the case that |I?| > g, for i = 1,2, the dominant part is —w; A4; sin(6; — w;7*). So, {F;,—L*} =0
only if sin(f; — w;7*) = 0, for ¢ = 1,2. This implies that, from , I; is constant, for i = 1,2. As
F; and I; are constant, 6; is also constant, i = 1,2. Then, we can conclude that (I,8) is an equilibrium
point of £5. From Lemma[6.10, I = (0,0), a contradiction.

Now, consider the case that |I;| > ¢ and I; = ¢ , for i # . As we have seen before, I; and 6, are
constant. This implies that we can reduce the scattering flow two to a 2D flow. The transversality relies
on the same argument for the 24+1/2 d.o.f. case.[DHII] [DS17]

O

Corollary 6.3. The same proposition is valid for the scattering map, since the scattering map is the
scattering flow plus a term of order O(g?) for e small enough.

6.8.7 Construction of diffusing paths

We are interested in finding a finite drift in the 2-dimensional variable I. In general, we expect to
obtain an increment in the value of I by iterating the scattering map. Therefore, the points where the
action variable I does not change under the action of the scattering map are useless for our mechanism.
From Lemma and Prop. there are four points to avoid: (0,0,0,0), (0,0, 7,0), (0,0,0,7) and
(0,0, 7, ) since they are equilibrium points of all scattering flows and inner dynamics.

As we are assuming p;, po such that |pi|+|pe| < 0.625, we find that all surfaces C;(I) are horizontal
for any value of I and are transversally intersected by R(I, ¢, s), see Corollary Therefore, 77(1,0) is
always defined, see the proof of Corollary and we can introduce a new variable:

Yy =0—17(I,0)w. (6.73)
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By (6.62),(6.67) and (6.68])

$— T;(I@a 5) = gj(lv ¥ — T;(Iv 2 S)Cd)
By (6:53) and (6.56)
—7;(1,0) =& (1,0 — 77 (I,0)w).
This immeadiately implies that 1 has a well-defined inverse function

0 =1 — &1 P))w.

This variable will be helpful in the proof of the following theorem.

6.9 Global Instability

Theorem Consider the Hamiltonian (6.43)+(6.44). Assume ajazas # 0 and |ai/as| + |az/as| <
0.625. Then, for every 0 < § < 1 and R > 0, there exists eg = €0(d, R) > 0 such that for every I, 1_
satisfying |I+| < R, there exists an orbit Z(t) and T > 0, such that

|1(2(0)) — I-| < C§
[1(z(T)) — 14| < C6

Proof. Actually, we are going to prove that given I_, I, and a curve v : [0, t¢] — R?, such that v(0) = I_
and ~y(tf) = I, there exists an orbit Z(t) of the Hamiltonian system given by (6.43])+(6.44) satisfying

‘1 (@(t)) — fy(a(t))’ <08, tel0.t]. (6.74)

Our strategy will be to use iterations of the inner and scattering maps to construct a pseudo-orbit
d-close to . Later, we will apply shadowing lemmas to ensure the existence of a real diffusing orbit in
which condition (6.74)) is satisfied.

Consider first the case that v is a horizontal segment in the plane (11, I3), so that I_5 = I,5, where
vg = 9p, L*(I,0) does not vanish. Given § < I(y), where I(v) is the length of v, we define N := {@J

and take the finite open cover of the image of the curve v given by
N
U Bs(v(ti)),
i=0

where B;(v(t)) = {p eR2: ||y(ts) —p|| . < 5} and to = 0.

Let I' € Bs(v(t;))\ Bs((tix1)). Applying the scattering map, we want to obtain a I/ € Bs(y(tiy1))-
From now on, we denote by I* the values of I obtained by the kth iteration under the scattering map
S. We should ensure I* € Bs(v(t;)) U Bs(y(tiz1)) for k € {1,...,j}. Recall that the scattering map can
be written as

ST, = (1,0)" +eJVL(1,0)" +O(e?),

where J is the symplectic matrix, and the term O(g?) can be bounded by €2M, for some constant M
depending just on R. Therefore, defining the vector u* = v(t;11) — I*, we have to obtain a 6* such that

uldg, L*(I',0%) > 0, for j = {1, 2}, (6.75)

where 0, £*(I,6) = —A; sin (0; — w;7*(I,0)) with A; defined in (6.50)), see Fig. Assuming a1, az >
0, is satisfied if and only if 6% — 7 (I, 0*)w' € (m,27)".
If for initial values (I%,0%), 0° — 7*(I*,0%)w; ¢ (m,27)?, we need to use inner dynamics to displace 6
to a point #* such that
P* =0 — (I, )Wt € (m, 2m)%

The inner dynamics is very simple, and we can assume that it is approximately horizontal for finite
time[DS17], i.e., it is described by the equations

I;=0 and ¢;=w;, j=1,2.
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v(ti) Y(tiv1)

T

Figure 6.24: 0B;s(7y(t;)) in red and dBs(y(ti+1)) in blue.

Therefore, ¢(t) = wt 4+ ¢(0). Then, the existence of 6* is equivalent to the existence of ¢* satisfying
O(t") — 7" (I',0(t"))w'" € (m,27)?,

where 6(t) = 6" + tw’. Define
U(t) = 0'(t) — (1", 0 (1)’
Assume w? > wb without loss of generality, and as we can choose the initial point with a d-error, we
can take I}, I} # 0. We can write

wi . . .
Py = ﬁ% + 1o, Yo 1= 04 — whl Jwh. (6.76)
1

For w}/wi € R\ Q, (¢1,%2(¢1)) is dense in T2, then there exists a ¢* such that (¢ (t*),va(t*)) €
(m,2m)°.

For wh/w! = p/q € Q, consider ¢gp > 0, the other case is analogous. This implies 0 < p/q < 1.

We fix i1 = 2xl, | € Z. For these values of 1, ¥s in can be rewritten as

Ya(l) = ri(tho) = 2m <§) L+ .

Note that 1, is equivalent to a rotation of 1y by the angle 27p/q on S'. As 7;(1) is a g-periodic
function, an orbit O = {1/10, e ,rq,l(wo)} is an equidistant cover of S'. Therefore, if g # 1 or v # ,
there exists I’ € {0,...,q — 1} such that r;(¢g) € (m,27). This immediately implies that (1/)1,1/J2(1/11))
intersects (m,27)%.

For ¢ = 1 and 99 = m, then w! = wi and it is easy to verify that (11,12(¢)1)) does not intersect
(m,27]%. Therefore, in this specific case, the inner dynamics is not enough for our purpose. So, here
our strategy is slightly different. We will use the scattering map in a similar way to the inner map: to
change the values of # while the value of I remains almost fixed.

First, we apply the inner dynamics up to 13 = 0. From , this implies ¥ = 7. For these
values, we have I =0. From Prop. when we apply the scattering map on this point, its image is
on another torus of the inner dynamics. As the values of the variable I remain fixed up to O(g?), we
can consider that these values are within Bs(y(¢;)). Out of this problematic torus, we can apply the
algorithm developed previously.

Now we want to prove that I* is §-close to the curve « for any k € {1,...,5}. We have

IF =11 eopLr(IF1, 0% 1) + O(2). (6.77)

So, I* is é-close to v if the following condition is satisfied.
I5 — ya(tisr)] < 6.

If we assume I5 1 < y5(t;41), we only need to verify I¥ < va(ti11) + 6.
From (6.77)) and if we consider only the terms of the first order, the condition is equivalent to

Yo(ti) — IE + 6

e <
vk —eM
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Note that y2(t;) — I¥ < §, then the numerator is positive. In addition, v5 > ma(7), the minimum
value of |vg| along the curve v, so it is enough to require € < ma(y)/(2M), as well as

Ya(ti) — I5 + 6

e<?2
ma ()

(6.78)

o . Y2 (ti)—Ii+6
Define e; = sup {5 e < m2(7)2

For ug <0, (6.78) takes the form

}, we obtain that for any 0 < ¢ < ¢;, I* is 6-close to 7.

oo 2]5 — va(ti) +5.
ma ()

Now we wish to obtain a similar result for any iterate of a scattering map. Introducing m = min;<g v,
the result is true for ¢ < 1/(2M) and

20
e< —.
m

That is, if we take gg = min{ﬁ7 %‘S}, for any € < ¢y we obtain a pseudo-orbit d-close to 7.

For vertical lines, the same result can be stated mutatis mutandis.

The above argument holds for any + that is d-distant from the equilibrium proint of scatterig flow,
see Lemma If such condition it is not satified, it can be approximated by +" that has a distance
O(6/2) from v close to those points.

For a more general case, that is, Cl-curve v : [0,#*] — R? such that v(0) = I_, y(t*) = I, we take
a stairstep curve 7step, & combination of horizontal and vertical lines, in such a way that vsiep is a good
enough approximation of v, where ‘good enough’ we mean, the result holds for v applying the above
results (for horizontal and vertical lines) for Ystep.

We can now apply shadowing techniques well adapted to NHIM [FMO00, [FMO03, (GLMS20], due to the
fact that the inner dynamics is simple enough to satisfy the required hypothesis of these references, to
ensure the existence of a diffusion trajectory. O

6.9.1 Highways

The existence of a special invariant set of —L§, called Highway, was very useful for the study of the case
with 241/2 d.o.f.[DS17]. Tterations of a scattering map along a Highway were enough to obtain a large
drift on the action variable I. Moreover, we estimated the time of diffusion of these orbits. We want to
detect a similar invariant set for our 3+1/2 model with the same goal in mind.

We define a Highway as an invariant set % = {(I,0(I))} of the Hamiltonian given by the reduced
Poincaré function L£{(I,6) which is contained in the level energy L§(I,0) = Az. Therefore, it is a
Lagrangian manifold, that is, ©(I) is a gradient function, so there exists a function F(I) such that
O(I) = VF(I). As © is a gradient function, it must satisfy the following condition.

001 00,
ol, oI,
This condition is equivalent to
0*F 0*F

0LdL, ~ OLOL’
Remark 6.28. We take the energy level L£§(1,0) = A3 because we have from (6.57) that

li Li(I,0) = As.
(11,12)—)1(1’:Itloo,ioo) 0( ’ ) 3

In addition, £5(0,0, £7/2, +7/2) = As. Therefore, the level surface L£{(I,0) = As is the unique connec-
tion possible of the origin of the plane (I1, I2) to arbitrarily large values of |I1| and |I5].
We start by proving the local existence of Highways for I, I3 > 0.

Proposition 6.12 (Local existence of Highways). Consider the Hamiltonian (6.43)+(6.44). Assume
arazas # 0 and |ay/as| + |az/as| < 0.625. For |I1| and |I3| close to infinity, the function F takes the
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asymptotic form

>]

2
Qal smh (m/2)
F(I)= 2 (£1 £ Iy) Z / (WB i

+672 w» + 247 |w;| + 48) e~ mlwil/2
+ O(w2w2€—w(\wl\+\w2\)/2) (6.79)

Proof. Assume a candidate for a function F(I) given by (6.79), such that © = VF(I). We have four
possible choices for the sign of the first order term of F(I). To fix ideas, we choose & (—I; — I2) that
is equivalent to 3% > (11 + I2). ©(I) has to satisfy the energy level condition for Highways in the reduced

Poincaré functi 101’1

2

Z Ay cos(O —wiT*(1,09))
k=1
+A4; (cos(—7*(1,0)) — 1) =0, (6.80)

and 7*(1, ©) has to satisfy the equation of the crest

2

Z WkAk sin(@k - wkT*(L @))
k=1
+ Az sin(—7%(1,0)) = 0. (6.81)

We want to write their version for I1 and Iy close to infinity. Using (6.79) we notice that ©; = ©;(I)

takes the form

3 —TTw. T (w W
0, = 771- — a;sinh(7/2)wle 2 4+ 0 (wlee “p 2>> .

This implies
cos(0; — w;T*) = —a; sinh(7/2)wie = WiTo

—m(wytws)
+0 (wlwze 2 >

and

sin(0; — w;it*) = —1 + O(wfe ™),
In addition,

*2
cos(—7%(1,0)) = T;O + O(T;f),

sin(—7") = =15 + O(7%,),

where 72 is an asymptotic approximation of 7* that we will estimate in the following. First, we notice
that functions A; and As can be approximated by

A; = 4ﬁaiwie$ (1 4oeT2mwi gL )
= drawie +o( J)
From ([6.62)), the function 7*(I, ©) satisfies

2
A
—7%(I,0) = — arcsin Z Zwk sin(O; — wrT*(1,0)) |,
k=1 3

and therefore,
2

Z 2a; sinh(m/2)wle ™ =40 ( _OWI) .

i=1
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Applying these estimates in Eq. (6.80) we obtain that the left-hand side of Eq. (6.80) satisfies

2
Z {47raiwie_m”1/2 [—ai sinh(m/2)wle™i/2
i=1

2
Z 2ay, sinh (7 /2)wie Twk/2
k=1

2

A 2
= ZQal sinh(r/2)w2e"wi/2
i=1

+ O(w1w2e_”(°’1+‘”2)/2) O(w%w%e‘”(“ﬁ”z)m).

In the same way, by applying in Eq. (6.81)) the estimates obtained, we have that the lef-hand side of

Eq. (6.81) satisfies

—247”%&1 e Tt + As ZQalsmh(ﬁ/2 wle 5

i=1
+ O(Wlw2e—ﬂ-(w1+w2)/2) O(wlwge—w(w1+u&)/2)

Therefore, up to the order O(wiwje ™ @1+w2)/2) the equation of the crest and the energy level of the
reduced Poincaré function are satisfied. O

So far, we could ensure the existence of Highways for some specific values of I. However, in the
exceptional case a1 = as, 21 = (s, we can completely describe them and thus we can easily construct
an explicit diffusing pseudo-orbit.

Proposition 6.13 (Global explicit expression of Highways in a special case). Consider the Hamiltonian

(6-43) +(6.44) and a1 = as satisfying 2 |a/as| < 0.625 and Qy = Q. Let (b{_ca (1°,0(1%)) be a scattering
flow on a Highway such that IY = I and 60 = 69. Then, I (t) = Ix(t) = I(t) and 01(t) = O2(t) = 6(t)
for allt € R and can be described by

x arccos % + warccos(f(I));
wll) = 7 -
arccos % — warccos(f(1));

for I <0 and I >0, respectively, or

Gl — arccos % — warccos(f(1));
a(l) = 7 o
— arccos % + warccos(f(1));

for I <0 and I > 0, respectively, where A := 2A; = 2A5 and

£ 1- ﬁ, @ =+l
= -2 _ 2 i)

Proof. Consider the scattering flow ¢, £ (1°,60°) defined by the differential equations in . Assuming
Q1 = Qy = Q and a; = as =: a and taking the initial conditions satisfying 7(0) = I° and 6(0) = ¢°
where I? = I§ and 6{ = 69, the solution (I(t),0(t)) of satisfies 0, (t) = 02(t) =: 0(t) and I,(t) =
I(t) =: I(t) for all t.

If the flow ¢, £o (19,60°) lies on a Highway, it has to satisfy two equations: the equation of the crests

given in (6.61)) and
L5(1,0) = As.

These equations can be rewritten as
Acos(0 —wr*(I,0)) + Az cos(—7*(I,
e

_ )= As (6.82)
wAsin(0 — wr*(1,0)) + Azsin(—7



6.9. GLOBAL INSTABILITY 161
where @ := w; = ws and A := A(@) = 4wwa/ sinh(ww/2) for w # 0 and A = 8a.
Multiplying by @ the first equation in (6.82]) we obtain

wAcos(0 —wr*(1,0)) = —wAs(cos(—7(1,0)) — 1)
wAsin(0 —wr*(I,0)) = —Assin(—7*(1,0)).

We sum these two equations squared and we obtain
_ 2 _
G2A% = [a;Ag (cos(—7*(I,)) — 1)} + A%sin?(—7* (I, 9)).

After some arithmetical manipulations, we obtain the following equation of second degree in the
variable cos(—7*(1,0))
(@* —1)AZ cos®(—7*(1,0)) — 20> A2 cos(—7*(I,0)) + A3(0* +1) — 02 A* = 0.
For @ = +1, we have

A

cos(—7*(1,0)) =1 — oyee

Otherwise,

2243 £ | [0 A — 4(@2 — 1) A3 [A3(@? +1) — w2A?]
22 — 1) A2 ‘

cos(—7*(I,0)) =

After more arithmetical manipulation and considering —1 < cos(—7*(1,)) < 1, we have

w2Asz — /A2 + (@2 — 1)02 A2

cos(—7*(1,0)) = (02 —1)A3

To simplify the notation, we define
A - _
_ 1-— m7 w==1

FI) = a2a,—AT1 @ Da2az o441,

(w2—-1)As3

And therefore, o _
= —7"(1,0) = £ arccos(f(I)).

We have two Highways. This explains why we have found two different values for the function 7*. Then
we can rewrite the first equation of (6.82]) as follows.

Acos(f + warccos(f(I))) + Asf(I) = As

This immediately implies

0 = + arccos (W) F warccos(f(I)).

From the four possibilities, by comparing with numerical results, we obtain that the Highways are
described by

5 () arccos ‘43(%@ + warccos(f(I));
h(d) = 7 -
arccos M —warccos(f(1));

for I <0 and I > 0, respectively, and

As(1-f(1))
A

— arccos ( ) —warccos(f(1)),

— arccos (’43(%@) + @ arccos(f(I));

for I <0 and I > 0, respectively. O

Remark 6.29. A very similar result was proved for 241/2 d.o.f.[GSIS].
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Note that since an orbit on a Highway has the form (7, 0(I)), we have
© = DO(I)I.

Therefore, I = 0 implies © = 0. Thus, an equilibrium point in the plane (I3, I5) is related to an
equilibrium point of the scattering flow. From Prop. we know that the scattering flow has
only four equilibrium points. However, none of them lie on a Highway since L{(p) # A3, p =
(0,0,0,0), (0,0,7,7), (0,0,7,0) and (0,0,0,7). We can conclude that there are no equilibrium points
for Highways on (I, I3).

Theorem 6.14 (Global Existence of Highways). Assume ajasas # 0 and |a1/az| + |az/as| < 0.625 in

Hamiltonian (6.43)+(6.44). Inside a Highway there are no orbits that are contained in a compact set
on the plane (I, 12). In particular, given any 0 < ¢ < C, there exists an orbit of the scattering flow

qﬁt_ﬁ’* (I,0) on a Highway and a time t* such that

’I(to)‘ <c and |I(t*) > C.

Proof. Suppose by contradiction that there is an orbit (v,©(v)) on a Highway that is contained in a
compact set on the plane (I1,I). This implies that its w-limit set w(y) on this plane is nonempty.
Since there are no equilibrium points on (I, I3), w(v) is formed by regular points. From the Poincaré-
Bendixson theorem, + is a periodic orbit. However, this immediately implies an equilibrium point in the
interior of v, a contradiction. Observing that (0,0, +7/2, £7/2) belongs to a Highway, the theorem is
proved for any ¢ > 0. O

As an immediate consequence, we can ensure that the orbits are diffusing along a Highway.

Corollary 6.4. Assume aiazas # 0 and |ay/as|+ |az/as| < 0.625 in Hamiltonian (6.43)+(6.44). Given
any 0 < ¢; < Cj, j = 1,2, there is at least an orbit (I',0%)o<i<n of the scattering map Sy such that

IJQ <c¢; and IJN > Cj, j=12

The following result shows that the orbits on a Highway do not wander along the plane (Iy, ).
Indeed, they have an explicit asymptotic behavior, as we can see in Fig.[6.25

Proposition 6.15. Assume ajasaz # 0 and |a1/a3| + |a2/a3| < 0.625 in Hamiltonian (6.43))4(6.44)).
Let (I", ©(I")) be a Highway. For I, I; > 1, we have

Ql 2 Qlal
I =_—1h - 1 1
2 QQ L 7TQQ & (QQG,Q * O( /wl),
and for I, I; < —1,
Ql 2 Q1CL1
b=+ ——1 o
2 QQ 1 + 71'92 og (92a2> + ( /Wl),
Proof. Since I, = — A, sin(f; — w;7*) and w; = Q;I;, we have

d(JJQ QQAQ sin(92 — (JJQT*)

dw; A sin(6y — wyT*)’

For I, Is > 1, the above equation becomes
dwy _ 4masQows exp(—mwa/2) + O(wa exp(—5rws/2))
dwy  4ma; Qiwel exp(—7wi /2) + O(wy exp(—57w; /2))
_asfow exp(—mws/2) + O(ws exp(—5mwa/2))
a1 wi exp(—mwy /2) + O(wy exp(—Hmwy /2))’

so that separating variables, we get

STwa
1 /exp(ﬂ'wg/Q)dwg Lo exp (T)

GQQQ w2 Wy
Srwi
1 exp(mwi /2)dw; exp( 2 )
+O0| —— 1,
a1 w1 w3
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which can be also written as

xD(1w2/2) | (22 _ exp(mwn/2)
GQQQ']TWQ + O(wQ eXP(TFWQ/z)) - alQlwwl
+0(wy 2 exp(mwi /2)) + co. (6.83)

Assume that wy takes the form wy = w1 + g(w1). Plugging this formula into Eq. (6.83]), we obtain

exp(mg(wi)/2) ., [ P (mg(w1)/2)
az Q2 (w1 + g(w1)) (w1 + g(wr))?

1 Co

-2
a1Qwy + exp(mwi/2) + 0w ™).

As we assume that w; is large, the term with w; ? dominates the term with exp(—7w;). Therefore,

exp(rg(w:)/2) = ("292) (1 + 9(“1)) +O@wph). (6.84)

a1 w1

By solving Eq. (6.84)), the function g takes the following form.

-2 —ma1w _
g(wr) = o Wh (%&120121 eXP(_WWI/Q)) —wi + O(Wl 1)7

where n € Z and W, is the Lambert W function|CGH"96|. The Lambert W function can be written
both around z = 0 and z — oo as|CGH™96]

Wi (z) = Log(z) — log Log(2)

+3° 3 cum(logLog(2))™ (Log(z)) "™, (6.85)

n=0m=1

where the coefficients ¢, can be found using the Lagrange Inverse Theorem, Log(z) is the complex
logarithm for any no-principal branch, and log(z) is the complex logarithm for the principal branch. As
we are working with real numbers, Eq. (6.85) implies that the function g is

where O = O(1/wy). After some algebraic manipulations, the function g becomes

o) = — | log (;T )
—log | [ log (;T ) — w1 /2 +(9<01J>.

oo lt)

7T'a1910.)1

a§ls

a1§d1wq

asfly

We conclude that

ax§2o
a8

2
lim g(wy) = —log <
w1 —00 ™

For wy,w; <« —1 is analogous.
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Figure 6.25: Dynamics inside the Highway. Parameter values are a; = 0.3, a2 = 0.1, a3 = 1 and
Q=0 =1

Figure 6.26: Times taken by trajectories in Fig. [6.25[to reach the section I = 7 from section Iy = —7.

In Figure [6.25] we simulate the dynamics of the scattering flow restricted to a Highway. This simu-
lation is carried out by taking initial conditions along the sections given by Iy = 7 and Iy = —7 (varying
I) and integrating backward and forward (respectively) so that the trajectories match at Io = 0. The
initial angles #, and 65 are taken by Equation . Note that for large values of I, the dynamics inside
the Highway is given by the straight lines given in Prop.

In Figure[6.26] we show the times taken by these trajectories to travel from section Iy = —7 to section
I, = 7. We can see that some orbits are faster than others; however, the difference in time is not quite
significant.

Remark 6.30. Fig was made in C++ by numerical integration of (28). The numerical method used
is Runge-Kutta-Fehlberg (RKF78) with automatic step size control.

