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Introduction

Framework J

Study of orbital dynamics based on a Hamiltonian formulation of
rather simple models, to illustrate the relevant structures in phase
space

e Closed form of the Potential function
e Hamiltonian formulation

e Autonomous problem
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Computation tools

e Poincaré surface of section
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Computation tools

e Poincaré surface of section

e Continuation of families of periodic orbits
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Computation tools

e Poincaré surface of section
e Continuation of families of periodic orbits

e Poincaré Map computation
e Local Continuation of the Family: Deprit-Henrard algorithm
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Computation Tools Poincaré sections Families of Periodic Orbits Examples

Computation tools

e Poincaré surface of section

e Continuation of families of periodic orbits

e Poincaré Map computation
e Local Continuation of the Family: Deprit-Henrard algorithm

¢ Lineal stability computation
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Computation Tools Poincaré sections Families of Periodic Orbits Examples

Exploring an Energy level: Poincaré surface of section

1
H(xava’ Y) = E(Y%+)’%)+U(xlax27)’17)’2)
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Computation Tools Poincaré sections Families of Periodic Orbits Examples

Exploring an Energy level: Poincaré surface of section

1
J= 5()’% +¥3) + U(x1,x2,y1,)2)
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Exploring an Energy level: Poincaré surface of section

1
J= 5()’% +¥3) + U(x1,x2,y1,)2)
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Computation Tools Poincaré sections Families of Periodic Orbits Examples

Exploring an Energy level: Poincaré surface of section

1
J= 5()’% +¥3) + U(x1,x2,y1,)2)

Y

y2 = ya(x1,x2,y1,J)
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Computation Tools Poincaré sections Families of Periodic Orbits Examples

Exploring an Energy level: Poincaré surface of section

1
J= 5()’% +¥3) + U(x1,x2,y1,)2)

Y

y2 = y2(x1,x2 = 0,y1,J)

E.Tresaco Numerical Computation of Periodic Orbits Families



Computation Tools Poincaré sections Families of Periodic Orbits Examples

Exploring an Energy level: Poincaré surface of section

1
J= 5()’% +¥3) + U(x1,x2,y1,)2)

Y

y2 = y2(x1,x2 = 0,y1,J)

4
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Computation Tools Poincaré sections Families of Periodic Orbits Examples

Exploring an Energy level: Poincaré surface of section

1
J= 5()’% +¥3) + U(x1,x2,y1,)2)

Y

y2 = y2(x1,x2 = 0,y1,J)

A2
(x1, 1)

E.Tresaco Numerical Computation of Periodic Orbits Families



Computation Tools Poincaré sections Families of Periodic Orbits Examples

Exploring an Energy level: Poincaré surface of section

15

05

05

15+
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Computation Tools Poincaré sections  Families of Periodic Orbits Examples

Poincaré Map computation

Successive trajectory intersections with a Poincaré section define a
map from one (transversal) crossing of the surface to the next, the so
called Poincaré return map.

1 .
J:f(y%—i-y%)—i—U(xl,xg) s Ey) =x=0

2
PM =P,0Poll
P, P 1T
)] . R* -~ R - x®
X Py (2) )

{xl} . 0 . 132(2) _ {Iil (2)}

Y1 A% Ps (2) P3(zZ

y2(J,2) Py(2)
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Computation Tools Poincaré sections  Families of Periodic Orbits Examples

Poincaré Map computation

A periodic orbit 7, is a fixed point of the application PM: find zeros of
F=PM—1Id
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Poincaré Map computation

A periodic orbit 7, is a fixed point of the application PM: find zeros of
F=PM—1Id

Two reductions:
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Computation Tools Poincaré sections  Families of Periodic Orbits Examples

Poincaré Map computation

A periodic orbit 7, is a fixed point of the application PM: find zeros of
F=PM—1Id

Two reductions:
» Transversal condition: y, # 0 whenever x, = 0
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Poincaré Map computation