6.9.2 The time of diffusion

We have two different types of time to estimate: the time of the scattering flow associated to the
Hamiltonian —£%(1,6) and the time along the homoclinic manifold to the NHIM A. We will estimate
this time only for orbits close to a Highway (I,0(I)). Recall that along the Highways, for large I we
can write Iy asymptotically as a function of I7, that is, there exists a function f such that Iy = f(I).
Therefore, a diffusion from I? to I!, both in J, immediately implies a diffusion from I5(I?) to Iy(I%).
This implies that we only need to study the time for the flow related to the differential equation for I.

The time of diffusion of an orbit close to a pseudoorbit built via iterates of scattering maps is estimated
to be:

Td = NsTh + Csﬂa
where:
e N is the total number of iterates under scattering map. It is estimated by Ty/e, where Ty is

the time that the scattering flow spends going through AI. This comes from the fact that the
scattering map jumps O(e) along the level surfaces of L§(I,0).
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e T} is the time under the flow along the homoclinic invariant manifolds of AE. This is thg time
spent by each application of the scattering map following the concrete homoclinic orbit to A..

e (5 is the number of times that we need to apply the inner map to control the accumulated error,
see Remark

e T; is the time under the inner map. This time appears if we use the inner map between iterates of
the scattering map (it is sometimes called ergodization time).

We can refer to NgT}, as the time under scattering maps or simply outer time, and to CsT; as the
time under the inner map, or simply inner time. In the following theorem, we will prove that the outer
time is much larger than the inner time: NgTj, > C{T;, for orbits close to Highways. Hence, we prove
that Td ~ NSTh.

Theorem 6.16. The time of diffusion Ty close to a Highway of Hamiltonian (6.43)+(6.44) with |a1/a3‘+
|a2/a3’ < 0.625 between IY and I{ satisfies the following asymptotic expression.

T, C
Ty= ? 2log (a) +0EY], (6.86)
fore — 0, where 0 < b < 1, with
— 1 /“*’f - sir.lh(7rw1/2)dw1 , (6.87)
2ma1 J,, wisin(@y —wiT*)

where wy = Qlfi] and wp= 1y, and

2 inh(7/2
C =16 |a1| + Z |a’3uk| S (ﬂ-/ ) ‘/"Lll
= [1 = 1.466(|p | + |pa))]

M (wg)

where a(w;) was given in (6.63), wu; = a;/as and M (w;) = rr[lax ] |wi — a(ws)] .
Lie|1o,1f

Proof. We estimate the time of diffusion to be
Ty =TTy /e,

where T; is the time under the scattering flow on the Highway and T} is the time along the homoclinic
manifolds to A. We begin by studying 7.
The differential equation for I; is given by

an
dt

where 6; = ©1(I1) and 7* = 7*(11). Then, we have

1 /“’f — sinh(7w; /2)dwq

s = .
2ma1 wy sin(fy —wyT*)’

= —A;sin(0; —wi7"),

where wy = O I and wy = Q1.

A point (pe(7), ¢:(7)) € B5s(0) N W2*(0) lies on the perturbed separatrices on the plane (p, q) and is
given by (pe(7),q=(7)) = (po(7), o (7)) + O(e), where (po(7),qo(7)) = (2/ cosh 7,4 arctane™). The point
(po(T),qo(7)) can be asymptotically approximated by

po(T) = el (1 + O(e‘z‘ﬂ)) and

e"r|

4
qo(7) = T (1 + 0(6_2|T|)> mod 27.
e T
Taking into account the starting and ending points on 9B;(0,0) and 7t = —7;, we have

4v2

eu

(1 + O(e—2“)) — 5
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where u = |1i|, |7¢|. Therefore,

u = log lll\f (1 + (9(52)> 5

= log <4\/§> + O(6%).

Then, the time along the homoclinic manifolds can be given by

Ty, = 2log <4;@> +0(6%) + O(e), (6.88)

where ¢ is the distance between the NHIMand the piece of the invariant manifold that we are using to
calculate the time. Then, we have to estimate the value of J, since it must be small enough to preserve
the scattering map.

Recall that from p?/2 + cos ¢ — 1 = 0 the Melnikov potential given in , can be written as

2

+oo 2 o
L(I,p,s) = / ]%) Z ay, cos(px + wio)
- k=1

+as cos(s + o)) do.
This implies that the reduced Poincaré function (6.54)) is

1 [t
L5(T,0) = 5/ p*(0) (a1 cos(6y — wiT* +wy0)

+ag cos(f2 — waT" + weo) + ag cos(—7" + 0)) do.

—00

As we are considering just a piece of the homoclinic invariant manifold d-close to A, we are going to
approximate the above integration by integrating for a finite interval of time [to, f] in such a way that

we have
0L 0L
— <&, 6.89
0, (ael >5 c (6.89)
where
oLy 1[0
(552). =5 | 550" (orcosthy —nr” 0
+as cos(fy — waT* + wao) + ag cos(—7" + U)) do.
To simplify the calculations, we assume tqg = —t;. Then, we have

oLy (oc
96,  \ 06, ),

oo or*
/ p2(0) |—a1 [ 1 —wi—=— |sin(f; — w1 " 4+ wio)+
t 00,

or* . N ™ | .
agwa—— sin(fy — weT* + wao) + ag——sin(—7* + o) | do

691 691

Using the equation of the crest given in (6.62)) and the Triangular inequality

oLy (8/;3) too
— <la o)do
o~ () |Slal [ )
2 Hoo or
+ X lasl [ 520) |50 Jen — alea)| do
k=1 te !

—+oo
<[ Po)o (o
te
2
or*
+ lasul 20,
k=1 !

max |wg — a(wg)]| | do. (6.90)
nelip)
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As (I,0(I)) is on a Highway and from the equation of the crest, we have

or* awy)p cos(fy — wyT*)

20,

2
1+ > (w?—1) i—’; cos(0y — wpT*)
k=1

Applying the fact that we are assuming |u1| + |u2| < 0.625,

2sinh(7/2) |1 '
= [1— 1.466(| 1| + [pea))]

or*
001

In addition, we have p(co) = 4e~1°! (1 + O(e_2|”|)). Therefore, inequality can be rewritten as

oLy (0cy
20,  \ o0, ),

< Ce™ 4 O(e3),

where

2 .

2 h(m/2

C=16 ||+ lagau| sinh(m/2) lpal 3] (6.91)
2 71— 1.466((us| + )]

with M(w;) = max |w; — a(wi)’ . So, by using the expression of T}, given in (6.88)), we have
< Cs(1+ 0(6%))

Le[1?,1f]
oLy (853)
001 00, s - 4\/§ ’

To satisfy Eq. (6.89)), we have to take a § satisfying

_45\/5
- C

g (1+0(2)).

Therefore, by inserting this value of §, time 7}, can be expressed as
C
T, = 2log (e) + O(e),

where C' is given by .

Note that this time is only related to the outer time under the scattering map. However, the inner
map plays a role in the diffusion dynamics, and in principle the inner time should be taken into account.
As in the case of 241/2 d.o.f, this is not true[DS17], since the inner time is much shorter than the outer,
so it can be neglected.

We want to estimate the diffusion time for an orbit close to a Highway. Then, let (I, 6") be a point
on a Highway, take a point (I®,6") + A(Z, ), with HA(I, 0)” small enough. From Grénwall’s inequality,
we have

6 (I, 6%) + A(L,0)) — 67 O (1", 67)| <
A0 et

where K = maxge[,,q] HHess(gbs_L;((Ih, 0h))H and Hess is the Hessian matrix of —L§, and ¢t—£; is the
scattering flow. To ensure that this orbit is close to the Highway we will take ||A(Z,6)|| and [t — to|
small, Then, ||A(Z,0)|| = &* and [t — to| = e where ¢ is taken in such a way eflt=tol = O(1). After
this interval of time, we apply the inner map to reach a point closer to the Highway. The time by this
application of the inner map is estimated by applying the following theorem.

Theorem 6.17 (Minkowski’s theorem [Sie89]). For Q > 0 and the linear operator L : R™ — R™ there
exists a solution (0,0) # (x,y) € Z™ x Z™ for the inequalities ||z||, < Q, || Lz —yl|, < Q™.



168 CHAPTER 6. COMPLETE FAMILIES OF PERTURBATIONS

We consider that the inner dynamics is constant on the variable I = (I, Iz), then we have to estimate
t such that ||¢ + tw — ¢ mod 27| < . By considering a time 27- periodic, this equation can be written
as
o7 |llw — k|| < €% 1€ Nandk € Z2.

From Theorem the time ¢ satisfies [t| < 2me~2%. Therefore, we see that the time related to the
inner dynamics T; satisfies
T
Ty < == (2m—2“) .

— €1+c

1 is comparable

Observe that this time T; is comparable to the time under the scattering map if loge™
to 7722, But, taking 1 > —c > 2a > 0 we obtain loge ™! > ¢ ¢22,

We can now conclude that the diffusion time Ty takes the form (6.86)), where b = —c¢ — 2a. O

Remark 6.31. We emphasize that the estimation of time obtained in the above theorem is very similar to
the estimation for the diffusing time for 2+1/2 d.of. [DS17] and agrees with the estimation of ‘optimal’
diffusing time[BBBO03bl [CGO3Dbl [Tre04]. The main novelty here is that the constants Ty and C are
explicitly given for diffusion orbits close to a Highway. Note that Ty depends on 7*, which does not have
an analytical expression. However, it can be easily computed using numerical methods.



Chapter 7

(Planar) elliptic restricted three
body problem (ER3BP)

7.1 The problem

The (planar) elliptic restricted three body problem (ER8BP) describes the motion ¢ of a massless particle
(a comet) under the gravitational field of two massive bodies (the primaries, say the Sun and Jupiter)
with mass ratio p revolving around their center of mass on elliptic orbits with eccentricity e;.

Typical models are the Sun—Jupiter—asteroid or comet: ¢; = 0.048 and Sun—Earth—Moon systems:
ey = 0.016.

We search for trajectories of motion which show a large variation of the angular momentum G = ¢ x ¢,
so we search for global instability (“diffusion” is the term usually used) in the angular momentum of this
problem.

7.2 The Main Result

Theorem 7.1 (The Main Result [DKRS19]). There exist two constants C > 0, ¢ > 0 and p* =
w*(Cyc) > 0 such that for any 0 < e; < ¢/C and 0 < p < p*, and for any two values of the angular
momentum in the region C < G < G5 < c/ey, there exists a trajectory of the ER3BP such that
G(0) < Gy, G(T) > G5 for some T > 0.

If €5 = 0, the primaries revolve along circular orbits, and such diffusion is not possible, since the
(planar) restricted circular three body problem (R3BP) is governed by an autonomous Hamiltonian with
2 degrees-of-freedom.

This is not the case for the ER3BP, which is a 2+1/2 degrees-of-freedom Hamiltonian system with
time-periodic Hamiltonian.

7.3 Previous results

7.3.1 Restricted 3 BP

There are related results about oscillatory motions and diffusion for several Restricted Three Body
Problems:

e Euler libration points: [LMS85, [CZ11], DGR3, [DGRI6)

e Collisions: [Bol06]

The (parabolic) infinity: [LS80), Xia93] [Xia94, Mos01l, Moe(7, MP94, IMS14bl [GMST6, [ICGM™22]

e Mean motion resonances: [FGKRI6]

Aubry-Mather theory: [GK1I]

169
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7.4 Setting of the problem

7.4.1 The equations

The motion of the massless particle ¢ (comet) is described by

@:( I B ek’
dt? lgs —q* ey —aqf?

where 1 — u is the mass of the primary (Sun) at ¢s and p the mass of the primary (Jupiter) at g¢;.
Introducing p = dg/dt, this is a 241/2 degree-of-freedom Hamiltonian system with time-periodic

Hamiltonian )

p
Hyu(q,p.ties) = 5 = Uula tre)
with self-potential
L—p n 1%
lg —gs(tes)]  lg—ai(t,e)l

U#(qa t; EJ) =

The parameters are 0 < p, ey < 1 small.

7.4.2 Two body problem: Sun-comet

When g = 0, there is no Jupiter in the equation of motion and the Sun is fixed at the origin: ¢gg = 0.
The Sun ¢s and the comet ¢ form a two-body problem with the Hamiltonian Hy(q,p,t;€5) =
2 2
p 1 _p
Ho(q,p) = 2 T T2 Uo(q).
The two—body problem is integrable, and there is no dependence on the eccentricity ey or the time t.

7.4.3 Equations of the primaries

as = qs(t, €5) = pr(cos f,sin f)

q3 = qy(t,e5) = —(1 — p)r(cos f,sin f)
i 1—¢2 df (1+e€jcosf)?
TZT(t;GJ):m7 E:W’
where f = f(t;€e5) is the true anomaly. If ¢ = p(cos a, sin @),
lg —gs|* = p* —2urpcos(a — f) + p?r?,
lg — CIJ|2 =p?+ 2(1 — p)rpcos(a— f) + (1 — H)27"2~

Remark Also
r=r(t;eyj) =1—¢€jcos E, t=F —¢5sinFE,

where F is the eccentric anomaly.

7.4.4 Polar coordinates

Performing a standard polar-canonical change of variables (¢,p) — (p, @, Py, Py)
. P, . . P,
g=(pcosa,psina), p=|P,cosa— —sina, P,sina + — cos «
p p

the Hamiltonian becomes

P2 P2
HZ(p,a,Pp,Pa,t;eJ) = 7 + T;tg - U;(p7a7t;€J)

with a self-potential Uy

. 1
Us(p.0ntics) = Up(peosa psina tier) =+ O(u).
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From now on we will write
G= Pav Y= Pp7
so that Hamiltonian (|7.4.4)) becomes

2 2

Hﬂ(p’a7y’G’t7€J) - ? + ﬁ - Uu<p7a7t76J)'

Remark 7.1. In the (planar) circular case ey =0 (R3BP), r =1 and f = ¢, and |¢ — gs/, |¢ — ¢s| depend
on the time ¢ and the angle « just through their difference o —¢. As a consequence, U;(p, a,t;0) as well
as H;(p, a,y,G,t;0) depend also on t and « just through the same difference o — ¢, the sinodic angle.
This implies that the Jacobi constant H* + G is a first integral of the system.

7.4.5 McGehee coordinates

Through McGehee non-canonical change of variables, for z > 0,

2
p_xg

the infinity p = oo is sent to the origin = 0 and the equations become

dr 1 4 dy 1 5 ¢ a*0U,
a . avY 7 30 T T o
da 1 4 dG U,
- v & oa

where the self-potential I, is given now by

2 1—
Up(m, 0t 65) = U2 (232, artyey) = = ( " M)

2 gs agj
with
1
lg — qs|? = 0% =1 — pra® cos(a — f) + Z,u2r2x4,
1
la = as* = 05 =1+ (1 = wra*cos(a — f) + 4 (1 = p)*ra™.

It is important to notice that the true anomaly f is present in these equations, so that the equation for
f should be added to have the complete description of the dynamics.

7.4.6 The b3-symplectic structure
Under McGehee change of variables p = 2/z2 for x > 0,
4
dp Ndy +daAdG s transformed to  w = ——dx Ady +da N dG
x

which is a b3-symplectic form, the new Hamiltonian reads as

2 42
Hu(z, 0y, G, ter) = % + $T —U,(z, o, t; €5),
and the the Hamiltonian equations become
de 2 (oM, dy_ (o,
dat 4 dy a4 ox
da  OH, G OH,
d 090G d  Oda’

which can be written as dz/dt = {z,H,} in terms of the Poisson bracket

(f }__23 9f0g 9109\  9f 09 _Of 9g
=Ty \ozay  dyor | T 920G 9G da

e Some sources of b™-symplectic structures can be found in [Scol6, [KMST6, [GMWTSE| [GMW19].
e Other examples can be found in [GMST6, [DKMI7, BDM™19).
e New examples in [BFM20, BEM24, [GMP25].
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Y

zZany
Y

Figure 7.1: Level curves of H in the (z > 0,y) plane, for fixed G > 0

7.5 The Kepler problem (u = 0)
7.5.1 The (parabolic) infinity manifold

For p =0 and G > 0, Hamiltonian Hy becomes Duffing Hamiltonian:

2 4072 2 402 2
A Gl PR S A A Cu
Ho(wy,G) = L+ T —tp(w) = L+ T - L
Ho is autonomous and independent of €5 and «a. Its associated equations are
de 1 4 dy 1 56 14
at — 4" a 8¢ "
do 1y aG
&= 1" ¢ a =Y

The angular momentum G is a conserved quantity, G > 0 from now on. The phase space (z,a,y,G) €
R>o x T x R x R4 includes the set of equilibrium points

oo ={2=(2=0,0,y,G) € R5o x Tx Rx Ry }.

For any fixed a € T, G € R,
Aoz,G = {(07 «, 03 G)}

is a parabolic equilibrium point, which is topologically equivalent to a saddle point, since it possesses
stable and unstable 1D-invariant manifolds. The union of such points is the 2D-(symplectic) manifold

of equilibrium points
Ase = J Moo
a,G

which is the (parabolic) infinity manifold for the Kepler problem.
As we will deal with a time-periodic Hamiltonian, it is natural to work in the extended phase space

Z2=(z,8) =(z,0,y,G,s) ER5p x TXx Rx Ry xT
just by writing s instead of ¢ in the Hamiltonian and adding the equation

ds
9
dt
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The extended versions of the invariant sets Ay ¢, A for the Kepler problem are the 27-periodic orbits
with motion ds/dt =1 3
Aoc=1{2=1(0,0,0,G,s),s € T},

and the 3D-invariant manifold (the “parabolic” infinity manifold)

Ao =J Ao ={(0,0,0,G,s), (a,G,s) €T x Ry x T}, ~T x Ry x T,
o, G

which is topologically equivalent to a normally hyperbolic invariant manifold (TNHIM).
Parameterizing the points in A, by

%0 = %o, G, 5) = (x0(a, G),8) = (0,0,0,G,5) € Aoy ~ T xRy x T
the inner dynamics on A is trivial, since it is given by the dynamics on each periodic orbit /N\a’gz
br.0(X0) = (0,,0,G, 5 + 1) = (xo(, @), 5 + 1) = Xo(v, G, 5 + 1),

where we denote by ¢~>t7 » the flow of our system in the extended phase space.

7.5.2 The separatrix

The equilibrium points A, ¢ have stable and unstable 1D-invariant manifolds which coincide:

Yo,G = Wu(Aa,G):WS(Aa,G)

{z:(x,d,y,G), Ho(z,y,G) =0,6=a—-G xd:c},
Ho=0 )

whereas the 2D-manifold of equilibrium points A, has stable and unstable 3D-invariant manifolds which
coincide and are given by

7 =W"'"Ax) = W¥(Ax) = {2 = (z,0,9,G), Ho(z,y,G) =0}
In the extended phase space, the surface
:Ya,G == Wu(Aa,G) = WS(AOZ,G)

:{éz(x,d,y,G,s),seT, Ho(z,y,G) =0, &6 =a -G xdx}
Ho=0 Y

is a 2D-homoclinic manifold to the periodic orbit ZN\Q,G. The 4D-stable and unstable manifolds of the
infinity manifold A, coincide along the 4D-homoclinic invariant manifold (the separatriz), which is just
the union of the homoclinic surfaces ¥, ¢:

:Y = W“([\Oo) = WS(AOO) = U :Va-,G
a,G
= {2 = (x7 a’y5G5 S)? (a7 G7 S) E T X R+ x T? ,HO(:I;7 a? y’ G) = 0}

7.5.3 Separatrix parameterization

The homoclinic solutions to the periodic orbit ]\a,G are given by

2 2T
G) = ————— ,G)=
xh( 7G) G(1+7'2)1/2 Z/h( ’G) G(1+7—2)
op(t; o, G) = a+m+ 2arctan T Gy(t;G) =G

su(t;s) =s+t ,
where a and G are the 2 free parameters and the relation between ¢ and 7 is

t= G—3<T+T—3) which is equivalent to ﬂ— ﬁ
2 3 d dr a2’
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Due to the factor —23/4 in front of the equations, the convergence along the separatrix to the infinity
manifold is power-like in 7 and ¢:
a—ap+ 7 2 2
x ) s~ ~ =" )
h> Yh a Gr 6t

T,t — £o0.

Introducing the notation
Zo=20(0,a,G, s) = (z0(0, 0, G), ) =(xn(0; G), an(o; 0, G), yn(0; G), G, 3)
we can parameterize any homoclinic surface 4,,¢ as

Ya.¢ = {20 = 20(0, 0, G, s) = (zo(0,,G), s), 0 € R,s € T}.

and the 4-dimensional separatrix ¥ = W(A) as
5/ = {20 = Z0(0-7 «, G7 S) = (ZU(Uvav G)v 8)70 € Ra G e R+v (OZ, S) € T2}
The motion on 4 and Ao is given by

q;t70(20) =Zo(c+t,a,G,s+1t) = (zo(0c +t,a,G),s+1)
éLO(iO) = (0,0&,0,G7S + t) = (XQ(O&,G),S + t) = io(&,G,S + t))

and the following asymptotic formula follows:

b1.0(Z0) — dro(Xo) = (zo(0 + t,a,G), s + 1) — (x0(c, G), 5 + t) —— 0.

t—+oo

7.5.4 The scattering map

The scattering map S describes the homoclinic orbits to the infinity manifold Ao (defined in (7.5.1)) to
itself. Given X_,%X; € A, we define

Su(x_) =%y
if there exists z* € W“j(]\oo) N W/j(]\oo) such that
&t,u(i*) — bt p(Re) — 0 for t — +o0.
In the case u = 0 the previous asymptotic relation

ta’()(Z()) — Qgt,O(iO) = (Z()(O' + t, a, G)7 s+ t) — (X()(OZ, G), S+ t) — 0.

t—+oo

implies §0 (X0) = Xg so that that the scattering map 50 : Aoo — A is the identity.

7.6 The ER3BP (1 > 0)

7.6.1 A, W3(As) and W (As)

For 1 > 0, the set £, remains invariant as well as infinity manifold Ao, which is again a TNHIM, as
well as all the periodic orbits /N\,Lg.

The inner dynamics on A is the same as in the case © =0, so that the parametrization X as well
as its trivial dynamics remain the same.

From [McG73| [GSMS17] we know that Wﬁ(]&oo) and W;j(]\oo) exist for p small enough and are
4-dimensional in the extended phase space.

The existence of scattering maps will depend on the transversal intersections between these two
manifolds.
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7.6.2 The Melnikov potential
Introduce now the Melnikov potential £ : Ao — R [DGO0L [DLS06a]

E(a,G,S;eJ)Z/ Allo(an (£ G), an (0, G, 5+ £ €9) dt,

where Alf; is defined by

aUp
AUy (z, o, s5€5) 1= ——
0( J) 8/1

(z,0,85€5) = O(z?) as x — 0.

pn=0

The asymptotics above follows from the asymptotic behavior of the solutions along the separatrix and of
the self potential close to the parabolic infinity manifold, and guarantees that this integral is absolutely
convergent.

7.6.3 W(A) h WH(AL)

Proposition 7.2 (Transverse homoclinic points to the infinite manifold As). Given (a, G,s) € T x
Rt x T, assume that the function

ce€R+— L(a,G,s—0;¢5) €R

has a non-degenerate critical point o* = o*(a, G, s;e5). Then, there exists u* = p*(G, ey), such that for
0 < p < p*, close to the point Z§ = (zo(c*,a, G), 8) € 4 there exists a locally unique point

7" =72"(c",a,G,s;e5,u) € W;(ZN\OO) M W:L‘(]XOO)

of the form z* = z5+O(u), and there exist unique points X+ = (0,a+,0,G+,s) = (0,,0,G,s) +0(u) €
Aoo such that ) i

G2 u(Z2°) — P p(Xx) — 0 fort — Foo.
Moreover, we have

Gr =G = Ho (0,65~ 0 (0, G 5:60)) + O(2).

7.6.4 Reduced Poincaré function
Once we have found a critical point ¢* = o*(a, G, s5¢5) of
c€ER+— L(a,G,s—0;¢5) €ER
on a domain of (a, G, s), we can define the reduced Poincaré function [DLS06al
L (a,Gse3) = L(a,G,s —c%;¢5) = L(a, G, $"; €7)

with s* = s — o*. Note that the reduced Poincaré function does not depend on the s chosen, since by
the previous Proposition

0
55 (E (o, G, s — 0" (a, G, 5 EJ);eJ)) =0.
s
Note also that if the function 0 € R — L(«, G, s—0;¢€3) € R has different non degenerate critical points
there will exist different scattering maps.

The next Proposition gives an approximation of the scattering map in the general case u > 0.

7.6.5 Scattering map

Proposition 7.3 (Expression of the scattering map). The associated scattering map (a4, Gy, s4) =
Su(a, G, s) for any non degenerate critical point o* = o*(c, G, s;€) of the functiono € R — L(a, G, s—
o;ey) € R is an exact symplectic map given by

* *

oL
oy . 2 hdadl . 2
o MaG(Oé,G7€J)+O(M )’G+M8a (a,G5e5) + O ),s)

where L* is the Poincaré reduced function.

(a,G,s)%(
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Remark: the scattering map S, 1« follows closely the level curves of the Hamiltonians £*. More precisely,
up to O(p?) terms, S, is given by the time —u map of the Hamiltonian flow of Hamiltonian £x. The

O(p?) remainder will be negligible as long as

oL*
oG

oL*
Oa

)

1l < \

7.6.6 Computation of L(«, G, s;€5)

00 2

Th

[4 + zir? + 4air cos(an, — f)] 1/2

+ (%)27’ cos(an — f) — 562121] dt

L0, sier) = /

— 00

where x, and «y, solutions on the separatrix, are evaluated at ¢, whereas r and f, concerning the
primaries, are evaluated at s + t.

Fourier expanding with respect to angular variables «, s, £ is an even function o, s: L(—a, G, —s;€3) =
L(a, G, s;¢€5), and therefore £ has a Fourier Cosine series with real coefficients L :

L=1Loo+2 Z Lo coska +2 Z Z Ly cos(gs + ka).
E>1 q>1kez

Using the method of steepest descent along adequate complex paths, and playing both with the eccentric
and the true anomaly, it is possible to compute these Fourier coefficients.

Theorem 7.4 (Computation of the Melnikov potential). For G > 32, e;G < 1/8, the Melnikov potential
is given by

‘C(a7 G7 S; 6]) = £0(O{7 G7 6]) + El(aa Ga S GJ) + ‘CZQ(aa Ga S5 6.])
with
Lo(a,Gsey) = Lo+ Lo cosa+ & (o, G;ey)

Li(a, G, s5€5) =2Lq, 1 cos(s — &) + 2L1 _o cos(s — 2«)
+ 2L, _3cos(s — 3a) + &1(o, G, s5€),

where L; j = L; j(G;e5) with Lo = 553 (1 + Eo0) and

15me [ T _a8)g
LO,l = 7@(1 + E0,1)7 2L17_1 = @6 / (]. -+ El,—l)

2 LL,Q = -3V 27T6JG3/2€_G3/3(1 + E1’72)
19
2L 5= = 222G e @1+ By _s).

Theorem 7.5 (Continuation of the computation of the Melnikov potential). The error functions satisfy

|Eoo| <2V2G™* 4224962
‘E071| S 213G74 + 63
|Ey 4| < 221G+ 2496
49
|Ey o <2G7 + 3¢
|Ey 3| < 2G4 15¢;
50 < 214 62G77
J
|51| < 218€J6—G3/3 e?,G7/2 —|—G‘3/2

{£22| < 228G3/2672G3/3
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Figure 7.2: Tllustration of the level Sets of £% (£*) in Blue (Red) and d = 0 in Green

7.6.7 Critical points of L(«, G, -;€y5)

s+ L(a, G, s;¢e5) is indeed a cosine-like function, that is, with a non-degenerate maximum (minimum)
and no other critical points, so we can find easily its critical points.

Proposition 7.6. There exists C > 32 and ¢ < 1/8 such that, for G > C and € ;G < ¢, s — L(a, G, s;€)
is a cosine-like function, and its two critical points are given by

si=si(a,Gieg) =a+ 0+, st=st+r=a+0+7+¢"
where 6 = 0(a, Gy ey) and * = O <G3/267G3/3)_

By the previous Theorem, for G > C' big enough and Gej < ¢ small enough, the two critical points
of £ in the variable s are well approximated by the two critical points of the function £y + £; (in fact
of £1 because Ly does not depend on s).

7.6.8 Two different scattering maps
We can define two different reduced Poincaré functions
E:t(aa Ga EJ) = L:(Oé, G7 Sfta EJ)
= Lo(a, Gsey) £ L (o, G e5) + E4 (v, Gy €5).
and two different scattering maps Sy (o, G, s) = (S+(e, G, s),s), where

ocy , oL
— K G (avGaeJ)+O(u )7G+M Do

Si(a, G, s)= <a (o, Giey) + O(,u2)> .

which follow closely the level curves of the Hamiltonians £% . More precisely, up to O(u?) terms, Sy is
given by the time —p map of the Hamiltonian flow of Hamiltonian £%. The O(u?) remainder will be
negligible as long as

oLy
da

) )

1l oLy
oG

which is true as long as 0 < p <« p* = e=(c/e1)?/3,
One has to check that the foliations of £} = constant are different, since this will imply that the
scattering maps Sy are different. From

{2y ={Lo+ LT+ Lo—L]+--}
= —2{Lo, LT} + &3



178 CHAPTER 7. (PLANAR) ELLIPTIC RESTRICTED THREE BODY PROBLEM (ER3BP)

one computes
15mes Lidsin o

8G3B? ’
where B > 0 and d = d(G, a). The level curves of £ and L£* are transversal in the region G > C' > 32
and ¢;G < ¢ < 1/8, except for the three curves « = 0, « = 7 and d = 0, which are transversal to any of
these level curves of £} and L, see Fig.

Indeed, this is clear for the lines @« = 0 and « = 7, and the same happens for the curve d = 0 using
its complete expression.

{['075*1(} =

diffusion along green lines
2.584

2.57

G 2.551
2.54+
2.531

2.52

Tz 3% or 5x 3 7x 2%
i 2 1 4 2 4
o

Figure 7.3: Zone of diffusion: Level curves of £ (L£*) in blue (red) and diffusion trajectories in green.

7.6.9 Strategy for diffusion

e Apart from these three curves o = 0,7 and d = 0, at any point in the plane («, G) the slopes
dG/da of the level curves of £ and L£* are different.

e We can choose which level curve increases more the value of G (see Fig. [7.3]).

e In the same way, we can find trajectories along which the angular momentum performs arbitrary
excursions.

e Strictly speaking, this mechanism only produces pseudo-orbits, that is, heteroclinic connections
between different periodic orbits in the infinity manifold which are commonly known as transition
chains after Arnold.

e The existence of true orbits relies on shadowing methods [Moe02, Moe07, [GLO6L [GLMS20, [GSMS17).

Theorem 7.7 (Main Result again). Let G} < G% large enough and €5 > 0, p > 0 small enough. More
precisely C < G7 < G5 < c¢fejand 0 < p < p* = %67(86")73/3, for C < 32 large enough and ¢ < 1/8
small enough. Then, for any finite sequence of values G; € (G7,G3), i =1,...,n, there exists a trajectory
of the ER3BP such that G(T;) = G;, i = 1,...,n for some 0 < T; < T;11. In particular, for any two
values G1 < Gy € (G%, G3), there exists a trajectory such that G(0) < Gy, and G(T') > G5 for some time
T>0.



Chapter 8

Generic global diffusion for analytic
a priori unstable systems

8.1 Introduction
For a nearly integrable Hamiltonian
H;(I,@):H0(1)+€H1(I,99), (81)

a large part of the phase space is occupied by invariant KAM tori, making the system remarkably stable.
Arnold diffusion is the study of topological instability in the complement of these KAM tori. The
instability is created by resonances of the unperturbed frequency 9y Ho(I). Indeed, in the first example
of Arnold diffusion, Arnold [Arn64] considers the system

1
He = 5 (I +I3) + e(cos g1 — 1) + ep(cos g1 — 1) f (92, 1), (8.2)

and proves that for suitable f and 0 < u < €, there exists an orbit whose Is component change for an
arbitrary large distance along the resonance {I; = 0}. Since p is taken much smaller than e, after a
rescaling we may assume € = 1 in . This type of systems are called a priori unstable because the
hyperbolic structure that leads to instability exists even at y = 0. The original problem is called a
priori stable, since the unperturbed system is completely integrable.

We have seen much progress in proving Arnold diffusion holds for generic C™ a priori stable systems
for a convex Hy, while the non-convex case remains wide open. We refer to [DH09, [Mat12] [Chel7] [Chel9]
Mar24, [KZ20] for a non-exhaustive list of references. Those results are built on decades of progress on
a priori unstable systems, see [Ber08, [(CY04, [CY09) [DLS06al, IDLSO8, [Tre02] [Tre04, BKZ16l [GM22] and
reference therein.

For real analytic systems, however, generic Arnold diffusion for a priori stable systems remain wide
open. A large body of literature is dedicated to analytic examples of diffusion (for example [Zhalll
KLS14]) and concrete systems like the N-body problems (for example [DKRS19, [CEG24]). A related
problem is the instability around elliptic fixed points or KAM tori, see [Dou88| [FF22| [Fay23]. For generic
analytic perturbation of a priori chaotic systems, we mention the works of Gelfreich-Turaev [GT17] and
Clarke-Turaev [CT23]. For a priori unstable systems, Delshams-Schaefer [DSI7, [DSIg| studied the
diffusion for a finite parameter family of perturbations.

The most relevant work to our results is [CL22] by Chen-de la Llave, who proved that for an a priori
unstable system of the type

d

1
He=Holp.0.1) + hlp. 0,100, Holpva D) = GO + Y- = (32 + Vlan)).
=1

(8.3)
peR™ qeT", IR peTteT,

for a Mané generic analytic perturbation H; (precise definition to be given later), there exists a diffusion
orbit (p,q,I,¢)(t) and T > 0 such that

[(T) = 1(0)| > p(Hy).

179
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The point is that the magnitude of the topological instability does not vanish as e — 0.

Our main result is that in a system of type , for n = 1 and d = 1, one can achieve large-scale
diffusion for a Mané generic analytic perturbation independent of H;. Indeed, our main result claims
that given any I~ < I", for a Mafié generic analytic potential Hy, for all € < €y(Hy), the system
Hy + eH; admits an orbit (p,q, I, ¢)(t) and T > 0 such that

I(0) < I~ < IT < I(T).

We call this large drift of the variable I global diffusion, compared to the local-scale diffusion of [CL22].
In particular, it follows from our result that Arnold’s Theorem in [Arn64] remains true for a generic
analytic perturbation of the type h(p1,@a,t) instead of the special perturbation (cosy1 — 1)f(p2,1)
chosen by Arnold.

One of our goals is to show generic global instability in a simple way so that it is accessible to a
wider audience. To avoid technical complications, we have restricted ourselves to the one-dimensional
case both with regard to the pendulum variables p, ¢, and the action-angle variables I, ¢.

On the one hand, following the philosophy that more hyperbolic variables generate more instability
paths, we believe that, by appropriately modifying the Melnikov Potential used, the method followed in
this work could be applied to the case in which this hyperbolicity is produced by several pendulums,
although this would affect the genericity of the unperturbed model.

On the other hand, the introduction of multi-dimensional action variables entails the treatment of
several possible instability directions as well as the appearance of resonances, and here the method
presented could not be applied directly.

Besides the a-priori unstable system , it is interesting to consider the coupled a priori unstable
systems which include also a term coupling I,p. These coupled systems seems more relevant in the
study of normal forms in near integrable systems, see, for instance [DGOI]. In these coupled a priori
unstable systems, the scattering map involves a phase-shift. We will not consider this here. Moreover,
since the name a priori unstable has already been used many times in the literature, we have preferred
not to include the adjective “uncoupled” throughout the text for the a priori unstable systems we are
considering.

Our proof uses the scattering map approach (see [DLS06al, [DLS08| [GLOG, [GLMS20]). The diffusion
orbit travels close to a normally hyperbolic invariant manifold (NHIM), and the dynamics can be de-
scribed by the scattering map (homoclinic excursion) and inner map (dynamics restricted to the NHIM).
The scattering map can be computed to the first order by means of the Melnikov potential Ly, (I, ¢, s)
introduced in (8.6). Our approach is twofold:

e Generically, for every fixed I the Melnikov potential £ (1, -,-) admits a non-degenerate local min-
imum. These local minima are obtained from local extension of the global minima.

e Near these local minima of the Melnikov potential, we show that there exists a pseudo-orbit of
the scattering map and the restricted dynamics to the invariant manifold whose I component is
increasing. We call this the “Ascending Ladder”. We then show that there exists a trajectory of
the Hamiltonian system which shadows the ascending ladder.

It is important to emphasize that these previous conditions that guarantee genericity are fully verifiable
in specific systems from Physics, Engineering or other applied fields, and allow the explicit calculation
of the pseudoorbits of the scattering map which are then shadowed by trajectories of the system.

In the approach followed, no quantitative estimates of diffusion time are made nor is there an at-
tempt to optimize them, since our goal is to propose a very general, simple, and constructive diffusion
mechanism. In pursuit of simplicity for the reader, this chapter is almost self-contained, except for the
theory of scattering maps and the geometric mechanism of diffusion (Proposition equation , and
Lemma, , for which specific references are given.

8.2 Formulation of the main result
Consider the Hamiltonian

1
H.(p,q,1,¢,t) = 51?2 +Vig) + G(I) + €h(p, g, I, 0,1), (8.4)

where
(p,q,I,p,t) € M:=RxTxRxTxT.

Assume that
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1. V has a non-degenerate global maximum; without loss of generality, suppose it is at ¢ = 0.

1
2. For the Hamiltonian system §p2 +V(q), the stable and unstable manifolds of (0,0) intersect along

a homoclinic trajectory

{(po(t),qo(t)) te R}. (8.5)

3. The frequency map I — w(I) := G’(I) admits the following property: For every interval (I1,I3) C
[I~,I"], w((I1,12)) contains a nontrivial interval. Note that in particular, this is satisfied if w([)
never vanishes.

Definition 6. Let U C M be an open set. We define its o-complex neighborhood to be
B,(U)={2=(p,q,I,p,t) e Cx (C/Z) x Cx (C/Z) x (C/Z) : dist(Z,U) < o}.

Let A, (U) denote the space of all real analytic functions on U that can be extended to a bounded analytic
function on B, (U). Equipped with the supremum norm, this is a Banach space. Let

Q=TxTxT

denote the configuration space, i.e., the space of the variables (q,,t). We will also consider the complex
strip

Dy ={(q,¢:1) € (C/Z) x (C/Z) x (C/Z) : |R(g, o, )| < o}

and the space P, of real analytic functions on @ extensible to a bounded function on D,. Identifying a
function f € P, with its trivial extension to B,(M), Py C B,(U) for any U.

Theorem 8.1. Let U C M be open. Let I~ < I be such that
{(pO(t)7QO(t)) it ]R} X [IialJr] xTxTcCU.

Then for any h € A, (U), there exists an open and dense set Gy, of P, such that, for any g € Gy, the
following holds for the Hamiltonian system

1
H, = §p2 +V(g)+GU) +e(h(p, g, I, 0,t) + glq, 0, 1)) -

There ezists eg(h + g) > 0 such that for all € € (0,¢g), the system H. admits a trajectory (p,q,I,¢)(t),
t € [0,T], satisfying
I0)< I, I(T)>TI".

Remark 8.1. Our theorem says that for the system %pQ +V(q)+G(I)+ eh a diffusion trajectory whose I
variable varies over the range [I~, "] always exists after a (possibly arbitrarily small) generic potential
perturbation eg. This is commonly referred to as generic in the sense of Mané (see [Man92]), which is
stronger than genericity in the space A,. The size of diffusion is independent of the size of the function
G(I), which may be relevant to multi-time-scale systems.

Remark 8.2. Let X be a subspace of the Banach space A,. We say a subset G C A, is generic along
transversals X if for any h € A,, the set {g € X : h+ ¢ € G} is open and dense in X. The concept of
Mafé genericity is then a special case when the transversals are chosen to be the space of all potentials.

8.3 Geometric description of diffusion for a generic perturba-
tion

8.3.1 Scattering map and the geometric construction of diffusion

For ¢ = 0, Hamiltonian becomes

37+ V(a) + G,

with associated equations

p=V'(q), ¢=p, I[=0, ¢p=w(), =1,
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so that I is a constant of motion and the flow based on the homoclinic trajectory (8.5)) has the form
D4(1, ) = (po(t), qo(t), I, ¢ + tw(I)).

For any I € R, T = {(O, 0,1,0,8);(p,8) € TQ} is an invariant 2D-torus under the flow of the system
with frequency &(I) = (w(I),1) and is called a whiskered torus. For each whiskered torus 7, we have
associated coincident stable and unstable 3D-manifolds called whiskers, which we denote by

W72 = {(po(r),a0(r), T, i0,8) : 7 € R, (i,5) € T2}
The union of all whiskered tori 7~'IO
Ay = {(070,1,@,3) (L,p,8) € Rx ’]I‘Q}

is a 3D-Normally Hyperbolic Invariant Manifold (NHIM) with 4D-coincident stable and unstable invari-
ant manifolds, forming a so-called separatriz, given by

WOA, = {(po(7),q0(7), I, p,8) : TER,(I,0,5) € Rx T2}.

For 0 < ¢ < 1, the NHIM Ay is preserved to a NHIM A. [DLS08, Sec. 4.2], and the separatrix
WYA is locally preserved to the stable manifold W*(A.) and unstable manifold W5(A.) of A., which
are defined as

wen(ho) = (J werRa), wrt(A.) = {  dist (®L(2), B (x)) :io%} |
IEAE
In general, these two invariant manifolds no longer coincide, that is, the separatrix splits. The existence
of this splitting can be detected by a perturbation argument in terms of the Melnikov potential

oo

L(I,p,8)=Lr(I,¢,s) = —/_ [h(po(t),qo(tLLp +tw(),I,s+1) (8.6)

— (0,0, +tw(I),I,s+t)]dt.

Notice that this integral is absolutely convergent, because the homoclinic trajectory (8.5) converges
exponentially fast to (0,0) as ¢t — +o0.

Proposition 8.2 ([DLS06a]). Given (I,p,s) € [—I*,I*] x T?, assume that the real function
TeER+— LUT,p—7w(),s—7) €R (8.7)

has a non-degenerate critical point 7 = 7*(I,¢,s). Then, for 0 < e small enough, there exists a unique
transverse homoclinic point Z. to A. of Hamiltonian (8.4), which is e-close to the point Z*(I,p,s) =

(po(7%), qo(7*), I, 0, 5) € WO(A):
Ze = Z(1,0,8) = (po(77) + O(€), qo(7") + O(e), I, ¢, )
and z. € W*(A.) m W*(A.).

Using this Proposition we can introduce the notion of the scattering map, which plays a central role in
our mechanism for detecting diffusion. Let W be an open set of [—I*, I*]x T? such that the invariant man-
ifolds of the NHIM A, intersect transversely along a homoclinic manifold Iy = { Z(I,p,8),(I,p,5) € W}
and for any z. € T. there exists a unique Z+ = 4 (I, ,s) € A, such that 2. € W2(7_) N W(z,).
Let

Hy = U{iﬂ: = i’:ﬁ:,s(-[aﬁpﬂs) : (I,<p,s) € W} .

The scattering map associated to I'c is the map

SE H_. —» H+

T — S (%_) =124,

Notice that the domain of definition of the scattering map depends on the homoclinic manifold chosen,
but it is a subset of O(1) size in A with respect to €, i.e., it has a non-trivial limit as e — 0. If necessary,
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we can even restrict it further to avoid a non trivial monodromy in the definition of the scattering
map, see, for instance, the comments in [DLS00]. Therefore, for the characterization of the scattering
maps, it is required to select the homoclinic manifold T'¢, which is determined by the function 7*(1, ¢, s).
Once a function 7*(I, ¢, s) is chosen, by the geometric properties of the scattering map, particularly its
exactness, see [DLS08], the scattering map S, = S, « has the explicit form [DLS06a, eq. (9.9)]

S.(I,p,8) = (I +ed, L + O(e2),p — 0, L* + O(2), s) : (8.8)
where L* = L*(I, ¢, s) is the Poincaré function defined by
L*(I,p,s) =L (I,(p -7, 0, 8)w(), s — T*(I,cp,s)) . (8.9)
Notice that if 7*(I, ¢, s) is a critical point of , 7*(I,p,s) — o is a critical point of
TeR—LUI,p—(T+0)w(),s—(T+0))
=L(I,p—cw()—Tw(),s—0—7T) (8.10)
Since 7*(I, ¢ — ow(I), s — o) is a critical point of the right-hand side of (8.10]), by the uniqueness in W

we can conclude that
T*I,p—ow(),s—0o)=7"(,p,s) —o.

Thus, by , the Poincaré function L* satisfies
L*(I,p—ow(l),s —o)=L"(I,p,s), o€R,

and, in particular, for o = s,
L*(I,QO - S(U(I),O) = L*(Ia%s)

In other words, the Poincaré function L* is invariant under the flow ¢ = w(I),$ = 1 or, equivalently, is
constant along any line in the (p, s)-plane ¢ — sw(I) = constant.

These previous equations are telling us that we can reduce the variables in both the Poincaré function
L* and the time 7*. Indeed, writing them for ¢ = s and introducing the variable

0=¢p—sw(), (8.11)

we can define the reduced Poincaré function L£* as well as the reduced time 7*, defined only in the
variables (I,0), as
‘C*(Iaa) = L*(IﬂW*SW(I)aO) = L*(I,QO,S),

7NIL,0) =71, —sw(),0) =7"(1,p,s) —s. (8.12)

Moreover we also have
L(1,0)=L(1,0 —7"(I,0)w(I),—7"(I,0)). (8.13)

From now on, both 7*(I, ¢, s) and 7*(I,0) will be used at our convenience.
Note that the variable s is fixed under the scattering map . As a consequence, we can consider,
for instance, the section
Ac=A.N{s=0}

and the scattering map S, is well defined on A..
In the variables (7, ) introduced in (8.11)), the scattering map has the simple form

oL ) oL
a0 (1,9) +O(€ ),G—EW

S-(I,0) =S.(I,p) = (I +e (1,0) + (9(52)) :

So, up to O(g?) terms, S:(I,0) is the —¢ times flow of autonomous Hamiltonian £*(I,6). In particular,
a finite number of iterates under the scattering map follow the level curves of £* up to O(g?).

Remark 8.3. S is close to identity only when there is no phase shift, i.e., thanks to the fact that we are
only dealing with an uncoupled a priori unstable system. If we introduce a coupling term between p
and I in Hamiltonian (8.4]), then one might expect that

Se(1,0) = (1,6 +~(1)) + O(e),

where v(I) is the phase shift. In this case S is no longer close to identity.
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We now introduce another map defined on the NHIM A.. Since AE is invariant under the Hamiltonian
flow and A, is a global section, there exists a Poincaré map

T.: A. — A
The map T, preserves the restriction of the symplectic form to A, and has the expansion
T(I,¢) = (I, o + w(I)) + Ofe).