A periodic orbit 7, is a fixed point of the application PM: find zeros of
F=PM—1Id

Two reductions:

» Transversal condition: y, # 0 whenever x, = 0
» Conservation of the Jacobi integral
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Computation Tools Poincaré sections  Families of Periodic Orbits Examples

Poincaré Map computation

A periodic orbit 7, is a fixed point of the application PM: find zeros of
F=PM—1Id

Two reductions:

» Transversal condition: y, # 0 whenever x, = 0
» Conservation of the Jacobi integral

4
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Computation Tools Poincaré sections  Families of Periodic Orbits Examples

Poincaré Map computation

A periodic orbit 7, is a fixed point of the application PM: find zeros of
F=PM—1Id

Two reductions:

» Transversal condition: y, # 0 whenever x, = 0
» Conservation of the Jacobi integral

4

Two-dimensional map from the Poincaré surface to itself
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Computation Tools Poincaré sections  Families of Periodic Orbits Examples

Poincaré Map computation

A periodic orbit 7, is a fixed point of the application PM: find zeros of
F=PM—1Id

Two reductions:

» Transversal condition: y, # 0 whenever x, = 0
» Conservation of the Jacobi integral

4

Two-dimensional map from the Poincaré surface to itself

These reductions remove the unity eigenvalues and allow the
reduced map to be used to iteratively solve for the fixed points of
the map that correspond to the closed periodic orbits.
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Computation Tools Poincaré sections  Families of Periodic Orbits Examples

Poincaré Map computation

This reduction procedure removes the unity eigenvalues and
allow the reduced map DPM to be used to iteratively solve for
the fixed points of the map that correspond to the closed
periodic orbits.

Analyzing the eigenvalues of this matrix also provides details on
the stability of the periodic orbits.

Computation of a new neighboring orbit with a slightly Jacobi
constant: o
= —10X0
oX = (I —DPM)~' =67
X = ( T

This method performs the continuation of families of periodic
orbits, jointed with the determination of their linear stability
through the analysis of the reduced monodromy matrix.
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Computation Tools Poincaré sections  Families of Periodic Orbits Examples

Henrard-Deprit Algorithm

Given a periodic solution Xy, in an small interval around o, there
exists a family of periodic orbits O(o)

. Aok OFx

X =Xy+ Xi>1 0 9ok
Aok dkT

T=Ty+% —_—
0+ 2i>1 O dok

A Natural Family of Periodic Orbit
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Computation Tools Poincaré sections  Families of Periodic Orbits Examples

Henrard-Deprit Algorithm

It defines a cylinder upon which, given an initial point on each orbit, t
and o constitute a system of analytic coordinates.

D
.,
—

The idea is continuing the cylinder
from the initial orbit estimating only the first few coefficients, thereby
determining approximately the deformation path of the initial
conditions on the cylinder O(o).
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Henrard-Deprit Algorithm

It defines a cylinder upon which, given an initial point on each orbit, t
and o constitute a system of analytic coordinates.

D
.,
—

The idea is continuing the cylinder
from the initial orbit estimating only the first few coefficients, thereby
determining approximately the deformation path of the initial
conditions on the cylinder O(o).

» Predictor-Corrector scheme
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Computation Tools

Poincaré sections Families of Periodic Orbits Examples

Henrard-Deprit Algorithm

;:ﬁ(x70) fEf(f;C_(;aUO) :f(t+TO7CB’UO)
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Computation Tools

Poincaré sections Families of Periodic Orbits Examples

Henrard-Deprit Algorithm

;:ﬁ(x70) fEf(f;C_(;aUO) :f(t+TO7CB’UO)

1=§0+A5 T, =T+ AT? o1 =00+ Ac

E.Tresaco Numerical Computation of Periodic Orbits Families



Computation Tools

Poincaré sections Families of Periodic Orbits Examples

Henrard-Deprit Algorithm

i=F(xo)  I=3(t,C,00) = (1t + To, (o, 00)
C:ZC?H-Ag T, =Ty + AT? 01 =09+ Ao

x(To + AT, (o + A, 00 + Ac) — (Co+ AC) =0
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Computation Tools