We call this map the inner map.
In the sequel, we call a measure on a manifold a smooth measure if it is given by a non-zero density
multiplied by the volume form supported on an open set.

Lemma 8.3. There exists g > 0 such that for all 0 < € < €q the following hold. There exists y_, vy C A
that are graphs over the variable 8 and invariant under T, such that the T.-invariant subset of A. bounded
by v— and 4 contains

[I7, 1] x TNA..

In particular, the dynamics of T. on A. preserves a smooth measure whose support contains [I~,17] x
TNA..

We now restrict A, to the compact invariant set between ., which is still called A..

The following statement is a minor modification of the main result of [GLMS20], and is our main
technical tool for construction of diffusion orbits. This result is non-perturbative, so we formulate it for
a general Hamiltonian H with a compact invariant NHIM A.

Proposition 8.4. Assume the Hamiltonian H admits a compact NHIM A on which multiple scattering
maps S; are defined on open subsets of A. Assume that the inner map T' preserves a smooth measure on
A, and each S; maps positive (Lebesgue) measure sets to positive measure sets and zero measure sets to
zero measure Sets.
Let xqg,...,xNn_1 be a pseudo—orbitlﬂ under the iterate of either the inner map or one of the scattering
maps, that is,
ripr = fi(wi), 1<i<N-—1,

where f; is either T or one of the scattering maps S;. Then for any 6 > 0, there exists a trajectory
z:R — M of H. shadowing the pseudo-orbit x;, i.e., there exists to < --- <ty such that

dist(x;, 2(¢;)) <96, 0<i<N.

Theorem 3.7 of [GLMS20] states that if the pseudo-orbit only involves the scattering maps, then the
shadowing result holds. However, the proof in [GLMS20] can be adapted to prove Proposition with
minor changes, see Appendix

Remark 8.4. Proposition[8:4] does not provide an estimate of “diffusion time”, i.e., upper bound estimates
on t;. This is due to the lack of return time estimates for the inner dynamics. See Remark 3.15 of
[GLMS20].

8.3.2 Conditions on the Melnikov potential

Definition 7. Define G(I~,17) to be the set of functions h in the space A, (U) introduced in Def. @for
which the following holds:

e There exists intervals (Ij*, Ij), j=1,...,k such that

ID <o <Ip, (700N 000) #0, j=1,.. k-1,

and
-t ey, oh.

J

1We use the term pseudo-orbit to stress that it is not an orbit of the Hamiltonian dynamics, even though it is an orbit
of the polysystem (i.e. iteration under multiple maps).



8.3. GEOMETRIC DESCRIPTION OF DIFFUSION FOR A GENERIC PERTURBATION 185

e For each j, there exists a smooth mapping
(¢5,87) [I;,Ij] — T x T,

such that for each I € [Ij_,Ij], (¢}, 87)(1) is a non-degenerate local minimum of the function

Lin(I,--).

We will show (Proposition that for a generic h, the associated Melnikov potential Ly (1, ¢, s)
satisfies the conditions in Definition (7| In fact, the local minima (¢}, s7) can be chosen as local extension
of the global minima of £ (I,-,-). Moreover, in Lemma we will see that they generate local minima
0x(I) of L5 ([,-). In Figure we give an illustration of the position of global minima over T for a
typical reduced Poincaré function £ (1, 6).

=y W/ N
IAWA A &/

0

o
T

Figure 8.1: The levels curves and global minima of a typical reduced Poincaré function £} (I,6) defined
on R x T. Note: the vertical coordinate is I and horizontal coordinate is 6.

Proposition 8.5. For any h € A,(U), there exists an open and dense set Gy, C P, such that h+ g €
G(I~,I") forallg e Gp.

Proposition 8.6. Suppose h € G(I~,17), then there exists eq(h) > 0 such that for all € € (0,¢0), there
exists an orbit (p,q,I,¢)(t) of (8.4) and T > 0 such that

I(0) < I~ < IT < I(T).

Proposition will be proven later. In the sequel, let us fix h € G(I~,I") and prove existence of a
diffusion trajectory.

Lemma 8.7. Suppose h € G(I~,I%), then there ewists neighborhoods U;(I) of (w}(I),s}(I)) for I €
[I7,I1], and functions 7 (L, ¢,8)

Ji
(0,5) € Ui(I) = 77 (L ¢,5), 77 (1, ¢5(1),55(1)) =0,
depending smoothly in (p,s,I), such that each 77 is a non-degenerate local minimum of
T LI, —Tw(I),s —T). (8.14)
Proof. We need to solve the equation
O (Ln(I, o —Tw(I),s = 7)) = — (W(I) - 0Ly + s L) |(1,p—rw(r),s—7) = 0. (8.15)

Since (¢7 (1), s7(I)) is a non-degenerate local minimum of Ly (I, ,-), 7 = 0 solves (8.15) at (¢} (1), s} (1))

L]
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Since (“)(2%5)Eh(l, @5(I),s5(I)) is positive definite, and
Or (= (@) D Ln + 0.L0) (1. 6—rutrysm))

w(l
=0, <a(<p,s)£h |: g ):| |(I,ga—‘rw(1),s—7')>

= [w() 1] a(zwys)ﬁh(-rv‘P —Tw(l),s =) {W(ll)} )

we get
92 (ﬁh(L 03 (1) = rw(I), s3(1) — 7)) > 0. (8.16)

By the implicit function theorem, there exists a unique 7; (1, ¢, s), depending smoothly on (, ¢, s) in

a neighborhood of the graph (I, ¢} (I),s;(I)) over the variable I, solving equation (8.15). Moreover, 7}
are non-degenerate local minima for the mapping (8.14) due to (8.16). O

In view of this Lemma, on each interval (I;,I;r) and for 6 = ¢ — sw(l) with (¢,s) € U;(I), we
can now introduce 7 (I,0) and L;(,0) by the same formulas (8.12}f8.13) defining 7*(/,¢) and L*(I,6),
simply changing 7 to 77. We will also denote

07 (1) = 3 (I) — stw(D).

Lemma 8.8. For each I € [IJ-_,I;'], 07(I) is a non-degenerate minimum of L3(I,-).
Proof. If 7 = 7*(I, ¢, s) is a critical point of (8.14]), it satisfies
(w([)ag,ﬁh + 8s£h) (I, p—T1'w(),s— T*) =0,

so that we also have

10,Lh, + 0sL
(w(1)0yLn + h)‘(1,9—%*(1,0)w(f%—**(w))

= (@(D)DpLn + DoL)| —0
(@(1)DpLn +0:Ln) (1,6—7+(1,6,0)w(I),~7*(1,6,0))

(8.17)

Denote by id the identity matrix, then differentiating (8.13)) we get

QLI(1,0) = D,L, (id — 997 w(I) — 897";-"68£h> ‘

(1o—7; w(I),—77)

- (aﬂEh - 89%; (W(I)a%aﬁh + asﬁh)) ‘ (I 0—7*w(I) 7?-“)

— DL
pih (10—77 w(I),~77)

by (8.17). Since 77 = 77(1,07) = 77(L,;(1),s;(I)) = —s;(I) by (8.12), we have that (I,0 —

Trw(),—77) = (I,¢;(I),s5(I)), and we get that 05(I) is a critical point of £5(I,-). Furthermore,

repeating the same calculation, we have

2L =0% L .
0073 = B ™M 1ozt w(n),—71)

*

Since 3?0%05;1 is positive definite at (cp;, sj)7 07 is a non-degenerate local minimum. O

Lemma 8.9 (Ascending ladder). There exists 6o > 0 such that for every 6 € (0,00), there ezists a
sequence of curves
Vi CH I xT 1<i<m;, 1<j<k le{1,2}

such that the following holds.
1. For each i, j, the curve vy; ; is a smooth graph over the variable I, i.e.,
Yig ={(, fi (1)) : T € [I};,I2;]}.

Yi,j 15 a segment of the level curve of L5 and the Hamiltonian flow of L3 on v, ; is increasing in
the I component.
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2. I ; € [I;,I; +4], I7,

3. I? -:Ill,ﬁ_1 forallj=1,...)k—1.

mgj,J

e[ —6If].

3+

Let us also denote by x;j,xij the lower and upper end points of the curves ; ;.
Proof. Since ¢7(I) is a non-degenerate local minimum of 9L (1, ), for every I € [I, Ij‘], there exists
¢(I) > 07 (I), such that

9L (1.0(1) > 0.
This means there is a segment +;(I) of the level curve of L3, on which [ is increasing under the Hamil-
tonian flow of £}. By compactness, there exists a finite collection ; ; of such level curves, 1 <i < m;
such that (J; 77(vi,;) D [Ij_,I;']. One can adjust the collection so that m7(v; ;) N 7wr(yij+1) # 0 and
I € m(m,;) and Ij‘ € m1(Ym, ;). It suffices to choose

I em(vig) Nrr(yig-1), J>2
Iﬁj € mr(vig) Nwr(Vi+1), J<my+1,

and I}

1, I3 j satisfying (2) and (3); then truncate the curves v; ; to the I interval [I} ;, I7}]. O

4,50 71,

2
1 T15+1

1
:B?"J«j 'Tl,j-%—l
x -+
0701(1), T €Iy, 15]
1
L,

0:(I), Iell;,If]

Figure 8.2: The ascending ladder

8.3.3 Constructing the transition chain

Proposition 8.10 (Transition chain). Leth € G(I~,1"), and letv; ; be the ascending ladder constructed
in Lemma . Then there is 61 > 0 such that for every § € (0,01), there exists eg > 0 depending on h
and 0, such that for every ¢ € (0,¢€), there exist

Yl e I, ITIxT, 1<i<m;,1<j<kle{1,2},
and M; j, N; ; € N such that the following hold.
Let Sje denote the scattering map associated to L, and T denote the inner dynamics.
155 ](y’Llj) = yz'g,j-

Nij .
2. T¢ 'J(y?,j) = yilJrLj, i=1,...,m; — 1.

Now. 5 ‘
g T " (ak, =4, =1, k=1

mj,j
4o lab; =yl <6 foralli=1,...,m;, j=1,... .k =12

We first prove Proposition assuming Proposition
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Proof of Proposition[8.6, Let I(-) denote the projection (I,6) — I. By Lemma[8.9and Proposition 8.10]
there exists a pseudo-orbit {y; ;} of the maps S; . and T, such that I(yi,) < I~ and I(y2, ,)>I". By
Proposition there exists an orbit (¢, p, I, )(t) of the original Hamiltonian system and 7' > 0 such
that

I0)<I7, I(T)>TI".

The remaining section is dedicated to proving Proposition [8.10)
We have the following simple lemma about integrable twist maps.

Lemma 8.11. Consider the map T : [I~,IT] x T — R x T defined by
T(I1,0) = (1,0 +w(I)).

Assume that for every interval (I, Is) C [I=,I"], w((I1,I2)) contains a nontrivial interval. Let T, :
[[7,IT] xT = R xT be a family of maps such that

[Te = Tllc, < Ce

for an independent constant C.
Then for any two C' graphs v1, 2 over the variable I

n=Af1): T e, )}, v2={g(): e (L)}

21 € y1 and § > 0, there exists ¢g > 0, N € N, 23 € 2, & > 0 depending on 1, § depending only on T
and C, and Iy, I, such that for all € € (0, €),

TN (Bs(x1)) D By (x2).

Proof. By assumption, w((I1,I2)) contains a nontrivial interval (a,b). Let ¢ = infrer, 1,y (f(I) — g(1))
and ¢z = supye(y, 1, (f(I) — g(I)), then

{fI)—g(I)+ Nw(I): I € (I1,12)} D (Na+ c2, Nb+ ¢1). (8.18)

Let N be such that N(b —a) + ¢; — ¢a > 1, then the set (8.18]) projects onto the torus T in the 6
component. This implies

TN(y) ={f(I) +w(): T € (I1,12)} Ny # 0

as subsets of R x T. Denote the intersection xo = TN(:vl) where 1 € 1, 22 € 2.
It follows that there exists d; > 0 depending only on 7" and N such that

TN(By(21)) > By, (w3).
Moreover, we can choose €p small enough such that for all | T, — T'||c: < Ceg, we have

TN (Bs(21)) D B, j2(w2).

Let v;j, 1 <i<mj, 1 <j<k,1=1,2be the ascending ladder constructed in Lemma @
Lemma 8.12. There exists g > 0 such that for any § € (0,0), there exists eg > 0 and C' > 1 depending

only on the perturbation h and 6, such that for oll 1 < i < my, 1 < j < k, any x1,22 € 7;; with
mr(x1) < wr(ze), and € < €g there exists M € N depending on 1, 22,9, € such that

SM(Bs(x1)) D Bsjc(x2),

where B,.(z) denote the ball of radius r at x.
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Proof of Lemma[8.13, Let ¢’ denote the Hamiltonian flow defined by the Hamiltonian £¥. By construc-
tion, there exists ¢ > 0 such that

¢h(z1) =
There exists ¢ > 0 (depending only on £;, which depends only on k) and a local flow-box coordinate

Xij i (—e,t+¢)x (—¢,c) = TxR
such that z1 = x;,;(0,0) and
@' oxij(s,m) = xi;(s+t,m).
In particular, x5 = x;,;(0,t). Let M = |t/e|. Since S ; = ¢ ; + O(€?), SM = ¢ 4+ O(e),
Xi 0 M o xii(s,m) = (s + t,m) + O(e).

For any r € (0,¢) and € small enough, we have

Xij 0S¥ 0 xij(Br(s,m)) D By a(s +t,m).

Let C; = max {sup ||Dx; ;||,sup|[Dx |} which depends only on the perturbation h. Then if Cid €

(0,0),
S?,?<Ba(:c1)) D Xij© X;jl o S?fj o Xi,j(Bs/c, (5,m))
D Xi,j(Bs@2cy)(s +t,m)) D Bsa02)(w2).
This conclude the proof of Lemma [8.12 O

Proof of Proposition[8.10. We now construct a sequence of balls
By (2i;) C Bs(xi ),
and M, ;, N;; € N such that
SYI(By (1)) 5 By (), 1<i<m, 1<j<kh (8.19)
and
TN By (2,)) 2 By, (zh 1),

where (¢*,j*) = (i 4+ 1,7) if i <m; and (i*,5%) = (1,5 + 1) if i = m; and j < k. This implies existence
of yi ; € By (2l ;) satisfying the conclusion of our Proposition.
’ ij
We choose 61 | =6 and 21, =1, Constructlng by induction, we assume 4} ; and zzlj are already

chosen. Choose ,22j = z? 7; and apply Lemma |8.12] to get existence of €y > 0 and Mw’ € N and 52‘2,1‘ such
that (8.19) holds for all € € (0, €).

The curves 7; ; and ;- ;+ are given by graphs over the variable I

vig = AL fI) T e Ly I0Y iy = {Lg(D) s L € [I5 o, IE 113,

where I? i = =1L j- Extending these curves along the level curves of £} and L]., we may assume that
the extended curves overlap in I direction for some interval

Te[l?, 17 +.

igotig
Lemma applies to the inner map. By possibly reducing €, there exists N € N, zi. ;. € 7+ j+, and
6} j+ > 0 such that for all € € (0, €),
TN(Bsz, (2;)) D By, (21 j+)-

We can continue the construction until all the balls are defined. Note that we need to reduce ¢y up to
finitely many times, but it will be well defined at the end of the construction. This concludes the proof
of Proposition [8.10 O
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8.4 Genericity

We prove Proposition in this section. The proof follows a standard parametric transversality argu-
ment. In Section 841} we prove that the map g + Ly, is satisfies a transversality condition. This
transversality allows us to generically avoid certain degeneracies of derivatives.

8.4.1 Transversality of parameters

Denote x = (I, p,s), and X =R x T x T. The spaces of functions P, and A, are introduced in Def. @

Proposition 8.13. At every x € R x T x T, the mapping

8(28,¢’)
E(g) =g ags,tp)

(s,¢)

Ly(x), P,—R¥H (8.20)

s a surjection.
Before the proof, we state some Lemmas.

Lemma 8.14. The mapping
(x,h) = Lp(z), X x A, =R

is C*° in both x and h. Moreover, for everyl > r > 0, the mapping h — Ly, is well defined as a mapping
C' — C', and there exists a constant M, > 0 such that

||‘C’h1 - ‘C’thCT < MT”hl - hQHC’T‘H'

Proof. Recall :

Lallos) = - [ " [h(po(). qot). o + (Dt Ls + 1) oo
— (0,0, +w(I)t, I,s+t)]dt.

By assumption (po(t), qo(t)) converges exponentially fast to (0,0) as t — +o0, the integral (8.21]) con-
verges absolutely and uniformly over all x € X, with the estimate

sup |Ln(2)] < Cy sug 10(q,m 1| (8.22)
kS

reX

for some C,. > 0.
Therefore for any multi-index o € N3,

92 Ly, = Loan.

Since h is analytic, L is C*° in . L, is C°° in h since it is linear in h.
Moreover, using (8.22)), we have

|Lhllcr = sup sup |0y L] < sup sup|Laap| < M||hl|cri

la|<r @ laf|<r =
for some M, > 0 depending on C... O

Given r > 1, let
Ar={j,k€Z:jk>0,j+k<r}

Lemma 8.15. Given r > 1, (Iy, S0, ¢0) € X, and
{¢;n eR:(4,k) € A},
for every § > 0, there exists g € P, such that

|0,05 Ly (Io, 50, 00) — cjnl <6, Vi k€ A,
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Proof. Let Go(yp, s) be a smooth function that satisfies
&k Go(po,50) = ¢k, Vi k € A,

In a neighborhood U of go(0) we consider a coordinate change ¢ : U — R% such that ¢(go(t)) = tey
for all ¢ such that go(t) € U, where e; is the first coordinate vector. Let a > 0 be small enough such that
[~a,a]? C ¢(U), and given 6; > 0 let ; be a smooth function supported on (—a/2,a/2) such that

'/m@ﬁ@ﬁ—f@)<&wmv

for any test function f. Let n be a smooth function such that n(zy,...,24) = m(21) on [~a/2,a/2]?
and supported on [—a, a]?, then define

Ro(q) =nop(q).

Let f(t) be a smooth test function, we have

<l fller

—0Q0

‘/ﬁz&@m»ﬂwm—fm>

— '/Oo m (ter) f(t)dt — f(0)

Define go(g, ¢, t) = Ro(q)Go(¢p, 5), we get

|3$3§£g(-70» ©0,50) — Cj,k

’/Oo (R(go(t)) — R(0))920: G0 +w(I)t, 50+ t)dt — ;i

= |/ R(Qo(t))aiafG(@o +w(I)t,so +t)dt — cj | < 6:C,

where C' is a constant that depends only on G. We now choose d; so that §;C < 4/2.
Since P, is dense in C"T1(T?3), by Lemma we can choose g € P, such that

||£g - Ego”C”' <4/2.
This choice of g verifies the claim of our lemma. O

Proof of Proposition[8.13 We can represent the codomain of (8.20)) by

{¢jr 3,k € A\ {(0,0)}}.

Let cq,...,c10 be a basis be the above space, then by Lemma for any 6 > 0, there exists g1, ..., 910 €
P, such that
1E(gi) = cilloo <0

for all 1 <4 < 10. Tt suffices to choose § small enough so that E(g;) still form a basis. O

8.4.2 Generic property of critical points
We proceed to prove Proposition [8.6]

Lemma 8.16. There exists an open and dense subset G(I~,I1T) C P,, such that for all I € [I~,I"] and
g € G(I~,IT), the function
(8,(,0)|—>£h+g(l,8,(,0)7 TQ%R

does not admit any degenerate local minima or maxima.

Proof. Let S' = {v € R? : ||v|| = 1}, consider the mapping

Bwﬁh+g(x)

. asﬁh—kg(l’)
F(z,v,9) = 3(257@)&”9(:5)” )
93

(s,ga)[’h‘f‘g(x)[U? v, U]

X xS x P, — R®.
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Since F is linear in g,
agF(anv()ng)(dg) = F(l’o,’l)o,(sg).

By Proposition at every (zo,v0,90) € R x S x P,, there exists a finite dimensional subspace
FE C P,, such that the mapping

69 = 8QF(xO?U0?gO)(5g) = F(l‘o,i}o,(sg), E— RS

is a surjection. Moreover, by the smoothness of the mapping F in (xg, v, go), the same is true for all
(x,v,g) contained in a neighborhood Uy, of (29,70, 90) € X x S! x E. By the implicit function theorem,
the set

Wiee = {(:E,’U,g) : F(QS,’U,Q) = O}

is a submanifold of codimension 5 in Ujoc. Let 7, be the projection into the g component, then by Sard’s
Theorem, the set of regular values g € my(Uloc), denoted Gioc, is a residual set in Ujpe. Since dmy has
at most co-rank 4, g; is a regular value implies w;l(gl) N Wiee = 0, which means F(z,v, g1) # 0 for all
91 € Gioc and (z,v, g1) € Uoc.

Let U; be a countable covering of the separable space X x S! x P, , we apply the above argument
to each U; to obtain a relatively residual set G; C U;, such that F(x,v,91) # 0 for all g1 € G; and

(z,v,91) € U;. Then
G= Ugi

is a residual subset of P,, such that for every g € G and (z,v) € X x S!,

F(x,v,9) #0.

Finally, set
GI,I")={g: F(z,v,9) #0, for all z,v € [[,IT] x T x T x S'},

this set is open due to compactness in (z,v). It is also dense since G(I~,I7) D G.
To prove our lemma, let g € G(I~,1") and let xg = (I, so, o) be a degenerate critical point of L,
i.e., Ois,p)Lnyg = 0 and there exists v € S! such that

5‘(2(97¢)£h+g(z0)v =0.

Since F'(z,v,g) # 0, we must have

83(8, QD)'CthQ (SIJ) [U, v, IU} 7& 0.

We conclude that the function ¢ — Lp44(x¢ + t(0,v)) is an open mapping near ¢t = 0, hence (s, ¢o)
cannot be a local minimum or maximum of Ly 4(lo, -, ). O

Proof of Proposition[8.f By Lemma if g € G, IT"), then for all I € [I~,I"] the function
Lp1g(I,-,-) has no degenerate minima or maxima.

Fix g € G(I,I"), and let M, C T x T denote the set of all global minima of L4 4(Z, -, -) for some I €
[I~,I"]. Since all the minima are non-degenerate, they are isolated on each level {I} x T x T. Moreover,
any non-degenerate local minima can be extended smoothly to a neighborhood of I. We conclude that
M, is contained in a finite family of curves of non-degenerate local minima {(I,p%(I),s%(I)) : I € J}
where J € J is a finite collection of open intervals, and J;c,J D [I7, 1 *]. We now select the intervals
11 ;r | inductively as such:

e Let (I7,I]) be any interval in J what contains I~.

e If intervals (I{,I;r) are selected for j < m, pick any interval (a,b) in J that contains I-. Set

I, =max{a, (I, + 1,})/2} and I}  ; =b.

m

O
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8.5 Appendix: Shadowing pseudo-orbits using Poincaré recur-
rence

In this section we describe the proof of Proposition [8:4 This Proposition has minor differences from

Theorem 3.7 of [GLMS20] by allowing the iterates of inner dynamics. Our assumption on the measure

preserving properties of T' and S; is also stronger than that of [GLMS20] but nevertheless satisfied for a
priori unstable systems. The proof follows the main ideas of [GLMS20].

Lemma 8.17 (Lemma 3.2 of [GLMS20]). Suppose A, is an NHIM of the Hamiltonian H and T is the
associated inner map. Assume that there exists a finite family S;, 1 < j < m, of scattering maps defined
on open subsets of A.. Assume that A, is compact.

Then for every § > 0, there ezists two family of functions n} : N* — N and m} : N**1 x Nitl 5 N
such that for every pseudo-orbit y;, 0 <i# N — 1, of the form

Yig1 =L 0 8, 0T™
such that
n; 2 nj;(j(h e 7ji)7 m; Z m*(n07 ey Mg, Mg,y e 7mi71uj07 e aji)7

there exists and orbit z(t) of the Hamiltonian flow and to < --- <ty such that
d(z(t;),y:) < 6.

To prove Proposition given any pseudo-orbit of 17" and S;, we can use Poincaré recurrence to
attach arbitrarily long excursions of iterates of 7. This allows us to construct a new pseudo-orbit that
satisfies the requirement of Lemma [8:17]

In the rest of the section,any unspecified “measure” stands for Lebesgue measure.

Proof of Proposition[8.]} First, rewrite the pseudo-orbit in the following form
Tit+1 = T% o Sjl(xz) =: fl‘(l‘i), 0 < ) 75 N -1

where s; > 0. Note that each f; maps positive measure sets to positive measure sets, and zero measure sets
to zero measure sets. Since each f; are continuous, then there exists open balls B; with z; € B; C Bs /2($i)
such that

fi(B;) C Bia.

Let n},m} be the functions given by Lemma depending on 6/2 and j;.
By the Poincaré recurrence theorem, there exists ng > nj(jo) such that both

E)={z € By : T™(z) € By},
and 7" (E() have positive measure. Since
foo T (Eyp),
has positive measure, there exists lo > mg(no, jo) — So such that
Fo={z € foo T (Ep) : T"(x) € fo o T™ (Ep)}

has positive measure and so does Fy = T (F}) C fooT™(E}) C By. Set mg = lp + so and gy =
Tho fgoT™ =T™0 o Sj, 0T, and
By = gy ' (Fo) N Ey.

Then go(FEy) = T (F})) = Fy and both Ey and F, have positive measure.
Inductively, suppose E;, F;, g =T™ 0 S;, o T™ are constructed such that
n; Z nz(j07 e aji)? m; Z m;((n[); ceey Ny, Mo,y - 7mi717j07 cee 7ji)a

satisfies
E;D--- D Ey,

Fy=gio---0g0(E;) C Bija

and F;, F; have positive measure. See Figure for a diagram of the sets involved in the construction.
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We set
Bl ={r € F:T"" (2) € I},
where n;11 > nj, 1 (Jjo, ..., Ji+1) is chosen such that both E; ;, and 7™+ (E;y;) has positive measure.
Let li+1 Z merl(no, ey i1, Mo, - .. 7mi,j0, . ;]z) — Si4+1 such that

Fip={z € fip1 o T (Ejyy) : T4 () € figr 0 T (Ejyq)}

7
Mi1 = lig1 + Sip1, Figr = T (F ) C fiq1 0 T+ (El, |) C Bjja. Our construction ensures
gir10---90(E:i) = giv1(Fi) D giv1(Eiyy) D Fiqa,

therefore .

(Fip1) N E;

Eiv1:=(giv1 0 go(Ei))

is mapped onto Fii1 by git1 0+ go(E;).

fixr o T (Eiyy)

Figure 8.3: Diagram for the choice of the sets F;, F;.

Apply the construction for 0 <i < N — 1, we obtain
gio-go(En—1) Cgio---go(E;) = F; C Biyy,
forall 0 <7 < N — 1. Pick any yg € Ey, then
Yi+1 = 9i(Yi)
defines a pseudo-orbit satisfying the condition of Lemma [8.17] and
d(yi, zi) < 6/2.

Apply Lemma we get a real orbit shadowing y; within 6/2 distance, which shadows z; within ¢
distance. ]



Chapter 9

Spatial R3BP

In this chapter, we consider the spatial circular restricted three-body problem (RTBP for short), as a
model for the motion of spacecraft relative to the Sun-Earth system. We focus on the dynamics near
the equilibrium point L; located between the Sun and the Earth. We show that we can transfer the
spacecraft, at zero energy cost, from a quasi-periodic orbit that is nearly planar relative to the ecliptic to
a quasi-periodic orbit of large vertical amplitude. Moreover, we provide several explicit constructions of
such trajectories, and also develop an algorithm to design trajectories that achieve the shortest transfer
time. Our algorithm is flexible and can be applied to other systems besides Sun-Earth.

For illustration, Figureshows the initial and final segments (in blue and green, respectively) of the
fastest transfer trajectory between one quasi-periodic orbit with small vertical amplitude, and another
with large vertical amplitude.

The model that we consider is a 3-degrees of freedom Hamiltonian system. We construct trajectories
that follow closely geometric structures that organize the dynamics. The main geometric object near
L, is a 4-dimensional center manifold on which the dynamics is nearly integrable. More precisely, in
a neighborhood of L; the Hamiltonian can be approximated by a high-order Birkhoff normal form,
which is an integrable Hamiltonian. In terms of the Birkhoff normal form, the center manifold can be
parametrized by a system of symplectic coordinates consisting of two action variables (J,, J,) and two
angle variables (¢p, ¢,). The action J, describes the horizontal amplitude (relative to the ecliptic) of a
quasiperiodic orbit, and J, describes its vertical amplitude. Restricting to an energy level close to that
of L; amounts to fixing the action variable J,. This yields a 3-dimensional sphere which is foliated by
2-dimensional tori, where each torus is uniquely determined by a fixed value of the remaining action
variable J,. A change in J, corresponds to a change in the vertical amplitude of a quasi-periodic orbit.
Since the tori are invariant, by using only the ‘inner flow’ restricted to the 3-dimensional sphere, the
vertical amplitude of orbits remains constant. However, the tori do not separate the energy manifold, so
there may exist trajectories that move from one torus to another, thus changing the vertical amplitude.
In order to obtain such trajectories, we need to use the ‘outer dynamics’, described below.

The 3-dimensional sphere is a normally hyperbolic invariant manifold (NHIM), and has stable and
unstable manifolds which go around the Earth and intersect transversally along trajectories homoclinic
to the NHIM. By carefully selecting consecutive homoclinic trajectories, we show that it is possible to
achieve large changes in the vertical amplitude of orbits. Proving the existence of such trajectories is
related to Arnold diffusion problem (see the discussion later).

The tool that allows us to systematically select suitable homoclinics at each step is the scattering
map. This is a map defined on the NHIM, which relates the past asymptotic of a homoclinic point to
its future asymptotic. The scattering map was introduced in [DLS00, [DLS06al [DLS06D] in the study of
Arnold diffusion. When restricted to a suitable 2-dimensional Poincaré section, the scattering map turns
out to be symplectic [DLS08, [DGR13]. An additional advantage that we exploit in our model is that we
obtain two scattering maps, which give us more options in the selection of suitable homoclinics.

We provide a theoretical result (Theorem that gives sufficient conditions on a inner dynamics
and two scattering maps defined on an annulus inside a NHIM (described in action-angle variables), to
ensure the existence of true trajectories that start near the lower boundary of the annulus and end near
its upper boundary.

In our model, the action variable corresponds to the vertical amplitude J, and the annulus to some
range of J, € [Ji,Ja]. Provided that the assumptions of Theorem are verified, the orbits of the
Iterated Functions System (IFS) formed by the two scattering maps and the inner map that achieve
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Figure 9.1: Initial segment (blue) and final segment (green) of the fastest transfer trajectory between a
quasi-periodic orbit with small vertical amplitude (small Z-oscillation), and another with large vertical
amplitude (Z-oscillation of amplitude 0.001, roughly 150000 km). The complete trajectory (not shown
here) is very complicated, and goes through many homoclinic jumps. This trajectory is computed in

Section [9.11.20 (See also Figures and [9.21)).

the prescribed gain in the vertical amplitude yield true trajectories that achieve the same gain (up to a
small error). To distinguish the orbits of the IFS from true trajectories of the system, we will refer to
the former as pseudo-orbits.

Before going into more details, we now outline the methodology that we will use. The trajectories
designed to change the vertical amplitude J, are guided by homoclinic orbits that depart and land,
asymptotically, at points in the NHIM, depending on the scattering (outer) map used. The vertical
amplitude at landing can be higher or lower than the vertical amplitude at departure. The inner dynamics
of the NHIM allow us to travel between points with the same vertical amplitude to change, if necessary,
the departure points. With a simple simulation of these 3 dynamics—the 2 scattering maps and the
inner map—we obtain pseudo-orbits with the desired vertical amplitude gain.

We note that the problem that we consider is not perturbative. Until now, the only available methods
for computing the scattering map in such a setting have been numerical [CDMRO06, [DGRI6]. However,
purely numerical approaches are computationally intensive and offer little insight into the geometric
structures determined by the scattering map.

The highlight of this chapter is that an analytical approximation of the scattering map for the
spatial circular RTBP is provided. We describe the scattering map via a generating function depending
on old and new variables. Then we approximate the generating function using a Fourier-Polynomial
interpolation. As it turns out, the numerical computation of the scattering map at a few points can be
used to compute the coefficients of the Fourier-Polynomial interpolation, up to some suitable order, and
thus to obtain an analytical formula for the generating function, up to some small error. The outcome
of this approximation is referred to as the Standard Scattering Map (SSM). It is given explicitly as a
perturbation of an integrable twist map. As such, the phase space of the scattering map is organized
by KAM tori, elliptic islands, hyperbolic periodic orbits and their stable and unstable manifolds, and
resonant zones. See Figure The rich geometric structure unveiled by the analytical approximation
of the scattering map was not available through previous approaches. Similar computations of the
generating function of the scattering map and of its phase space were obtained purely analytically
in uncoupled pendulum-rotor systems subject to small perturbations of a special type [DS17, [DS1§].
However, as the unperturbed pendulum-rotor systems considered in those papers are uncoupled, the
phase shift phenomenon [DMRO§| does not take place, and the unperturbed scattering maps are just
the identity. In particular, they are not twist maps, which makes the dynamics different from those
considered here.

The main application of the Standard Scattering Map is that it offers an explicit method to find
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pseudo-orbits, that is, orbits of the iterated function system consisting of scattering maps and the inner
map (induced by the inner flow on the Poincaré section), along which the vertical amplitude J, grows
consistently. The method is versatile, in the sense that one can choose the starting and ending points of
such pseudo-orbits. As mentioned earlier, here we compute two scattering maps, and we compare them
in terms of the fastest trajectory to achieve the desired change in vertical amplitude.

It is important to note that the orbits of the scattering maps are not equivalent to true trajectories
of the system. Rather, we can approximate a segment of a homoclinic trajectory by a concatenation of
a finite orbit of the inner dynamics, followed by an application of a scattering map, followed by another
finite orbit of the inner dynamics. The map that described this concatenation of orbits is referred to as
the transition map. The transition map is a map on the NHIM, and each application of the transition map
approximates a segment of a homoclinic orbit to the NHIM; see Section [0.1.4] Since we have constructed
two scattering maps, we have two corresponding transition maps. To obtain approximate trajectories
that change the orbital vertical amplitude, we consider the iterated function system consisting of the two
transition maps and the inner map, and we search for optimal trajectories.

Note the order in which our methodology proceeds. First and foremost, we obtain the Standard
Scattering Map, which models the asymptotic homoclinic dynamics in a comprehensive and efficient
manner, forming the backbone of all subsequent computations. Second, we use the SSM to validate the
hypothesis of Theorem [0.1] and conclude the existence of diffusion. However, to design pseudo-orbits
it is necessary to work with finite-time segments of trajectories. Third, from the SSM we derive the
transition map, which approximates finite-time homoclinic segments. The transition map is used to
design pseudo-orbits, which can finally be refined into true orbits.

To find optimal pseudo-orbits, we leverage the classic Dijkstra algorithm for finding shortest paths
in a graph. A surprising finding is that for an optimal orbit of the iterated function system, rather
than always selecting a transition map that grows J,,, sometimes we must select a transition map that
decreases J,, in order to arrive to a place where the next application of a transition map yields a large
increase in J,. Another surprising finding is that an optimal pseudo-orbit involves very few applications
of the inner map.

More quantitatively, in Section [0.11] we divide the phase space into a grid of 30 x 30 = 900 small
cells, and in Section we obtain a diffusion pseudo-orbit that uses just 17 iterations of the scatter-
ing/transition maps plus intermediate iterations of the inner map. We emphasize that only using the
image of 7 tori we can have an approximation of the phase space of the scattering map, good enough
to be able to design with several algorithms the appropriate diffusion pseudo-orbits. The use of more
invariant tori and of a more refined grid does not present additional technical difficulties, and would not
modify in a qualitative way the phase space of the scattering maps represented in Figure so the
optimal paths would not change substantially.

These optimal pseudo-orbits can be refined into true orbits either through theoretical shadowing
results or by applying appropriate numerical methods, such as parallel shooting.

Our construction described so far is based on approximating the Hamiltonian near L; by a Birkhoff
normal form. Since the approximation is quite accurate, the true dynamics associated to the original
Hamiltonian follow closely the Birkhoff normal form dynamics. In particular, the trajectories of the
true inner dynamics stay close to invariant tori, and the scattering map for the true dynamics is close
to the scattering map derived from the normal form approximation. This implies that there exist
diffusing trajectories—that change the orbital vertical amplitude by a significant amount—for the original
Hamiltonian system.

Our results are related to the Arnold diffusion problem for Hamiltonian systems, claiming that in-
tegrable Hamiltonian systems subjected to small perturbations of generic type have ‘diffusing orbits’
along which the action variable changes by an amount independent of the smallness of the perturba-
tion [Arn64]. Arnold proposed a mechanism of diffusion based on transition chains of tori, which are
sequences of invariant tori with consecutive heteroclinic connections between consecutive tori. Arnold
conjectured: “I believe that this mechanism of instability is applicable to the general case (for example,
to the problem of three bodies)”. This conjecture has witnessed significant progress in recent years,
including [CG94] BT99, [DLS00, Tre02], [Tre04, [DLS06al, [DLS06D, Pif06bl [GT08, [DHOI, [CY09. Mat12]
KZ15| BKZ16, [CX19] [Tre12l [GL17, I[GT17, [GM22] [KZ20]. Some of the progress has been geared towards
proving Arnold diffusion in concrete models, under explicit, verifiable conditions on the perturbation.
This direction opened up the possibility of implementing Arnold’s mechanism of diffusion in applications,
such as to Celestial Mechanics. Notably, some papers, including [DKRS19, (GPS25| [CFG25], succeeded
in providing analytical proofs of Arnold diffusion in some models of the three- and four-body problem.
These papers rely on perturbative methods, and therefore they need to assume that certain parameters
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(such as ratios of the masses of the bodies, or ratios of the semi-major axes of the orbits) are very small,
in fact much smaller than those observed in solar systems. Another line of arguments combine analytical
methods with numerical computation (including computer assisted proofs) to show Arnold diffusion in
models with realistic parameters, see, e.g. [CGL17Db| [CG23| [FH25].

We follow this latter approach. In the case of the Sun-Earth system we implement Arnold’s mechanism
of transition chains of tori via analytical tools and numerical methods, obtaining orbits that follow the
transition chain and change their vertical amplitude. The system that we consider is a prior: chaotic,
that is, it contains a hyperbolic basic set (see, e,g., [GT17]). Since the system is non-perturbative, we
do not obtain a change that is independent of some small parameter. However, we argue that the change
is as large as possible for the geometric mechanism at play. Specifically, we obtain a change in the action
that spans approximately 70% of the region where primary homoclinic orbits exist. (See Section .

The construction in this chapter can be potentially adapted to astrodynamics applications. Some-
times, a satellite (which typically carries little fuel) ends up on a wrong orbit, and one tries to correct
the orbit by exploiting the gravity of Earth, Sun, Moon as much as possible, and firing the satellites’
thrusters as little as possible; see, e.g., [Bel04]. While our methodology to change the vertical amplitude
of a satellite orbit may be too slow from a practical point of view, by combining zero-cost geometric
routes with small thrusts, one may be able to design useful trajectories; see, e.g., [GKLT01].

We do not focus on trajectory optimization. Nevertheless, in our setting, we can estimate both the
duration (32 years) and the total required thrust (271 m/s) for the pseudo-orbit that exhibits the fastest
growth in vertical amplitude. See Section [9.11.2] and Remark [9.19

Moreover, our methodology can be applied to build transfers involving two or more NHIMs connected
by heteroclinic orbits, e.g., the NHIM around L; and that around Lo [DMROS, [BHM24].

9.1 Setup
9.1.1 The Spatial Circular RTBP

We consider the spatial circular RTBP as a model for the motion of an infinitesimal body (e.g. satellite)
under the gravitational influence of two massive bodies, referred to as primaries (e.g. Sun and the Earth).
We describe the problem in normalized units, relative to a co-rotating frame XY Z, such that the larger
primary of mass 1 — pu = p is located at P; = (u,0,0), the smaller primary of mass u is located at
P, = (p—1,0,0), and the vertical component of the motion of the infinitesimal body is given by the
Z-coordinate (see Figure .

In the case of the Sun-Earth system p = 3.040423398444176 x 1076,

The motion of the infinitesimal body relative to these coordinates is given by the autonomous system
of equations:

X -2Y =Qy,
Y +2X = Qy, (9.1)
Z =Qg,
where the effective potential §2 is given by
0= %(X2+Y2)+1;—1“+%,

with 71,79 representing the distances from the secondary to the larger and the smaller primary, respec-
tively:

= (X =)+ Y 2012,

ro=((X —p+1)2+Y2 4+ 2212

The phase space is 6-dimensional.
The system has an integral of motion (referred to as the Jacobi integral) given by:

C=20—(X*4+Y2+27%.
Equivalently, the equations (9.1) can be described as a 3-degree-of-freedom, autonomous Hamiltonian
system given by the Hamiltonian function:

1 1-
(P 4+ P2+ P2 +YPyx—XPy——H_ 1 (9.2)

H=Z
2 1 T2
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Figure 9.2: Schematic location of the Sun (in yellow), the Earth (in blue), and the equilibrium point L;.

where X, Y, Z are the generalized coordinates, Px = X — Y, Py = Y + X, Py = 7 are the generalized
momenta, and the symplectic form is:

dPx NdX +dPy NdY +dPz N dZ.

We denote by @z the flow of (9.2).
The Hamiltonian function and the Jacobi integral are equivalent integrals of motion, since

H=-C/2.

As the Hamiltonian (and, equivalently, the Jacobi integral) is preserved along the solutions of the
system, each trajectory lies on a 5-dimensional energy manifold M, corresponding to some energy level
h = —c/2, that is,

M. ={H(Px,Py,Pz,X,Y,Z) = —c/2}.

We are going to focus on the dynamics around the equilibrium point L, which is located between
the primaries, and is of Saddle x Center x Center — linear stability type (see Figure[9.2)). Let us denote
by

£, +iv,, £iv,, with A, v, v, real and positive,

the eigenvalues of the linearized system near L;. The quantities A\, —\ represent the exponential expan-
sion and contraction hyperbolic rates, while v,, v, represent the frequencies of the planar and vertical
components of the motion, respectively. In the case of the Sun-Earth system, A = 2.5326591740529678,
v, = 2.0864535642231075 and v, = 2.0152106629966386.

By the Center Manifold Theorem (see e.g., [JM99]), there exists a 4-dimensional invariant center
manifold A = W€(L,) that is tangent at L; to the generalized eigenspace corresponding to iy, +iv,.
The manifold A is a normally hyperbolic invariant manifold (NHIM) for the flow ® . If we fix the energy
level (or, equivalently the Jacobi constant), the restriction of the center manifold W*°(L;) to the energy
level {H = —c/2} is a 3-dimensional sphere

Ao = AN M,

which is a NHIM for the flow @ restricted to the energy manifold M..

9.1.2 Local Dynamics around [,
The Hamiltonian H can be expanded about L1, via a symplectic coordinate change
(PX’PY7PZ7X7Y; Z) — (yhv Jpv J1)7xh5¢177¢1))7

as a Birkhoff normal form
HN) = Hy + 20 4RI,
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where H, denotes the quadratic part of H expressed in terms of the new variables, Z(™) is a polynomial
of degree N that Poisson-commutes with Hs, and the remainder RY) is small in a neighborhood of L,
(more precisely, of the order of the (N + 1)-th power of the distance to Li). The coordinates xp, yp
represent the hyperbolic directions of motion. The action variables (Jp, ¢,) correspond to the planar
component of the motion, while the angle variables (J,, ¢,) corresponds to the vertical component. A
useful reference for the derivation of such a Birkhoff normal form is [Jor99).

In [DGR16)], we performed the computation of this normal form for the spatial circular RTBP up to
order N = 16. We will use this computation.

The truncated Birkhoff normal form depends only on xpyn, Jp, Ju,

HN) = Hy+ 2N = Azpyn + vy + vy + 2N (@nyn, Ty, o), (9.3)

which are integrals of motion for ’HE?{”)HC We denote by @ the flow associated to (9.3)).

The truncated Birkhoff normal form ’HE?{ILC represents an approximation of the original Hamiltonian

H, and therefore the invariant objects for ’Héi&c give approximations of the corresponding invariant
objects of H. Truncating the normal form at order N = 16 ensures that the error between the true dy-
namics in the NHIM and the dynamics induced by the Birkhoff normal form is within machine precision.

See Section In particular, we consider the center manifold AN for the truncated Birkhoff normal
Héﬁgc, which represents an approximation of A. In the action-angle coordinates, we have that

AN = {(y}u Jp7JU7xha¢p7¢U) |yh =0,z =0, Jpv Jy >0, ¢pa¢)v € T}, (94)

is parameterized by the symplectic action-angle coordinates (Jp,Jy, ¢p, @).  This has a symplectic
structure given by the form
dJy N dpp + dJy N dey.

The planar Lyapunov periodic orbits correspond to J, = 0 and J, > 0, the vertical Lyapunov periodic
orbits to J, = 0 and J, > 0, and the libration point L; to J, = J, = 0, so these coordinates are
degenerate when some action J,, = 0, as it is usual with polar coordinates.

For a fixed energy Hg\&c = h = —¢/2, J, is given as an implicit function of J,, ¢p, ¢y»,c. The
corresponding NHIM for the truncated system is given by

AY = AN i = —/2}

and is therefore parameterized by the 3 variables (JE’ Dps Du)-

For each fixed value of the vertical action J, = J,, there is a unique invariant torus for the Birkhoff
normal form

TV = AN {J, =}

which is therefore parameterized by the 2 angles (¢, ¢,). Thus, the NHIM AY is foliated by a family
of 2-dimensional invariant tori. By comparison, the NHIM A, corresponding to the full Hamiltonian H
contains a KAM family of 2-dimensional invariant tori, with gaps between the tori that are exponen-
tially small in the action (see [41] for quantitative estimates). The existence of the NHIM for the full
Hamiltonian has been rigorously proven for the planar RTBP in [CR12].

Each of the objects AN, AN, T}V have associated stable and unstable (or asymptotic) manifolds of
one more dimension than the objecvt itself. The truncated Birkhoff normal form provides an accurate
approximation of the local asymptotic manifolds in a neighborhood of Ly. In particular, the 4-dimensional
local stable and unstable manifolds of AY are given by

Wigd (M) = AT @ 1™,
where T%* is a small interval in the stable (unstable) direction. In practice, we take this interval to be
of length § = 1073; see Section for more details.