Henrard-Deprit Algorithm

Poincaré sections  Families of Periodic Orbits

;:ﬁ(x70) fEf(f;C_(;aUO) :f(t+TO7CB’UO)

(G =CG+AC Ti=To+AT? oy =09+Ac

x(To + AT, (o + A, 00 + Ac) — (Co+ AC) =0

L A AC L, AT 0% .
(V¢x —I)A—U + F(X, o—O)A—U =% Predictor

Examples
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Computation Tools

Henrard-Deprit Algorithm

;:ﬁ(x70) fEf(f;C_(;aUO) :f(t+TO7CB’UO)

(G =CG+AC Ti=To+AT? oy =09+Ac

x(To + AT, (o + A, 00 + Ac) — (Co+ AC) =0

L A AC L, AT 0% .
(V¢x —I)A—U + F(X, o—O)A—U =% Predictor

(VX — DA + F(%,01)AT, = —(X— (;) — Corrector
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Computation Tools Poincaré sections  Families of Periodic Orbits Examples

Henrard-Deprit Algorithm

Intrinsic formulation:

—~
ot
SU
S
S~—
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Henrard-Deprit Algorithm

Intrinsic formulation:

—~
ot
SU
S
S~—

4

variational equations turn out to be separable

E.Tresaco Numerical Computation of Periodic Orbits Families
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Henrard-Deprit Algorithm

Intrinsic formulation:

4

variational equations turn out to be separable

G =019+ Qrir+ Qsr + (Q4Us + Qs)d0
F=Rir+Rqg+ Ryqg+ (R4U0' + R5)50

d p

1 ==, = Ug—
E( )= — |(2N + Bb)q — (Bi)r + —

v " v v
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Computation Tools Poincaré sections  Families of Periodic Orbits Examples

Henrard-Deprit Algorithm

» Continuing periodic orbits is reduced to find the displacements to
the orbit i.e. the solutions of the variational equations

> A side effect is again the computation of the linear stability with
no additional effort.

» Intrinsic formulation results in the separation of the tangent
displacement, which retain the secular part of the variations.
Nontrivial eigenvalues are computed from the normal and
binormal variations, reducing the dimension of the STM and
eliminating the trivial exponents.

» The critical case of any of the nontrivial eigenvalues having
modulus 1 is a singularity of the algorithm. These are also the
cases of no convergence of the Newton method in the Poincaré
map computation.
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Examples

Annular Ring J
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Computation Tools Poincaré sections Families of Periodic Orbits Examples

Periodic orbits around an Annular Ring

Study the dynamics of orbits under the attraction of a homogeneous
annulus disk on a fixed plane.

/— s .

Y
m(a? — b?)

U(x,y,z;a,b) = (U(x,y,z;a) — U(x,y,z;b))

Ul 3, 2:@) = 2(=pE(k) = 52K (D) + [ (3 + § sten(a — 1) -

zsign(a —r) (E(k)F (o, k') + K(K)E(¢, k') — K(K)F (o, k"))
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Computation Tools Poincaré sections Families of Periodic Orbits Examples

Annular Ring: Dynamics on the equatorial plane

e There exists a family of trivial circular periodic orbits outside the
ring.

e In order to compute the family we have chosen as continuation
parameter the orbital energy.

e We plot the evolution of the stability index k along the family
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Annular Ring: Dynamics on the equatorial plane

14 15 1.6 17 18 1.9 2 21
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Annular Ring: Dynamics on the equatorial plane