Once the local stable and unstable manifolds are obtained, the global manifolds are computed by
integrating the local ones by the flow ® g of .

9.1.3 Scattering Map

One of the main tools that we use is the scattering map. This is an effective tool to quantify the effect of
homoclinic excursions to a NHIM. In general, it can be computed either perturbatively or numerically.
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We recall the definition of the scattering map following [DLS08|. We consider a general setting of flow
® on a manifold M, and assume that there is a normally hyperbolic invariant manifold A for the flow.
We will assume that the flow as well as the geometric objects referred to below are differentiable enough,
without formulating specific assumptions on regularity. (In the case of the spatial circular RTBP the flow
is real analytic, and the geometric objects of interest are at least C'-differentiable, but not necessarily
analytic.)

As a consequence of normal hyperbolicity, the stable manifold W#(A) and the unstable manifold
W*(A) are foliated by stable and unstable manifolds of points W*(y), W*(y), respectively, for y € A.
This implies that for each € W*(A) there exists a unique z_ € A such that x € W*(z_), and for each
x € W?(A) there exists a unique x4 € A such that € W?*(x,). These correspondences are described
via the wave maps Qy : W*(A) — A given by Q4 (z) = z4, and Q_ : W¥(A) — A given by Q_(z) = x_,
respectively.

Assume the following transversality conditions:

e W3(A) and W*(A) intersect transversally along a homoclinic manifold T}

e The homoclinic manifold T is transverse to the stable (unstable) foliation {W2"},.ca relative to
Wer(A).

Then, the restrictions QE_, OF of Q,, Q_, respectively, to I' are local diffeomorphisms. We can always
choose T' so that Qf, QU are diffeomorphisms onto their images. A homoclinic manifold I' for which
the corresponding restrictions of the wave maps to I' are diffeomorphisms is referred to as a homoclinic

channel.

Definition 9.1. Given a homoclinic channel I'; the scattering map associated to I' is the diffeomorphism
St =0l o(f)!
from the Dom(S") := Q" (') C A to the Im(S") := QL (') C A.

That is, if z € T is a homoclinic point and Qf (z) = x4, then ST (z_) = z,. In general, the domain
and range of the scattering map are proper subsets of A. There are examples where the local domain of
the scattering map cannot be extended to a global one, that is, on the whole A, as moving along a loop
in A leads to lack of monodromy (see [DLS00]).

The scattering map depends on the choice of the homoclinic channel I'. When we flow the homoclinic
channel T to ®¢(T), the corresponding scattering maps are conjugate by the flow (see [DLS0R, Section
2.3)):

S = ¢t o ST 0 b, (9.5)

Of course, when T and ®(T") overlap, for z € T N®!(T'), we have $*' () (z_) = ST (z_). This means that
ST can be continued to S®' ™ for some interval of times t, for as long as the corresponding homoclinic
channels are well defined and can be continued into one another. We will regard the result of such
continuation to the maximal domain as a single scattering map.

When the choice of the homoclinic channel I' is evident from the context, we drop the superscript
from the notation ST

In the case of a discrete-time dynamical system, the scattering map can be defined in a similar fashion.

A remarkable property of the scattering map is that it is exact symplectic, provided that the manifold
and the flow are exact symplectic. We refer to [DLS0§| for details.

Remark 9.1. As we shall see in Section [9.3.5 in our model we can construct two scattering maps that
are defined on a whole annulus inside the NHIM. In this sense, the scattering maps are globally defined
on the annulus. Each of this scattering maps is obtained by a continuation of a locally defined scattering
map to a maximal domain. In our model, the scattering map extended to its maximal domain satisfies
the monodromy condition, as moving around on a non-trivial loop inside the annulus does not yield a
multi-valued map.

9.1.4 Transition map

Assume the general setting from Section [9.1.3
From the definition of the scattering map associated to ®¢, it follows that, if + € I" is a homoclinic
point and
S(x_) = x4, where zy € A,
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then
d(®7 ' (2),® " (z_)) = 0, as t_ — o0,

d((I)t+ (), ilg (z4)) — 0, as tL — co.

This correspondence represents the so-called transition map (see [DGR13])).

Definition 9.2. Given § > 0, let T = T_(§), T+ = T+ (0) be the infimum of the positive reals t_, ¢,
respectively, for which

d(@7'(2),® " (z_)) <6, d(®" (x),®" (24)) < 6. (9.6)
Then the transition map Ts : ®~7-(Dom(S)) — ®T+(Im(S)) is defined as
Ts =0 0S5 0dT-.

The transition map depends on the choice of the homoclinic channel I" and on the distance § to the
NHIM.

Thus, for T_, T large enough, the homoclinic orbit segment ®=7-T+](z) = {®!(z) |t € [T_,T]} in
M is an approximation of the pseudo-orbit ®7+ o S o ®7-(z_). The former is an orbit segment in the
manifold M, while the latter is given by an orbit segment of the inner dynamics ®7- |a, followed by one
application of the scattering map S, followed by another orbit segment of the inner dynamics ®7+ IA-

Remark 9.2. Note that, for the computation of both the scattering map and the transition map, one
needs to know the inner dynamics, given by the restriction to the NHIM. Compared to the scattering
map, the transition map depends on an extra parameter (the threshold distance § to the NHIM), and
so, different choices of this parameter yield different transition maps.

Remark 9.3. In the setting of Section we can consider the dynamics of the original flow ®p of
the RTBP, and the dynamics of the flow @y associated to the Birkhoff normal form, as well as the
corresponding NHIMs A. and AY, respectively. In each case, we can define a scattering map and a
transition map. We denote by S the scattering map corresponding to ®, and by SV the scattering map
corresponding to ® . The map S is defined on some domain in A., and SV is defined on some domain
in AY. Similarly, we denote by 75 the transition map associated to @, and by 7:;N the transition map
associated to @ .

9.1.5 Reduction of the Scattering Map and the Transition Map to a Poincaré
Section

We now consider the setting from Section [9.1.1

In the paper [DGRI16] it is shown that, in the case of the spatial circular RTBP, the unstable and
stable manifolds of AY intersect, giving rise to homoclinic orbits to AY. We can select a homoclinic
channel T';. and consider the scattering map associated to the truncated Birkhoff normal form:

SN : Dom(SY) € AY — Im(SV) € AY.

To reduce the dimensionality of the scattering map, we consider the Poincaré section ¥ = {¢, = 0},
with associated first return map F: ¥ — ¥. Let AY:* denote the intersection of the NHIM with the
Poincaré section:

ANE ANy

We have shown in [DGRI6] Section 3.2] that AY-* is a normally hyperbolic invariant manifold for F,
which we call the reduced NHIM. This is a 2-dimensional manifold, that can be parameterized in terms
of (Jy,¢y). It has a symplectic structure given by dJ, A d¢,. The scattering map induces a reduced
scattering map:

o Dom(aV) € AYF = Tm(aV) C AN,

The reduced scattering map oV is exact symplectic. (See [DLS08]).
Inside AY* we consider an annulus given by

A=AV2n{J, €, ]s], ¢, €[0,27)}

where J; < Jo will be specified in Section [9.3.5
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For each fixed value of J, = J, in the range, there is a unique invariant curve for F
N,% 7
T =An{J, = J,}.

One can derive the reduced scattering map o from the full scattering map S% as follows. Let x+ be
two points related by the scattering map: zy = SV(x_). Then we flow x_ backwards to the Poincaré
section Y, obtaining a new point (J_,¢_) € AN-E. Similarly, we flow z, forward to ¥, obtaining
(J1,¢4) € AYE The reduced scattering map o takes (J_,¢_) to (Jo, ¢dy).

When it is clear from the context, we will abbreviate ‘reduced scattering map’ to just ‘scattering
map’. Also, for ease of notation, we will simply write (J, ¢) for (J,, ¢y).

The transition map can be reduced to a surface of section in a similar fashion. Let z € T> =T.N Y
be a homoclinic point and
N

(

oN(z_) =z, where x4 € AZ.

In terms of the (J,¢) coordinates we can write x_ = (J_,¢_) and x4 = (Jy,¢1). For a given § > 0
where the Birkhoff normal form applies (see Section [9.3.1)), let K_, K| be the smallest positive integers
k_, k4, respectively, such that

A(FF(2), F - (22)) <6, d(FF (), FF(z4)) <. (9.7)
Then the transition map is given by
= FK+ o N o FE-,

Remark 9.4. Since the dynamics along the hyperbolic manifolds W*#*(AZX) is much faster then the inner
dynamics Fixz, it may happen that condition is satisfied for K_ = Ky = 1. In that case, the
transition map is given by

N =Fod"oF.

Indeed, the transition map used will be of this type.

9.2 Main results

In this section we first provide an abstract result for an iterated function system (IFS) consisting of an
inner map (given by the restriction of the dynamics to a NHIM) and finitely many scattering maps,
saying that, if the IFS satisfies some verifiable, quantitative conditions, then the system has true ‘dif-
fusing’ orbits. Then, we give the main numerical result of the chapter, which amounts to the numerical
verification of the assumptions of the abstract result.

Theorem 9.1. Assume that F : X — ¥ is a diffeomorphism on a manifold X, A is a 2-dimensional
NHIM for F, (I,$) a coordinate system on A, w = dI Ad¢ a symplectic form on A, and

A=[I,L] xT' C A.

Assume that W*(A) and W*(A) intersect along a homoclinic channelT';, i € {1,...,L}, where L > 1.
Let f = F 4 be the restriction of F to A and o; be the scattering map associated to I';, i € {1,...,L}.

1. We assume that the inner map f satisfies the following conditions:

(I.i) The map f is an exact symplecti(ﬂ twist map, i.e.

87T¢f
ol

(1,9) > 0. (9.8)

(Lii) There exists p1 > 0 such that for every I € I, I], the level set {I = I} is invariant under f
up to an error of p1, that is, for alln >0 and ¢ € [0,27), we have

|7Tl(fn(jvq_5)) _j| < P1-

II. We assume that each scattering map o;, i € {1,..., L}, satisfies the following conditions:

1A map f on A is exact symplectic if f*(Id$) — Id¢ = ds for some function s on A.
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(IL.1) o; is globally defined on A, i.e., dom(c) D A;
(ILii) There exist C*-functions L; = Zi(I, ¢") and w; = w;(I) such that

OL;

I'=I+2241,¢),
99 o 9.9)
QS :¢, +UJ’L(I) + a(b/ (Ia ¢/)a

where we denote o;(I,¢) = (I',¢');
(I1.iii) There exists pa > p1 such that for every I € [I, Is] there exists i € {1,...,L} and ¢ € [0,2m)
such that _
oL;
¢’
Then, for any neighborhood Uy of {I1} x T and Uy of {I>} x T! in X there exists an orbit {zy }n—o, . N
of F in X such that

(I,8") > pa. (9.10)

z0 € Uy and zy € Us.

Proof. The proof follows immediately from the following result in [Moe02], and its extensions in [LCO7|
and [GM22].

Theorem 9.2 ([Moe02]). Let A= [0,1]xT! and f,g : A — A be two C*-diffeomorphisms of the annulus
that preserve the boundary circles.
Assume the following

(i) f is a twist map;
(ii) g is an area preserving map;
(iii) Every essentiaﬂ f-invariant circle T is not invariant under g.

Then, for every pair of open neighborhoods Uy of {0} x T and Uy of {1} x T in A, there exists an
orbit (xn)n=o0,... n of the IFS generated by {f, g} such that xo € Uy and xn € Uy (the orbit of the IFS is
defined at every step by a choice x, 1 = f(xn) or Tpi1 = g(xy)).

In Theorem it is essential that the map g is globally defined on the annulus A. On the other
hand, the condition that f preserves the boundary components of the annulus can be replaced by the
condition that f is exact symplectic. Also, the conditions that g preserves the boundary components of
the annulus and that it does not preserve any essential f-invariant circle can be replaced by the condition
that for any essential f-invariant circle, there are points below the circle that are mapped by ¢ to points
above the circle.

The theorem extends immediately when instead of a single map g we have finitely many maps
g1, - .-, g1 satisfying (ii) such that every essential f-invariant circle T' is not invariant under some g;,
1e{l,...,L}.

Condition (I.i) of Theorem in f represents condition (i) of Theorem Condition (IL.i) on o;
from Theorem ensure that these maps are globally defined on A.

Condition (I.ii) of Theorem implies that each essential invariant circle for f is contained within
p1 of some I-level set. Conditions (ILii) and (ILiii) of Theorem [9.1]imply that for each I-level set, there
is a scattering map o; and a point on the I-level set whose I-coordinate is increased by o; by more than
p2 > p1. Therefore, any essential f-invariant circle fails to remain invariant under at least one of the o;.
Theorem implies that there is a pseudo-orbit (zy)n=o,.. n of the IFS generated by {f,o1,...,0L}
such that x¢ € Uy and xy € Uy. To obtain a true orbit, we use the following result that follows directly
from [GLMS20, Lemma 3.2 and Theorem 3.7].

Theorem 9.3. Assume that (X,w) is a symplectic manifold of finite symplectic volume, F : ¥ — X is
a symplectic diffeomorphism, A € M is a NHIM for F, f = Fp and 0;, i = 1,...,L, is a family of
scattering maps on A.

Then every finite pseudo-orbit {x;}i=0,.. N of the IFS generated by {f,o1,...,0L} in A can be
shadowed by a true orbit, that is, for every § > 0, there exists an orbit {z;}i=o,.. v of F in X, with
ziy1 = fFi(2;) for some k; > 0, such that d(z;,z;) < & for alli=0,...,N.

2An essential circle is a simple closed C%-curve in A that is nonhomotopic to zero.
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Applying Theorem to the (2 )n=o,..., n of the IFS generated by {f,01,...,0} yields a true orbit
of F from Uy to Uj. O

We now provide an outline of the numerical verification of the conditions of Theorem [0.1] Details are
provided in Section

Numerical Result 9.1. Consider the setting from Section|9.1.1]

(a) In Section we obtain the approxvimation of the NHIM A, by AY , using the Birkhoff normal form
N
Ht(TuZLc‘
(b) In Section we show that the error in the numerical approximation of the NHIM is less than
10715 (close to machine precision,).

(¢) In Section we construct two scattering maps that are globally defined on an annular A inside
AY | corresponding to the range J € [Jy, J3], where J; = 0.001 and Jo = 0.007. See Sectionw

c ’

for additional details.

(d) In Section we rescale I = 10% - J and derive series representations of the two scattering maps,
which are of the form .

(e) In Section m we show that the generating functions CNZ associated to these scattering maps satisfy
condition (9.10) for po = 0.1. By (b), the level sets of I are preserved by the inner map up to an
error of p1 = 10712,

(f) In Section we verify that the inner map satisfies a twist condition.

Provided that the conditions (a)—(f) have been verified, then there exists a true, zero-cost orbit of @y
along which I changes from Iy =1 to I, = 7.

Remark 9.5. A result similar to Theoremcan be formulated in terms of scattering maps only (without

using the inner map). More precisely, assume that we have a family of scattering maps {o1,...,0} as

in Theorem and that one of them, say o1, satisfies a twist condition as in (9.8). Also assume that

there exist 0 < p; < pg such that

L)
¢

max

LC < p1,
¢/

and for each I there exists i # 1 such that

IL; - -
max ——(I,¢") > ps.
X 55 (1,6) > p2
Then there exist an orbit {2z, },=o,... n of F as in the conclusion of Theorem
The main idea is that o; plays the role of the inner dynamics in Theorem [9.1

In Sections 4-12 below, we compute numerically the flow @y, the corresponding NHIM A% two
scattering maps and two transition maps, as well as their reductions to the surface of section 3. In
Section [0.3.1] we give an estimate of the error between the original flow ® 5 and the flow computed via
the Birkhoff normal form ®y, obtaining that A is an accurate enough numerical approximation of A..
As all subsequent computations are performed via the Birkhoff normal form, to simplify the notation,
from now on we drop the superscript/subscript N from the notation for all objects.

9.3 Numerical Scattering Map on a Grid for C' = 3.00088

Using the methodology presented in the paper [DGR16], we compute the NHIM A, and its stable/unstable
manifolds. We show that the asymptotic manifolds intersect transversally along two homoclinic channels,
giving rise to two different scattering maps. We compute the scattering maps numerically at a grid of
points; they are shown in Figure

For our purpose we will use the energy value C = ¢ := 3.00088. This value is chosen after the
appearance of the equilibrium point L; (¢; := 3.00090), but before the appearance of halo orbits (chalo =
3.00082). The choice of energy is motivated by two reasons.
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Figure 9.3: The NHIM A. consists of a continuous family of invariant tori around L;. The endpoints
of the family are the planar and vertical Lyapunov orbits (shown in red and black, respectively). In
between, there are 2-d tori of increasing vertical amplitude J. (For clarity, only two of them are shown).
The transfer trajectory shown in Figure [0.1] starts at an initial condition very close to the blue torus
I =1 and ends very close to the green torus I = 7, where I = 103 - .J

Firstly, c is close enough to c¢; so that the dynamics around L; is almost integrable. Thus, the (inte-
grable) Birkhoff normal form Ht(rjzzlc provides a good approximation to the local dynamics. (Sectionm
quantifies the Birkhoff normal form error).

Secondly, ¢ is close enough to ¢; so that we are in the setting of a priori chaotic Arnold diffusion (see
Section E[)

Fixing the energy value ¢ = 3.00088, the NHIM A, consists of a continuous family of 2-dimensional
invariant tori around L, which we parametrize by the vertical action J. The vertical action increases
along the family from J = 0 to J = Jpax = 0.052. Correspondingly, the planar action J, decreases from
0.05029 to 0.

Figure [9.3] shows some tori in the NHIM A..

o J=0 (ie. J, =0.05029) corresponds to the unique planar Lyapunov orbit in this energy level.
e J=0.052 (i.e. J, =0) corresponds to the unique vertical Lyapunov orbit in this energy level.

¢ Every intermediate action J € (0,0.052) corresponds to a 2-dimensional torus located between the
planar and the vertical Lyapunov orbits.

As seen in Figure the NHIM A. spans a spherical region of radius 0.002 Astronomical Units (AU),
or roughly 300000 km around the equilibrium point L;.

9.3.1 Accuracy of the Birkhoff normal form

The accuracy of the Birkhoff normal form (BNF') expansion has been tested against numerical integration
of the R3BP equations, following the same procedure as in [JM99]. Compute an initial condition on A, by
evaluating the BNF up to order N = 16. This initial condition is integrated for 7 units of adimensional
time using two different methods:

1. Using the BNF. No numerical integration is needed. As the Hamiltonian is integrable, and we have
it integrated, we simply tabulate the solution at time 7.

2. Integrate the R3BP equations using a Runge-Kutta-Feldberg numerical integrator of order 7-8,
with local error at each step within 10714,
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Then compare the two final conditions.

This test has been performed for several initial conditions on A.. In all cases, the difference in the
Euclidean norm for the final condition is less than 10~!2 adimensional R3BP units. Thus the initial
condition was very accurate, in the sense that it is very close to one of the tori computed by the BNF.

In fact, it is known that, due to the hyperbolicity of orbits around the collinear point, errors increase
by a factor close to 1500 after 7 units of time. Therefore the error in the initial condition is less than
10~'2/1500 adimensional units, close to machine precision.

Furthermore, this validity and accuracy of the BNF of order NV in a neighborhood of size § along the
unstable/stable coordinates, say for § = 1072 and N = 16, can also be analytically corroborated using
theoretical results, for example from [DG96b]. The bound of the error in a neighborhood of the libration
point is there given as a function of the bounds of the Taylor expansion of the Hamiltonian, as well as
of the small divisors kpvy, + ke for integers satisfying |kp| +|kv| < N.

It should be noted that the presence of these small divisors is what affects the convergence of these
Birkhoff normal forms. Although they depend on the mass ratio i, they do so very slightly for libration
points; see, for instance, [Jor99, [ITM99]. Therefore, their influence in detecting strong resonances is not
noticeable up to normal form orders much higher than N = 16.

9.3.2 Homoclinic Orbits

In [DGRI6], Section 4.3, we explained in detail how to compute the intersection of the stable and unstable
manifolds W*(A.) N W*(A.) restricted to the surface of section

S ={(X,Y,Z,X,Y,Z): Y =0,Y >0}

We find that the asymptotic manifolds do indeed intersect transversally, giving rise to families of homo-
clinic orbits to the A.. These homoclinics will later be encoded by two scattering maps.

Briefly, the numerical procedure to compute each homoclinic consists of finding two initial conditions
y—, y+ on the local unstable resp. stable manifolds, and a point x € .% such that: (1) ®%;(y_) = z; and
(2) ®5°(y4+) = . Then z is a homoclinic point, generating a homoclinic orbit segment from y_ to y..

We would like to emphasize some aspects of this computation:

e We consider only the first intersection of the stable and unstable manifolds with the surface of
section .. The ‘primary’ homoclinic connections generated in this way travel around the Earth
once.

e The initial conditions y_,y, are taken at a distance § = 1073 of the NHIM along the unsta-
ble/stable coordinates. This guarantees that they are inside the domain where the Birkhoff normal
form is accurate.

e At the same time, these initial conditions are sufficiently far from the NHIM so that the homoclinic
orbit segment does not wind around L; more than once.

o All homoclinics take 5.936738 < ¢ + s < 6.000688 time units to go from y_ to y4. We will refer to
t+ s as the ‘flight time’ of the homoclinic. The shortest and longest flight times correspond to the
two homoclinics of the Lyapunov orbit. See Figure

Following the decomposition of A, into invariant tori, we first study homoclinic orbits from each T’y
to itself. Later we will study homoclinic orbits from T’y to nearby tori.

e When J = 0, the invariant manifolds W*(Ty) and W*(Tj) have 2 transverse intersections in the
section .. Hence, the planar Lyapunov orbit 7Ty has 2 homoclinic connections with itself. See

Figure 0.4
e For every fixed J € (0,0.01), the invariant manifolds W*(T;) and W#*(T;) have 8 transverse
intersections. That is, every torus Ty in this domain has 8 homoclinic connections with itself.

e In contrast, for action values J above 0.01, the invariant manifolds W*(Ty) and W#(T) cease to
intersect (at their first intersection with the section .7).

Remark 9.6. The planar Lyapunov orbit has two ‘primary’ homoclinics that travel around the Earth
(see Figure . However, one of them makes a longer excursion than the other: the green homoclinic
has flight time 5.936738, while the blue one has flight time 6.000688.

Remark 9.7. Each of the 2 intersections in W*(Ty) NW*#(Ty) gives rise to 4 intersections when we increase
the dimension of the manifolds W*(T;), W*(Ty) by one. This is expected by Morse theory [Mil63].
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Figure 9.4: Planar Lyapunov orbit (solid line), and its two ‘primary’ homoclinics (dashed). Both homo-
clinics travel around the Earth once (located at X = —1 4 p).

9.3.3 Computation of Local Transition Map and Scattering Map.

Consider a homoclinic point z € . as found in Section [9.3.2] generating a homoclinic orbit segment
from y_ € W (Ac) to yy € W .(Ac), with flight time ¢ 4 s. Let

y- =y, =0,J,,J, 7, =0,0,,0,)

and
yr = (yf =0, 05, J5 af = 6,65, )

sYp s du

in Birkhoff normal form coordinates. Then, the transition map 75: A, — A. is given by
(s do s 6y 00) = (s I by, )

As explained in Section the scattering map S: A, — A, is related to the transition map by the
flow. Therefore, the scattering map is given by

r_ =0T, ) by ¢y ) g =R (I, IE ok o).

Every transverse intersection
x € W (Ty) N W*(Ty)

implies that there exists a pair of points x_,zy € T such that W*(z_) intersects W*(zy) at the
homoclinic point x. Since this is an open condition, we can define a local scattering map on some open
set containing x_ by z_ — S(z_) = x4.

In fact, we find that these local scattering maps can be continued to form two global scattering
maps, which we will denote S; and S;. They determine the reduced scattering maps, o; and o2 (see

Section [9.1.5).

9.3.4 Extending the Scattering Map

Let us explain how Sy is numerically constructed. (Ss is constructed analogously). The general idea is
to compute S; on several tori Ty (for example J = 0.001, 0.002, ..., 0.007). This provides a coarse
representation of S;.

To compute S7 on a given torus Ty, fix an action J € [0.001,0.007]. As explained above, W*(Ty) has
8 transverse intersections with W#(T’y) in the surface of section .. Four of them, which we will denote
x for i = 1,2,3,4, give rise to 4 pairs of points associated by the local scattering maps:

z', = S(z%) fori=1,...,4.
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Figure 9.5: Action of the scattering map S; on the torus T; with J = 0.001. S; maps the purple set
to the green set. When the ‘source’ and ‘destination’ tori T'; have the same action (J = 0.001 in this
picture, corresponding to the translucent plane), S; maps the 4 points z° € T to :EfF € Ty. Fixing the
source torus T and varying the destination torus T, to action levels J' near J, the scattering map S
is continued to the purple and green sets.
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Figure 9.6: Action of scattering maps S; and Sy on the torus 7; with J = 0.001. S; maps the purple
set to the green set, while S5 maps blue to orange.
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Figure 9.7: S acting on several action levels: J = 0.001,0.002,...,0.007.

Figure shows these 4 pairs of points: 2° in the domain of S; are plotted in purple, while xj_ in the
codomain are plotted in green.

Keeping the action of the source torus fixed to .J, vary the action of the destination torus to a new
value J’ close to J, and recompute the intersection W*(T;) N W*(T;/), giving rise to 4 new homoclinic
points and 4 corresponding pairs of points associated by S;. Continue this procedure until the manifolds
W¥(Ty) and W*(Ty/) cease to intersect, effectively extending the domain of the scattering map S; from
4 points to the purple set in Figure and the codomain to the green set.

Remark 9.8. Starting with the other 4 homoclinic points, x* for i = 5,6,7,8, and applying the same
procedure, gives rise to a different scattering map Ss. See Figure S1 and Sy are fundamentally
different, as they are not conjugated by the flow in the sense of (9.5).

We repeat this procedure for the tori J = 0.001,0.002,...,0.007. See Figure

Remark 9.9. For J — 0, the torus Ty degenerates into the horizontal Lyapunov periodic orbit Tj. The
4 homoclinic points z* converge to a single homoclinic point z for Ty. Similarly, the 4 pairs z’, z’,
converge to a single pair x_, x, of points associated by S;. Figure shows z_, x, as straight lines (all
angles ¢, € [0, 2w) are identified for J = 0).

Using the computation of S; we compute the reduced scattering map o;. Recall from Section [9.1.5
that the reduced scattering map can be obtained from the full scattering map simply by flowing the
points z_ /x4 backwards/forwards to the Poincaré section ¥ = {¢, = 0}.

Flowing the purple set backwards to ¥, we obtain a mesh {(J, gb)} discretizing the reduced NHIM
AZ. Flowing the green set forwards to ¥, we obtain the image set {(J’, (;5’)} under o7y, also on AZ. This
way, we have extended the local scattering maps onto a global (reduced) scattering map oy on AZ.

Figure [9.9] (top panel) shows the image set of the global scattering map o7. For example, the green
set in Figu (J =0.001) corresponds to the lowest curve in Figure after flowing it forward.

9.3.5 Domain of the Global Scattering Map

From above, the global scattering maps o1, 02 are well defined on an annulus A inside ACE given by
A={(J,¢): J€[0.001,0.007] and ¢ € [0,2m)}. (9.11)

For 0.007 < J < 0.01, we find that the scattering maps can not be defined on the whole torus 7).
For illustration, Figure shows the continuation of all 8 local scattering maps when J = 0.009. Notice
that the purple and blue sets (which belong to the domain of S; and Sy respectively) have become
connected, and they form two contractible circles. Moreover, the purple and blue sets do not cover all
angles ¢, € [0,27) as before. Thus one can not extend S; to the whole torus T; by the flow using
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Figure 9.8: Action of scattering maps S; and S5 on the action level J = 0.009. S; and S5 have ‘merged’,
and they can not be extended to the whole torus.

the conjugacy property . Consequently, the reduced scattering map o; is not defined on the whole
invariant curve TJE.

For the purpose of this chapter, we will restrict the domain of the global scattering maps o1, 05 to
the annulus A.

9.4 Series Representation of the Scattering Map

The goal of this section is to introduce a series representation of the (global, reduced) scattering maps
o1 and oy. This finite series expansion consists in Equations 9.13— and below. It is a more
efficient representation than the numerical scattering map computed in the previous section, since it is
limited to a small number of terms. Moreover, it allows us to evaluate o;, i = 1,2, at any point of its
domain.

Note that J and ¢ have different scales: J is of order 1073, while ¢ is of order 1. To improve numerical
conditioning, we scale J as follows:

I =1000.J. (9.12)

From now on, we will work with the scaled coordinate I instead of J.

The most classical way to represent a symplectic map (I,¢) — (I’,¢’) is by a generating function
depending on old and new variables. In [DMRO0S], the scattering map on Lyapunov periodic orbits was
shown to be a phase shift (I, ¢) — (I,¢+A(I)). Thus, in our setting it is natural to look for a generating
function of the form

L(I,¢') = I¢' + Q)+ L(I,¢),

which will at least be valid for small values of I. The generating function L£(I,¢’) is decomposed into
its average part with respect to ¢, denoted Q(I), and its oscillatory part E(I ,@'), which satisfyies
2TL(1,¢')d¢ = 0.
Hence, the equations for the scattering map (I’,¢') = o(I, ¢) are given implicitly by

e oL

¢ =57 1d) = ¢ +wll) + 571, ¢) (9.13a)
0L of
I—5¢,(Ia<f>)—f +a¢,(1,¢), (9.13b)

where w(I) = Q'(I).
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We will approximate both EN(I ,¢") and w(I) in Equation (9.13) using finite series expansions. Firstly,

since we are going to work with few values of I, we approximate the function £(7,¢’) using a Fourier-
Polynomial interpolation:

N N
~ B, (I A, (I
L(I,¢)=— Z "n( ) cosng’ + Z "TE ) sinng’, (9.14)
n=1 n=1
where
L L
A1) =>"af 1" and B,(I1)=>_ b1 (9.15)
1=0 1=0

The goal is to find the coefficients al(n) and bl("). In Section we obtained numerically the scattering
map o on a grid of equispaced (I, ¢) points. See Figure It is a simple matter to fit the coefficients
to this data, as explained in Section [9.4.1

Remark 9.10. The SR3BP is invariant with respect to the transformation (Z, Z) — (—Z, —Z) Thus,
every trajectory passing through the point (X,Y, Z) has a symmetric trajectory with respect to the XY
plane, which passes through the point (X,Y, —Z). In particular, every heteroclinic trajectory from torus I
to torus I’ has a symmetric heteroclinic trajectory from torus I to I'. In Birkhoff normal form coordinates,
the symmetry Z — —Z corresponds to ¢, — ¢, + . This translates to the following fact for the
scattering map of the flow. Suppose that S(Jy, ¢p, d) = (Jy, ¢, ¢;,). Then we have S(Jy, ¢p, py + ) =
(J5, @, &, + ). Equivalently for the reduced scattering map: Suppose that o(1, ¢,) = (I', ¢;,). Then we
have (I, ¢, + m) = (I', $,, + ). This implies that the image under the scattering map of any torus is a
m-periodic curve (see Figure . Indeed, we have checked that the curves in Figure are m-periodic
up to a tolerance of 107%. From this point on, we will plot all figures involving ¢, in the domain
[0,7) only.

9.4.1 Fourier-Polynomial interpolation of the Generating Function
Let I be fixed, and consider equation ((9.13b)):

oL
r=1+2=
+ Tk
where
oF N N
99— Z A, cosng’ + Z B, sinng’. (9.16)
n=1 n=1

Given a set of (I',¢’) values on a grid (data points composing one curve in Figure , we use the
discrete Fourier transform to obtain the Fourier coefficients A,,, B,,.
Remark 9.11. Since we have 128 (I, ¢’) data points for each torus, the maximum possible degree of the
Fourier expansion (9.14]) is N = 64.

Next, let I vary to obtain the Fourier coeflicients A, (I), B, (I) for each torus I = 1,2,...,7. Fig-
ure [9.10] shows the decay of these Fourier coefficients for each torus.
Remark 9.12. We know from Remark that the scattering map is m-periodic. Thus, for each torus
I = const, its image is a m-periodic curve I’ = v(¢'), and the odd Fourier coefficients should all be zero:
Asg11(I) = Bagy1(I) =0 for k=0,1,2,.... Of course, in Figure they are not exactly zero because
the numerical data is not exactly m-periodic. From now on, all odd Fourier coefficients are set to zero,
to obtain a model that satisfies the theoretical m-periodicity of the scattering map.

Let now the index n of the Fourier coefficient be fixed, and consider the polynomial approximation
of A,,(I) and B,,(I) given in equation (9.15). Alternatively, given a set of L + 1 data points (I, A, (o)),
ooy (I, An(I)), we will express the polynomials (9.15) in Newton’s form

L L
An(D) = 3" Ni(1) and B, (1) = > b Ni(I), (9.17)
1=0 1=0
where Ezl("), El(n) are the divided differences, and N;(I) are Newton’s basis polynomials

-1
No(I)=1, N(I)=][[U-IL) fori=1,... L.
=0
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Figure 9.9: Image under the scattering map of several tori (I =1,2,...,7). Above: action of o1, below:
action of o3. A torus {(I,¢) : I = const,¢ € [0,27)} and its image are plotted using the same color.
Notice that the curves are m-periodic.
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n a{m™ asm as™ asm alm am asm
2 0.178180 -0.020025 0.000401 -0.000251  0.000046 0.000019  -0.000022
4 0.011726 -0.004878 0.001114  -0.000129  0.000039  -0.000006  0.000001
6 0.000712 -0.000519 0.000295 -0.000065  0.000004 -0.000000 -0.000001
8 0.000147 -0.000064 0.000027  -0.000012  0.000002  0.000000 0.000000
n =(n) =(n) =(n) =(n) =(n) =(n) =(n)

1 2 3 4 5 6 7
2 -0.097275 -0.005156  0.002856  -0.000574  0.000143 0.000003  -0.000016
4 -0.017677 0.003403 0.000242  -0.000067  0.000004  -0.000000 -0.000003
6 -0.002965 0.001408  -0.000332  0.000035  -0.000008  0.000002  -0.000000
8 -0.001045 0.000566  -0.000206 ~ 0.000053  -0.000009  0.000002  -0.000000

(a) Scattering map o1.

n & as™ al™ al™ al™ al™ alm
2 0.136664 -0.019375 0.001251  -0.001067  0.000499  -0.000153  0.000031
4 -0.020745 0.001757 0.000921  -0.000221  0.000089  -0.000028  0.000006
6 -0.004644 0.001886 -0.000222  -0.000027  -0.000001  0.000001  -0.000000
8  -0.000049 0.000048 -0.000051  0.000015 0.000000 0.000000  -0.000000
n =(n) =(n) =(n) =(n) =(n) =(n) =(n)

1 2 3 4 5 6 7
2 0.253827 -0.011566 -0.001286  0.000406  -0.000226  0.000067  -0.000018
4 0.034009 -0.008888 0.000925 -0.000160 0.000086 -0.000022 0.000006
6 0.000823 -0.000764 0.000505  -0.000121  0.000025  -0.000008  0.000001
8 0.000400 -0.000113 0.000069  -0.000035  0.000007 0.000000 0.000000

(b) Scattering map os.

Table 9.1: Divided differences dl(n), l;l(n) of the first Fourier coefficients A,,(I), B, (I). All odd Fourier
coefficients are zero and thus not listed (see Remark [9.12]). All constant terms of the Newton expansion
al™, b are zero, and thus not listed (see Remark Notice that the two coefficients a2 and b2 (in
red) are much larger than the rest of coefficients for both scattering maps o1, 0. For the scattering map
o1, the coefficient @3 (in blue) is much larger than the rest of coefficients in the last six columns, i.e. ay

for j > 2. For the scattering map o9, the two coefficients a2 and l~)§ are much larger than the rest with
Jj=2.
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Figure 9.10: Decay of Fourier coefficients (log-log plot) for the scattering map o (above) and oy (below).

Given the values A, (I) at I = 0,1,2,...,7 obtained in the previous step (resp. B,(I)), we use
polynomial interpolation (Newton’s ‘divided differences’ algorithm) to obtain the coefficients Zzl(n) (resp.
Bl(n)) The divided differences of the first 8 Fourier coefficients are listed in Table

Remark 9.13. Since we only have 8 data points for each Fourier coefficient, the maximum possible degree
of the Newton expansion (9.17) is L = 7.

Remark 9.14. The constant terms dén), l;(()n) of the Newton expansion are all zero, since dén) =A4,0)=0
and b\ = B,,(0) = 0 for all n.

9.4.2 Polynomial interpolation of the Frequency w([)

Finally, we approximate the frequency w(I) in Equation (9.13).

Frequency w(l) at I =1,2,...,7.

For action levels I = 1,2,...,7 we have available the scattering map data (I,¢) — (I’,¢’), so the
frequency w(I) can be obtained from Equation (9.13a) as

oL
N=¢—-¢ —=(,¢). 1
W)= 6~ — L9 (918)
In an exact calculation, w(I) should be independent of ¢. Numerically, using Equation (9.18]) to ap-
proximate the value of w(I) would yield slightly different values for w(I) depending on the data point
(I, ¢), and indeed depending on ¢. Thus, we will compute w(I) as the average of Equation (9.18) over

all ¢ € [0, 2m).
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Figure 9.11: Frequency function w(I) for oy (in green) and oz (yellow).

Co ¢1 C2 C3 Ca Cs Ce

2.027748 0.046673 0.001164 0.000489 -0.000046 0.000016  0.000003

(a) Scattering map oy.

) ¢1 Ca C3 C4 Cs Ce

3.555994  -0.046434 -0.001651 -0.000143 -0.000115 0.000046 -0.000026

(b) Scattering map o2.

Table 9.2: Divided differences ¢; of function w(I). Notice that the coefficient & (in red) is much larger
than the rest of coefficients of this table, and larger than those of Table for both scattering maps o1
and 9. Notice also that ¢; (in blue) is much larger than the rest of coefficients of the last five columns,
i.e ¢j for j > 2, of this table, and larger than the double of those coefficients of the last 6 columns of
Table for both scattering maps o1 and os.

Frequency w(I) at an arbitrary I-value.

Similarly to what we did in Section with the Fourier coefficients A,,(I), B, (I), we use the Newton
series representation of w([):

L

w(I) =" _aN(I). (9.19)
1=0
Given the valuesw(I) at I = 1,2,...,7, obtained in the previous step, we use polynomial interpolation

to obtain the coefficients ¢;. The frequency function w([l) is plotted in Figure

Remark 9.15. Since we only have 7 data points for w, the maximum possible degree of the Newton

expansion ([9.19)) is L = 6.

This completes the series representation of the scattering map, consisting of Equations ((9.14)-(9.15))
and (9.19).
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9.4.3 Applying the Scattering Map

We will use equations (9.13]) to apply the scattering map (I’,¢') = o(I,$). Note that (9.13)) give I’, ¢’
implicitly as functions of I, ¢. However, ¢’ can be obtained from Equation (9.13a)) as a fixed point of

o = 193 1.6) = 6 ) — S2(1,4)).

We simply use fixed point iteration, starting with the initial approximation ¢ = ¢ —w(I). We require
an absolute error smaller than 107° in the fixed point to stop the iteration. There is no point in requiring
higher precision, because the error of our series representation in the angle variable is larger than 1072;
see Table (bottom panel).

Once ¢' is known, I’ is obtained directly from Equation (9.13b).

9.5 Approximation Error

Now we have two different representations of the scattering map:

¢ The numerical scattering map o(/, ¢) was obtained in Section using Birkhoff normal forms
and numerical continuation of the invariant manifolds. It was calculated on a relatively coarse grid

of points (Figure .
e The standard scattering map (SSM) &(I,¢) consists in the Fourier-Polynomial interpola-

tion (9.14)-(9.15) and (9.19). The series approximation has been derived in Section from the

numerical map, so it is not as precise. However, it has the advantage that it can be evaluated at
any desired point (I, ¢).

To measure the quality of the series approximation, we do the following:

1. Read the numerical scattering map from file as a table:
(I',¢') = o(I, ).
We have its values on a grid of points (I, ¢).

2. Evaluate the standard scattering map (SSM) on the same grid:
(I',¢) = 5(1,9).

3. Find the approximation error, defined as the maximum over all grid points of

)

Remark 9.16. To better test the quality of the series approximation, we also compute the approximation
error on a new set of data, independent of the original one. That is, we extend the original data set
I=1,2,...,7, used to derive & with the new data set I = 0.5,1.5,2.5,...,6.5. See Figure [0.12] Thus,
only for testing purposes, we use 14 tori. As shown in Tables the errors in the independent data
set are comparable to those of the original data set.

f/_I/ (5/_¢/

b

(er,€9) = (

Of course, the approximation error depends on the chosen degree (N, L) of the Fourier-Polynomial
interpolation. For illustration, Figure [9.12] compares the quality of a low order versus a high order
approximation.

We will distinguish two different settings. In the local setting, one is interested in an accurate
representation of the scattering map in a neighborhood of I = 0, whereas in the global setting, one is
interested in an accurate representation in the whole domain of the global scattering map.
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Figure 9.12: Image of the numerical scattering map (points) versus the standard scattering map (SSM)
of degree N, L (lines). For testing purposes, we check the approximation error both on the original data
set I =1,2,...,7 (in purple) and on the independent data set I = 0.5,1.5,2.5,...,6.5 (in green).
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L

N 0 1 2 3
2 0.540000 0.134772 0.041698 0.037342
4 0.540000 0.145286 0.019337 0.011640
6  0.540000 0.151078 0.019536 0.013382

L
N 0 1 2
2 0.156427 0.052403 0.015123
4 0.156427 0.049706 0.016311
6  0.156427 0.049634 0.016270

Table 9.3: Local approximation error €; (top panel) and ey (bottom panel) as a function of N, L for the
first scattering map o;.

9.5.1 Local Approximation Error

For definiteness, let us fix the local domain to be
Aoe = {(I,0): I €[1,3] and ¢ € [0,27)}.

We have computed the approximation error over the local domain Aj,. as a function of the degree
(N, L) of the Fourier-Polynomial interpolation; see Table

Remark 9.17. Only the grid points (I, ¢) belonging to the local domain (i.e tori I = 1,2,3) are used in
the computation of the local approximation error.

The error of the Fourier-Polynomial interpolation model decreases as N and L increase, but not
monotonically. If we want an approximation error € = max{er, €4} less than 0.05, then it is enough to
take N = 2 and L = 2. Notice that the improvement is mild beyond that point. Indeed, Figure
shows that N = L = 2 gives a good approximation in the local domain Ajq.

Thus, it is natural to choose N = L = 2 to obtain an accurate model for the local scattering map.
In fact, as discussed before (Remark [9.12)), we neglect the odd Fourier coefficients A;(I) and B;(I) due
to the symmetry of the problem, and just keep the even ones Ao(I) and By([).

Therefore, in the local setting, an accurate model for the scattering map is given by the Fourier-
Polynomial interpolation

Ao(I) .
—5 S

in2¢/,

~ By (I)
2

L(I,¢) =— cos 2¢’ +

where
AN =a? +aPr+aPrr-1)
Bo(I) = b + 021+ 5P 1(1 — 1),

W(I) = 60 +61(I— 1) —f—ég(]— 1)([— 2),

are polynomials of degree 2 in I, determined by only 9 coefficients. These coefficients were given in
Tables [0.1] and _

This part of the generating function can also be written as £L(I,¢") = Ca(I) cos (ng’ — 2¢6), a cosine
function of period 7 at angle ¢'. The corresponding Standard Scattering Map (SSM) can thus be used
as a universal local model around saddle-center libration points of the R3BP problem, and its cosine
expression explains the shape of the KAM curves in Figure

9.5.2 Global Approximation Error

Suppose now that we are now interested in an accurate representation in the whole domain of the

scattering map
A={(I,¢): T€]1,7 and ¢ € [0,27)}. (9.20)

The approximation error over the global domain is given in Table 0.4} If we want an approximation
error € = max{er, €5} less than 0.1, we need to increase the degree of Fourier-Polynomial interpolation
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L

N 0 1 2 3 4 5 6 7

2 0.680000 0.963414 0.495653 0.261042 0.385496 0.131751 0.219163 0.094550

4 0.680000 0.975219 0.618115 0.276085 0.387552 0.087317 0.156552 0.021123

6 0.680000 0.996139 0.656461 0.266668 0.381078 0.107612 0.144998 0.013382

8  0.680000 1.003501 0.657922 0.287596 0.367730 0.110813 0.148937 0.013159

10 0.680000 1.007927 0.647908 0.287781 0.356098 0.105846 0.149545 0.012512

N 0 1 2 3 4 5 6

2 0.449508 0.268271 0.157380 0.065119 0.148788 0.068206 0.121809

4 0.449508 0.270152 0.169874 0.074112 0.150692 0.085074 0.132709

6 0.449508 0.269731 0.169564 0.076822 0.153570 0.083003 0.132714

8  0.449508 0.269683 0.169068 0.079125 0.155540 0.083914 0.131502

10 0.449508 0.269748 0.169407 0.080213 0.157050 0.085329 0.131450

Table 9.4: Global approximation error €; (top panel) and €, (bottom panel) as a function of N, L for
the standard scattering map o;. The error is evaluated in the original data set I =1,2,...,7.

L

=

0

1

2

3

4

5

6

7

0.680000
0.680000
0.680000
0.680000
0.680000

= 00 O = N

[==]

0.782085
0.822172
0.841491
0.848342
0.852520

0.367800
0.465488
0.497539
0.499856
0.491977

0.198887
0.201108
0.205914
0.219921
0.219181

0.233913
0.227997
0.224239
0.216637
0.209180

0.071975
0.035848
0.048805
0.050972
0.049182

0.104571
0.062120
0.052237
0.053874
0.054193

0.077636
0.032394
0.022763
0.023362
0.023105

=

0

1

2

3

4

5

6

0.370667
0.370667
0.370667
0.370667
0.370667

= 00 O = N

[==)

0.210922
0.213108
0.212718
0.212655
0.212716

0.112123
0.123612
0.122866
0.122537
0.122826

0.063086
0.057792
0.059556
0.059490
0.059643

0.107801
0.107593
0.109339
0.110579
0.111556

0.040273
0.040863
0.039459
0.039398
0.039633

0.067627
0.062113
0.062510
0.061885
0.061842

Table 9.5: Global approximation error €; (top panel) and €, (bottom panel) as a function of N, L for the
standard scattering map o1. The error is evaluated in the independent data set I = 0.5,1.5,2.5,...,6.5.
Compare to the original data set in Table
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to N =4 and L = 5. In fact, Figure shows that N =4, L =5 gives a good approximation in the
global domain A.

From now on, we will use N =4, L =5 as our model for the global scattering map o7;.

A similar analysis suggests that NV =4, L = 6 be used for the global scattering map os.