14 15 1.6 17 18 1.9 2 21

k
k= 2 cos(m arccos(i))7 k| <2

E.Tresaco Numerical Computation of Periodic Orbits Families



Annular Ring: Polar case

Poincaré section for energy E = —0.5,anda =1, b = 0.75
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Annular Ring: Polar case

x z X 4 T tr

1 1.14498558 0 0 1.08570023 8.2283 -0.3716
2 1.93191413 0.00005241 -0.00005393 0.31172844 13.3033 1.9627
3 1.73809965 -0.00000046  0.00000097 0.19712184 10.35376 1.5428
4 0.61431996 0.74536418  0.81006851 0.78959165 50.2524 -0.0072
5 0.38899022 0.00000771 0.00000213 1.39390805 39.9107 2.4758
6 -0.60617609 -0.00231883  0.62563965 1.19156741 46.8767 1.7487
7  0.45581169 -0.00030177 -0.00015502 0.98791160 7.6428 -1.4308
8 0.70912248 0.00000166  0.00000332 1.18117588 12.9022 1.7661
-0.00001481 0.00006441 -0.21096655 0.91717358 24.7412 -0.9258
10 -0.00281186 -1.63333399  0.13129963 -0.00547436 25.5104 1.7511
11 0.44689964 -0.00069537 -0.046256793 1.03202274 44.0945 1.7951

el
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Annular Ring: Polar case

This family consists of nearly circular orbits around the annulus and
perpendicular to its plane.

25
15
2
1 15
1
05
05
Tr
0
0
-05
-05 i
-15
-1
-2
-15 -2
“1s -1 -05 [ 05 1 15 1 15 2 25 3

It begins with orbits of infinitesimal radius and ends having a collision
on the annulus.
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Annular Ring: Polar case

This 8-shape family consists of 2-arc symmetric periodic orbits
around the annulus,and centered in the origin.

s 0 5 1 15 2 25 3 35 4
%o

As long as the orbits goes larger the family enters in unstable motion,
while when the orbit decreases the family stays in a stable region until
it crosses the boundary value, leading to bifurcation with new families
of periodic orbits.
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Annular Ring: Polar case

Poincaré section corresponding to the bifurcation point xy ~ 1.828

» Pitchfork bifurcation

The original family of stable orbits passes to be unstable, and appear
two new families of stable orbits.
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Annular Ring: Polar case

These bifurcated families are asymmetric arcs orbits displaced from
the center of the annulus.

1
14 1 18 2 22 24 25 28 3 3z 95 18 17 1m 18 1  1s 1% 2

As energy decreases, orbits goes more asymmetric until the family
ends with a collision on the annulus.
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Annular Ring: Polar case

The second bifurcation point at xy ~ 2.75 where the original family
again pass through the critical value » = 2 and enters in a unstable
region, also leads in new family.

Foves . [ 0:9983  0.0006
° P2\ _3.0810 0.9996

There is a bifurcation with with a non-symmetric family of the same
period.
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Annular Ring: Polar case
This family consists of single-line open orbits. It is a stable family that

originates out a bifurcation with vertical oscillator, and ends with a
collision orbit with the annulus.

15 2
2
N 15
1
05
05
of —— —_— T oo
05
05
1
15
-1
-2
15 -
Y 05 0 05 1 0 o1 o0z 03 04 05 06 07 08
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Annular Ring: Polar case
This family consists of single-line open orbits. It is a stable family that

originates out a bifurcation with vertical oscillator, and ends with a
collision orbit with the annulus.

15 2
2
N 15
1
05
05
of —— —_— T oo
05
05
1
15
-1
-2
15 -
Y 05 0 05 1 0 o1 o0z 03 04 05 06 07 08

e Bifurcation with a doubling-period family
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Annular Ring: Polar case
The doubling period family at the bifurcation point with the

singular family, have all unit eigenvalues and thus a stability
index equal to +2.

058 06 062 064 066 068 07 072 074 076

This point may lead in the bifurcation with new families.
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Annular Ring: Polar case

Poincaré section at this bifurcation point:

Central point correspond to the single arc orbit, surrounding by
four isles, these correspond to a new bifurcated stable
family,while the other four hyperbolic points are related to a new
unstable family.
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Annular Ring: Polar case

Stable and unstable orbits respectively bifurcated out of the

doubling-period. Both families end with a collision orbit with the
annular ring

E "
y 05 o 3 T Y 05 0 3 T

. o

-o78]
3 c

u o8| u
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08| s

3
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Finite straight segment: Asteroids

x—=2y =W,

y+28 =W,

b4 =W,
y W:xz—l—yz_ﬁlo r+r+2/0
2 20 r+r—2¢0
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Finite straight segment: Asteroids

x—=2y =W,

y+28 =W,

Z =W,
y W:xz—l—yz_ﬁlo r+r+2/0
2 2/ r+r—20
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Finite straight segment: Asteroids

x—=2y =W,

y+28 =W,

Z =W,
y W:xz—l—yz_ﬁlo r+r+2/0
2 2/ r+r—20

(x=a, y=0, z=0, ¥ =0, y=an, 7=0)
(x=a, y=0, z=0, i=x+4wy, y=y —wx, 2=0)

P, =2n/R, n=n-—w
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Finite straight segment: Asteroids

A+ B+ Ax+1=0

kk A+ \VAT_4B 13
ky 2

|ki| < 2,]kz| <2 +— Stability
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Finite straight segment: Asteroids

Ellipses family which eccentricity increases as the orbits approach the
segment

0.2 0.25 0.3 0.35 0.4 0.45 0.5

h

3-D p.o. are members of bifurcated families of the planar equatorial
family. These bifurcations appear when there are commensurability
between the two frequencies involved

- D:N resonant orbit
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Finite straight segment: Asteroids

15

10

3-D eight-shaped symmetric family, bifurcated at the 1:1 resonance
and termination at the isosceles equilibrium
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Finite straight segment: Asteroids

2

1.99

1.98
0 25 50 75 100 125 150 175
0 25 50 75 100 125 150 175

4

4 N

0 25 50 75 100 125 150 175

Resonances that give orbits closer to the origin introduce larger intervals of mild
instability
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Poincaré Map computation

Find zeros of F = PM — Id
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Poincaré Map computation

Find zeros of F = PM — Id

DF(z) = DPM(z) — Id
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Poincaré Map computation

Find zeros of F = PM — Id

DF(z) = DPM(z) — Id
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Poincaré Map computation

Find zeros of F = PM — Id

DF(z) = DPM(z) — Id

DPM(z) = MyDP(2)DP>(z)
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Poincaré Map computation

Find zeros of F = PM — Id

DF(z) = DPM(z) — Id

DPM(z) = M,DP(z)DP(z)
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Poincaré Map computation

Find zeros of F = PM — Id

DF(z) = DPM(z) — Id
DPM(z) = MyDP(2)DP>(z)

1 0

w=(g 01 0) mr=| o
6xyt2 a}'ytl

Ay 3
where Oy = 52, Oy = a—ﬁ
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Poincaré Map computation

DPM(z) = M,DP(Z)DP;(z)
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Poincaré Map computation

DPM(z) = MyDP(2)DP(2)
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Poincaré Map computation

DPM(z) = M,DP(Z)DP;(z)

where P(Z) = 0rz)(2) and o1 (2) = flere ()
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Poincaré Map computation

DPM(z) = M,DP(Z)DP;(z)
where P(Z) = 0rz)(2) and o1 (2) = flere ()

— ~

DP(z) = ¢1:)(2)DT(Z) + Deprz) (2)
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Poincaré Map computation
DPM(z) = M,DP(Z)DP;(z)
where  P(2) = ¢r(5(2) and  ¢1¢)(2) = flere(2))

DP(z) = ¢1(:)(2)DT(Z) + Dprz) (2)

pr(z) = Pera@h
(f(PMZ))
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Poincaré Map computation
DPM(z) = M2DP(Z)DP,(z)
where  P(2) = ¢r(5(2) and  ¢1¢)(2) = flere(2))