9.6 Inner Map

Recall that the inner flow refers to the restriction of the R3BP flow to the normally hyperbolic invariant
manifold A., while the inner map refers to the restriction of the first return map F to AZX. Abusing
notation, the inner map will still be called F.

As explained in Section the R3BP flow on the center manifold W¢(Ly) consists simply on a
translation on the 2-torus,

jp =0, q/.)p = gZ = v, (Jp, Ju)s
jv =0, (bv = gTHv = Vv<JpaJv)-

The value of the planar and vertical frequencies v,, v, of the torus are obtained differentiating the
Hamiltonian in Birkhoff normal form.

Upon restriction to the NHIM A., we get rid of the planar action .J,, which can be recovered if
necessary using the energy condition, so the inner flow is

Jo=0, ép=v,(Jy), by =rvu(Jy). (9.21)
Finally, the first return map of the inner flow to the section X is
27wy (Jy)
o= Tuy O, = by S
Vp(Jv)
In terms of the scaled coordinates I, #, the inner map F: AN — AN is given by
I'=1, (b/:(b—l—u(l), (9.22)
where we have introduced the new function
2 I/1
(1) = 2TvelI/1000)
vp(1/1000)

As seen in Figure the inner shift v(I) decreases almost linearly with I. In particular, this shows
that the inner map F is a twist map.

9.7 Phase Space of the Scattering Map

In Sections and we have obtained a series representation of the scattering maps (7, ¢) with small
approximation error. This representation is valid on an annulus 4 inside the NHIM (see Equation )
Thus we can now iterate the scattering map in A.

To explore the global phase space of the scattering map, we perform the following experiment: Take
300 x 300 initial conditions evenly distributed in A, and iterate each initial condition 100 times by the
scattering map. The resulting phase space portrait is shown in Figure

Notice that the scattering map , rewritten as

¢ = ¢ —w(l) — 25(1,¢) (9.23a)
I'=1+35(1,¢) (9.23b)

can be seen as a perturbation of the integrable map (I,¢) — (I' = I,¢' = ¢ — w(I)), as long as
the derivatives of £ are small enough. The frequency —w(I) represents the phase shift of the map
(1,6) = (I' = 1,¢/ = 6 — w(I)).

Since w’(I) # 0 (see Figure[0.11)), the integrable map (I, ¢) — (I,¢ —w(I)) is a twist map. Below we
check that the scattering map is also a twist map. (See ‘Twist Condition’).

By KAM theory (for an area preserving map given by its generating function; see, for instance,
[AAGS, [Har02]), when the derivatives of L are small, we expect that many of the invariant tori of the
integrable twist map persist.
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Figure 9.13: The inner shift v(I).

Phase Shift

The phase shift of the scattering map (9.23)) is ¢' — ¢ = —w(I) — %—?(I ,@'). The divided differences of
w(I) are listed in Table From these data we see that |&y| > |é1] > |¢;] for j = 2,...,6. Comparing

- oL
with Table 9.1, we notice that [éo| > |a}|,[0%], j = 1,...,7, n = 2,4,6,8. This implies that a7 is much
smaller than w(I), which is non-zero, at least for I small enough. This argument could be used to assert
that the phase shift is non-zero in the local domain Aj..
To deal with the global domain A, we determine the range of I values where the phase shift is
non-zero. The phase shift is bounded by

—w(I) — max ‘g—f(l, &) < —w(I)

oL s
1 (1,6') < —w(1) + max|3£(1,¢)| .

oI &

We have computed these bounds explicitly, using the series expansions of w(I) and g—?(l ,@"). The result
is shown in Figure Note that the phase shift for o; is non-zero for all I € [1,7], while the phase
shift for oo (modulo 7) is non-zero except possibly for a small range of I values close to I = 7.

Twist Condition

Let us compute the twist of the scattering map ((9.23):

¢ -, oL, ., 0L O
Thus
¢’ w/([)+82[21
op ([9) = ————7~ (9.24)
1+ 0¢’0I

provided that the denominator is non-zero.

We have computed the twist (9.24)) explicitly on the global domain A, using the series expansions of
w(I) and L(I,¢"). The result is shown in Figure Note that the twist for both oy and o2 is non-zero
in A.
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Figure 9.14: Phase portrait of the scattering maps o1 (above) and oo (below). The theoretical location
of the main resonances, found in Section is superimposed in red.
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Figure 9.15: Enclosure of the phase shift for the scattering map o1 (above) and oy (below). The phase

shift —w(I) — g—? (I,¢") is enclosed inside the green lines.
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Figure 9.16: Twist for the scattering map o1 (above) and oy (below).
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9.8 KAM tori and resonant zones for the Scattering Maps

As seen in Figure the phase portrait of the scattering maps o1, o3 is filled up with invariant curves
and some resonant zones between them. Recall from Section that both oy and o5 are twist maps.
To compute these invariant curves, we now introduce the exponential form in the sine-cosine Fourier

expansion (9.16]) of 535

of X N N '

79 = Z A, cosng’ + Z B, sinn¢’ = Z C,em?
n=1 n=1 n=—N,n#0

where C = (C_,,,...,C_1,Cy,...,Cy) € C?/N satisfies

Cn: %(An_an), C*n:%(A”—’—ZBn):Cn’ forn>0.

Notice that for £ = 0, or equivalently C' = 0, any torus I = I is invariant since then I’ = I in

the expression (9.23b)) of a scattering map, with an inner dynamics ¢’ = ¢ — wq given by (9.23al), where
wo = W(Io).

For |L ‘ small enough, or equivalently |C| small enough, a lot of these invariant curves survive. An
invariant curve I = Iy + h(¢) of a scattering map (9.23) satisfies I' = Iy + h(¢'), that is

oL ) oL (I,¢"), where I = Iy + h(®).

AN / /
Expanding in C' and h we get

W) = h(& +wo) + g—gf,u, &)+ 0(hC).

Writing h(¢') = Zi\;—z\/,n#o hne™® we get
> hpe? =3 emeop, e 13 0L+ O(h 0,

which, equating Fourier coefficients, gives

Ch

_einwo -1

hy = +O(C?) for 0 < |n| < N.

. . nw o
For this approximate formula one needs that 2—0 ¢ Z for |[n| < N (non-resonant condition), and one
T

sees that, up to order O(C?), the coefficients h,, = O(C) are uniquely determined by C. KAM theorem
consists in proving the convergence of these expansions for diophantine frequencies wg, using that o, and
o9 are twist maps.

Resonant Zones for o,

Resonant zones for the symplectic map (9.13)), or, equivalently, (9.23]), where the KAM theorem does not

w(l
() is a rational number.

provide invariant curves for small £, appear around the values I such that
™

In the global setting,
L
wl) =)~ aN(I),
1=0

where the coefficients ¢; are given in table for both scattering maps o1 and o5.

w(0)

In particular for o7 (a totally analogous study for o4 can be carried out) —= = 0.630128. .., which
™

is not too far for 2/3 whose continued fraction is [1,2], which means that

2 1
S=2=—7.

3
1+ =
+2
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w(I)

2
Therefore for I such that —= = 3’ which happens to be I ~ 2.4175, there should appear a resonance,
T
indeed the largest one, since the width of the ‘eyes’ of a resonance is related to the denominator, in this
case 3.
Other close rationals to 2/3 are given by close modified continued fractions. For instance

1 3
1,2,1] = ——F— =17
4
1+ —
2 —
+ 1
We can compute some of the largest ones, ordered by their denominators:
w( . .
I ——~  continued fraction
T
24175 | 2 [1,2]
6.5550 3 [1,2,1]
5.0752 5 [1,2,2]
43631 | & [1,2,3]
3.9523 | % [1,24]

2
The continued fraction of 3 can be also written as [1,1,1], and smaller resonant values can be obtained

7
for smaller continued fractions like [1,1,1,3] = = 0.636363.. ., etc
For the scattering map o1, the two main resonances are clearly visible near I ~ 2.4175 and I ~ 6.5550.

See Figure (top panel).

9.9 Arnold diffusion

In this section we give details on the verification of the Numerical Result Specifically, we verify
numerically that the conditions of Theorem are satisfied.
Let
A={,¢)[1€[1,7], ¢ €0,2m)}

be the annulus where we want to show diffusion. The inner map f is F restricted to A, and the system
of scattering maps is either one of {01}, {02}, or {01,02}. Recall that f is a twist map. In Section
we verified numerically that oy and o2 are twist maps as well.

As seen in Table the harmonics of £; for both scattering maps o; and o3, particularly those of
degree two, are not zero, so that the inner map and any of these scattering maps can not have common
invariant curves, and by Theorem both the double dynamical systems {F,o1} and {F, o2} formed
by the inner map and one of the scattering maps have diffusing pseudo-orbits along A.

Even more, for the two scattering maps described in Table one sees that the difference between
the respective coefficients C), is greater than 0.04 for the coefficients C'1; due to a;. This, together with
the fact that the magnitude of the denominator e**° — 1 in the formula of h4; is much smaller than
1, prevents the two scattering maps from having common invariant curves, which, on the other hand, is
clearly observed in the juxtaposition of the curves found numerically for the two scattering maps. This
implies that the double dynamical system {01, 02} also has diffusing orbits along the NHIM.

We can take advantage of these dynamics to construct fast diffusing pseudo-orbits obtained from the
triple dynamical system {F, 01,02} formed by the inner map and the two scattering maps. We will give
explicit constructions of diffusing pseudo-orbits, including fast ones, in Section [9.11

Once such pseudo-orbits are obtained, the Shadowing Lemma [GLMS20, Theorem 3.7] gives true
orbits that shadow the pseudo-orbits, thus achieving Arnold diffusion.

Note that the above construction of diffusing pseudo-orbits assumes that the inner dynamics is derived
from the Birkhoff normal form approximation, which is given by an integrable Hamiltonian. However,
the original Hamiltonian is not integrable, and the NHIM A for the original Hamiltonian is not foliated
by circles invariant under the true inner map. We will now argue the existence of diffusing orbits for the
original system.

Recall that the inner map for the Birkhoff normal form is an integrable twist map, and the global error
in the numerical integration of orbits with initial condition (.J, ¢, ¢ ) is less than 10712 /5000; see Section
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Figure 9.17: Image of the action level I = 1 by the numerical scattering map (points) versus the scattering
map series N =4, M =5 (lines).

(We recall J = J, is the vertical amplitude of the motion.) Since each level set of J is preserved by
the inner dynamics F for the Birkhoff normal form, and since I = 1000J, it follows that each essential
invariant circle I' for the inner map F for the original Hamiltonian is less than p; = 10712 < 1079 /1500
away from a level set of I.
We also know from Section[0.3.4]that the scattering maps o, o3 are globally defined on .A. Moreover,
for each I in the interval [1,7], the oscillation,
0Ly ,
SUP 55 (I,¢")

. 0L ,
inf 5 7 (Z,9")
corresponding to oy, is bigger than p, = 0.2.

To see this, note that the smallest oscillations in Figure happen for the action level I = 1.
Zooming in that action level (Figure , it is clear that the oscillation is bigger than ps = 0.2. Alter-
natively, approximate the image of I = 1 by the truncated Fourier-Polynomial interpolation consisting
of the dominant coefficients

I'=T+a? cos2¢ + b\ sin 24,

where &(12) = 0.178180 and Bf) = —0.097275 (See Table . This function has oscillations of size twice

its amplitude \/ (a§2))2 + (1352))2 = 0.203003.

Similarly, the oscillation of %ﬁ)? corresponding to o is bigger than 0.3.

These facts imply that no essential invariant circle I' for F is invariant under o; or gs. Therefore,
Theorem applies and there are orbits of the IFS {F, o1}, as well as orbits of the IFS {F, o2}, that
go from the lower boundary of the annulus A to its upper boundary.

Again, the Shadowing Lemma [GLMS20, Theorem 3.7] gives true orbits that shadow the obtained
pseudo-orbits, thus achieving Arnold diffusion.

9.10 Time Estimates for Inner and Transition Map

One of our main goals is to estimate the drift time spent by drift orbits, constructed in Section As
an intermediate step, we measure the time spent on one iterate of the inner map (‘inner time’; or tiy),
and the time spent on one iterate of the transition map (‘outer time’, or tout).

In terms of the R3BP inner flow , one application of the inner map corresponds to integrating
an initial condition (J,, ¢, = 0, ¢,) € AZ during the amount of time that it takes to return to the section
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Y. Thus, each iterate of the inner map takes time

27
tin = —.
Vp
Numerically, we find that 2.0764 < v,(I) < 2.0781, and therefore the inner time is bounded by
3.0235 < tip, < 3.0261.

In terms of the R3BP flow, one application of the transition map corresponds to a (segment of) a
homoclinic trajectory from y_ € W (A¢) to y4+ W (Ac). As noted in Subsection the flight time
of homoclinic segments is bounded by

5.936738 < tout < 6.000688.

Therefore in our setting we find that outer times ¢, are approximately twice as long as inner times t;,,.

9.11 Drift Orbits

In Section[0.9) we provided numerical evidence that the conditions of Theorem[0.1]are fulfilled, hence there
exist trajectories that exhibit Arnold diffusion, characterized by a drift in the scaled vertical amplitude
T (see ) Our arguments do not provide a way to find such orbits, much less those orbits that drift
‘fast’.

In this section, we propose different algorithms to produce drift orbits, i.e., orbits of the iterated
function system (IFS) consisting of the inner and outer map, whose action variable I increases from
I =1to I >7. We produce two different type of orbits:

e Orbits of the iterated function system {F, o1}, {F, 02}, or {F,01,02}. These orbits are a realization
of the existence Theorem We look for short orbits, i.e. we try to minimize the number of
iterates. However, it is important to realize that these orbits do not directly translate to
pseudo-orbits for the R3BP flow (since one iterate of the scattering map does not correspond
to a segment of homoclinic trajectory).

e Orbits of the iterated function system {F, 1}, {F, 2}, or {F,71,72}. These are also a realization
of the existence Theorem [9.1] and they directly translate to pseudo-orbits of the R3BP
flow. Each iterate of the transition map corresponds to a segment of homoclinic trajectory. Using
the time estimates of Section we can estimate the total drift time of the pseudo-orbit as:

t = notin + N1tous + N2tout,

where ng, n; and ny denote the number of iterates of F, 71 and 7 respectively. Keeping an eye on
Astrodynamics applications, we want to minimize the total drift time.

9.11.1 Double Dynamical System {F,o0;}. Greedy Algorithm.

In Section we already established that o; (i = 1,2) has many invariant curves. All iterates of o;
either belong to an invariant curve, or are confined between two invariant curves. Thus it is not possible
to cross from I =1 to I > 7 using just one scattering map o;.

However, according to Theorem [0.1} one can combine the inner and outer map to produce drift orbits.
Now we will explicitly construct such drift orbits for the double dynamical system {F,o;}.

Let us partition the domain A of the scattering map into three sets:

A=A_UAUA,.

Ay denotes the subdomain where o gains action, A_ where it looses action, and Ay where it neither
gains nor looses action:

QO
Ia¥]

A= {1 =10} = {(1,¢)] $5(1.4) > 0}
A= {1 =1 <0} ={(1,6)] 85(1.¢") < 0}
Ao ={(1.¢) | I' =1 =0} = {(1.¢)) | 85(L.¢) = 0}
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These sets are readily identified in Figure For the first scattering map, Ay roughly consists of two
vertical lines at ¢’ = 0.5 and ¢’ & 2, and A roughly consists of the vertical strip (I, ¢') € [1,7] x (2,0.5).
For the second scattering map, Ay roughly consists of two vertical lines at ¢’ =~ 1.25 and ¢’ = 3, and A,
roughly consists of the vertical strip (I,¢’) € [1,7] x (3,1.25).

A simple strategy to produce drift orbits is to always apply the scattering map if it increases the
action (even if the action gain I’ — I is small). Otherwise, apply the inner map.

This ‘greedy’ algorithm is guaranteed to produce a drift orbit independently of the initial condition,
due to the following simple observations: In our model’s domain A of validity,

e The inner map (I',¢') = F(I, ¢), given in Equation (9.22)), is a twist map with frequency v(I) ~ 6.1
on the universal cover (see Figure , or v(I) &~ —0.2 on the base space (where angles are
identified modulo 7). Thus the angle ¢ decreases approximately by 0.2 radians at every iterate of
the inner map.

e Hence, for any given point (I, ¢) € A, its forward orbit by the inner map eventually enters A .

e If (I, ¢) already belongs to A, we apply the scattering map, increasing the action. Else, we apply
the inner map until the orbit enters A, , and then apply the scattering map.

For example, Figure shows the drift orbit produced starting from the initial condition (I = 1,¢ =
0). Notice that the drift orbit produced by {F, o1} is much longer than the one produced by {F,o2}.
However, as explained before, these orbits do not directly translate to pseudo-orbits of the R3BP flow,
and we don’t have control over their drift time.

9.11.2 Triple Dynamical System {F, 1y, 72}. Shortest-Time Algorithm.

The algorithms described in previous sections are relatively simple to implement, but they yield sub-
optimal pseudo-orbits in terms of their drift time. Now we focus on finding the optimal drift time.
This is specially challenging when combining three dynamical systems (inner map, transition map 1, and
transition map 2) to construct the pseudo-orbit. Obviously we can’t consider all the possible combinations
of {F, 1,72}, since this number grows exponentially with respect to the length of the orbit. The main
idea is to leverage the classic Dijkstra algorithm [Dij59] for finding shortest paths in a graph.

First we partition the domain 4 into a uniform grid of m x n two-cells (rectangles) of equal size by
dividing I € [1,7] into m intervals and ¢ € [0, 7) into n intervals. (In practice, we will use m = n = 30,
so the grid consists of 900 small cells).

We introduce a directed graph G =< V, E > whose vertices V represent the different cells. An edge
e € E from u € V to v € V means that the center point (I, ¢) of cell u is mapped into cell v either by
F, 11, or 2. In each case, the edge records the ‘distance’ between cells, defined as the integration time
corresponding to applying F, 11, resp. Ts.

More precisely, an edge from u to v is a pair e = (map, distance), where

o ¢ = (F,ty) if (I, ¢) is mapped into v by the inner map;

o ¢ = (71,tout) if (I,¢) is mapped into v by the first transition map;
o ¢ = (To,tout) if (I,¢) is mapped into v by the second transition map;
e=(

(b, 0) if (I, ¢) is not mapped into v by neither map.

On rare occasions, 71 and/or 72 can map the center point (I, @) to the same cell as the inner map. If
this happens, the inner map is preferred since it takes shorter time, so we set the edge to (F,ti,).

Remark 9.18. The image (I',¢’) of (I,¢) by the transition map may be outside A. However, this can
only happen when I’ > 7 (by construction, I’ < 0 can never happen). In this case, we associate u with
the closest cell v to the point (I’,¢’), namely the cell containing (7, ¢’).

Given a source cell s and a destination cell ¢, Dijkstra’s algorithm applied to G provides the shortest
(directed) path in the graph from s to ¢ in terms of the distance defined above.

Notice that this path does not exactly correspond to an orbit of the IF'S, since we have only considered
iterates of center points to construct G (and the orbit does not necessarily pass through center points, but
rather through arbitrary cell points). However, this path clearly informs the choice of map {F, 71,72}
that we should apply when the orbit passes through a given cell.
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COo 29909
oD ON RS0

Figure 9.18: The function %(I ,¢') for o1 (above) and oy (below). Note that the function ¢’ —

ng(IO’ ¢') attains its maximum at ¢’ ~ 2.8 (above) and ¢’ = 0.6 (below).
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Figure 9.19: Drift orbit of {F,01} (top panel) and {F, o2} (bottom panel) using the greedy algorithm.
Green points correspond to iterates of the inner map; blue (resp. red) points correspond to iterates of
the first (resp. second) scattering map. Iterates have been joined by line segments to make the orbit
more visible. For reference, the orbit is shown against a background consisting of the phase space of the
scattering map.
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For example, suppose that the current iterate is inside cell u, and the shortest path from u to ¢ starts
with, say,
7tOL\
(Mo
Then, the best choice given the available information is to apply the first transition map to the current
iterate.
Our algorithm to construct optimal orbits (shortest drift time) is given next.

Algorithm 1 Shortest-Time Algorithm

1: procedure ORBITSHORTESTTIME(x, y) > Shortest-time orbit from point 2 € A to (a neighborhood
of) point y € A

2: t + cell(y) > Destination cell
3: orbit < x > Initialize orbit with x
4: while = ¢ neighborhood(y) do > End when close enough to y
5: u + cell(x) > Update current cell
6: path < Dijkstra(u,t) > Shortest path from u to ¢
7 if path starts with F then

8: T < .7:(33’)

9: else if path starts with 7, then

10: x + 71(x)

11: else > path starts with
12: x 4+ To(x)

13: end if

14: orbit < concat(orbit, x) > Add iterate x to orbit
15: end while

16: return orbit

17: end procedure

Figure shows the shortest-time orbit from « = (I, ¢) = (1, 1.5) to a neighborhood of y = (I, ¢) =
(7,1.5). The corresponding pseudo-orbit for the SR3BP flow takes time 34¢;,, + 17t =~ 204 SR3BP time
units, i.e. about 32 years (optimal drift time). Compare this to the orbits obtained in previous sections.

Notice that the optimal orbit uses all three dynamics (F, 71 and 72) for maximum flexibility.

Notice that some iterates actually decrease the action. The key point is that, sometimes, one needs
to take an iterate that decreases action in order to quickly move to a region where it later increases
sharply. This way the pseudo-orbit’s time is globally optimized.

Finally, from the orbit of the IFS {F, 7,7} we can construct a pseudo-orbit by concatenating
segments of trajectories of the SR3BP flow. Each iterate of the inner map F corresponds to its flow
suspension, which is integrated using the Birkhoff normal form. Each iterate of the transition map 7y
or Ty corresponds to a finite piece of homoclinic trajectory, which is computed by continuation of those
previously found in Section [9.3

Figure illustrates the construction of the pseudo-orbit corresponding to the orbit in Figure [9.20
First, 71 is applied once; this corresponds to the blue homoclinic segment. Then F is applied three times;
this corresponds to the green segment. Next, 75 is applied once; this corresponds to the homoclinic red
segment. Notice that all segments start and end on the Poincaré section X (endpoints are marked with
squares). This construction would continue until the whole pseudo-orbit is obtained (not displayed).

Remark 9.19. We have obtained a pseudo-orbit, not a true trajectory of the SR3BP. The endpoints of
consecutive segments do not exactly match in positions or velocities, but the discontinuities are small
(as is apparent in Figure[9.21). In fact, the velocity discontinuities Av = H(AX, AY AZ)
than 3.5 x 10~%. Since the complete pseudo-orbit consists of 27 consecutive segments, the total required

thrust is less than 26 x 3.5 x 10~% ~ 0.0091 non-dimensional SR3BP units. When converted into metric
units, this amounts to 271 m/s.

’ , are smaller

Of course, to this pseudo-orbit one can apply shadowing results [GLMS20, Theorem 3.7] to establish
the existence of a true SR3BP trajectory that shadows it. For applications, however, obtaining the
pseudo-orbit is often the crucial step, since it is ultimately refined in a much more realistic model than
the SR3BP, e.g. using JPL’s Ephemeris.
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Figure 9.20: Drift orbit of the triple system {F, 7,7} using the shortest path algorithm. Notice that
some iterates of the transition map actually reduce the action, in order to increase it more efficiently
overall.

Figure 9.21: Top left: Trajectory segment corresponding to the first application of 7 in Figure m
(endpoints are marked with squares). The Earth is represented by a blue circle (not to scale). Middle
right: Segments corresponding to 7, o F3. Bottom left: Segments corresponding to 7, 0 F2 o 5.
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