— ~

DP(z) = ¢1(:)(2)DT(Z) + Dprz) (2)

Br(z) = Dol
(f(PM2))2
DPM
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Henrard-Deprit Algorithm |

;:ﬁ(x70) fEf(f;C_(;aUO) :f(t+TO7CB’UO)
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Henrard-Deprit Algorithm |

;:ﬁ(x70) fEf(f;C_(;aUO) :f(t+TO7CB’UO)

C::§)+AE T, =Ty +AT? o1 =09+ Ao
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Henrard-Deprit Algorithm |

i=F(xo) =1, 00) = Xt + To, (o, 00)
G=C0+AC T\ =To+AT? oy =00+Ac

0 = x(T1, 1, 01) — x(0,¢1, 01)
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Henrard-Deprit Algorithm |

i=F(xo) =1, 00) = Xt + To, (o, 00)
G=C0+AC T\ =To+AT? oy =00+Ac

6IX(T1,C_{,O‘1) - C_i
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Henrard-Deprit Algorithm |

i=F(y;o)  ®=x(t,8,00) = Xt + To, (o, 00)
G=C0+AC T\ =To+AT? oy =00+Ac
6IX(T1,C_{,O‘1) _C_i

x(To + AT, (o + AC, 00 + Ac) — (Co+ AC) =0
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Henrard-Deprit Algorithm |

i=F(xo)  X=X(t,{,00) =Xt + To, o, 00)
G=CG+Al Ty=To+AT? o1 =00+ Ao
6:x(T1,C_{,01) - (_i
x(To + AT, & + AC, 09 + Ao) — (G + AC) =0

- L % .
(Vex — DAL + F(¥,00) AT + éAa - —F-G&)
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Henrard-Deprit Algorithm |

i=F(xo)  X=X(t,{,00) =Xt + To, o, 00)
G=CG+Al Ty=To+AT? o1 =00+ Ao
6:x(T1,C_{,01) - (_i
x(To + AT, & + AC, 09 + Ao) — (G + AC) =0

- L % .
(Vex — DAL + F(¥,00) AT + éAa - —F-G&)

AT %

~ = " 5s — Predictor

LAl a
(Vgx—I)A—g + F(X, 00)
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Henrard-Deprit Algorithm |l

x(Ty, 1 01) — G #0
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Henrard-Deprit Algorithm |l

x(Ty, 1 01) — G #0

ACLAT? = x(Ty + ATy G+ A, 01) — (G +AG) =0
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Henrard-Deprit Algorithm |l

x(Tlac_{ao_l) - C_{ 7& O

ACL AT ? = x(Ty + ATy G+ AGL o) — (G + AG) =0

(VX — DA + F(¥,01)AT, = —(X— (;) — Corrector
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Henrard-Deprit Algorithm |l

x(T1,¢1,01) — G #0
Al ATy ? = x(Ty + ATy, C + Ay, 01) — (G + AG) =0

(VX — DA + F(¥,01)AT, = —(X— (;) — Corrector

» The predictor requests as a minimum a tangent to the natural
family O(o) at the initial condition in the direction of increasing
parameter values. The phase state obtained by shifting the initial
conditions along a tangent does not generally lie on the natural
family. Therefore the corrector stage aims at bringing this
estimation closer to the periodic orbit.
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Computation Tools oincaré ons S z s Examples

E.Tresaco Numerical Computation of Periodic Orbits Families



Computation Tools oincaré ons S z s Examples

Cylindrical coordinates: (r, A, z)
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Computation Tools Poincaré sections Families of Periodic Orbits Examples

Periodic orbits around an Annular Ring
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Computation Tools Poincaré sections Families of Periodic Orbits Examples

Periodic orbits around an Annular Ring
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e The origin is the unique equilibrium solution in case of A =0

e For A > A*(a,b) > 1 there are two critical points corresponding
to a maximum and minimum of U,ff while for smaller values
there is no critical points.
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