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Motivation. Hopf-zero singularity and Shilnikov bifurcation (1)

The Hopf-zero singularity

Assume that a family of vector fieldl,: R* — R3, n € R”, satisfies

e X,(0,0,0) = 0.




Motivation. Hopf-zero singularity and Shilnikov bifurcation (I1)
Taking into account only the linear part,” is generic into a linear familyX’, if

e Dissipative casek = 2 (codimension two). Eigenvalues &f, are of the
form \, u +ia™.

e Conservative casé& = 1 (codimension one). Since(fk,;) = 0, A = —2p.




Motivation. Hopf-zero singularity and Shilnikov bifurcation (l1l)

Normal form
A theorem due to Broer (1980).

Let X, : R® — R* be aC family of vector fields having a Hopf zero singularit
até = 0andn = 0, (n € R").
Then there exists & change of coordinates such th@at can be expressed as
X, = X,+F, with I, aflat functions in(0,0) € R* x R¥ andX,, in cylindrical
coordinates:

F(r?, z,m)

rg(r®, z,n)

h(r2, z,Mm)

£(0,0,0) = o~
g(0,0,0) = h(0,0,0) = 9,h(0,0,0) = 0.

Keys: and 1 This argument is not true in

the analytic case.




Motivation. Hopf-zero singularity and Shilnikov bifurcation (1V)

The dynamics of the normal form, X,

Up to generic conditions about the terms of order two of the normal f@ffn (
e It has two fixed points5'+ (1) of saddle-focus type.

e The axiszx = y = 0 contains aeteroclinic connectiobetween
S+(n) = (T4, Y+, 24):

WS(S—(U)) — WU(S+(77)) — {(07072)7 z- <z< Z—I—}

e There exists a curvE in then-plane such thatl"(S_(n)) = W3(S+(n)) is
aheteroclinic surfacéor all n € grapi’.




Motivation. Hopf-zero singularity and Shilnikov bifurcation (V)

Shilnikov bifurcation

The Silnikov bifurcation takes place when a critical point of saddle-focus type
exists and its stable and unstable manifolds intersect given rise to a homoclini
orbit.

Heteroclinic
Surface

Heteroclinic
Connection

Fixed point

S_

Dynamics ofX,,. Shilnikov bifurcation




Motivation. Hopf-zero singularity and Shilnikov bifurcation (V1)

Trivially, the vector fieldX,, have no homoclinic connection.

Theorem (Broer-Vegter, 1984)
Given X ,,, there exist flat perturbatiof,, such that the full system

X, =X, +F, possesses a sequence of Silnikov’s bifurcations taki

place at a sequence gf € I" accumulating at) = 0.




Motivation. Hopf-zero singularity and Shilnikov bifurcation (V1)

Keys of the proof:

To prove such result is necessary to check that
e Theheteroclinic connection disappears.

e The two dimensionattable and unstable manifolds intersect
transversally.

Our work is a very first step towards to prove that a similar result is valid in the
analytic case.




Our problem (1)

For simplicity, let us assume that we are in the conservative case.

Let X,, be a smooth vector field passing through the singularityat x = 0,

& =0.

Performing thenormal form procedurap to order two and after some scalings
and changing the parameter if necessary, we get a system of the form

o —2
—xz — Yy (E —i—cz> +e6 “f(dx,dy,d0z,0)

—yz +x (% + cz> + 65_29(5:19, dy,0z,9)
-1+ b(a:2 + y2) + 22 + 55_2h(5x, 0y, 0z,9),

with e = 1 andf, g, h real analytic functions in all their variables, whose Taylo
series begin at least with terms of degree three.




Our problem (lII)

Whene = 0, the system haslaeteroclinic connectiobetween the critical points
parameterized by

{(0,0, —tanht); —oco0 <t < 400}
which has singularities atin /2 + k.

The full system has critical points of saddle-focus type. The fixed points

have unidimensional invariant manifolds" = (x>", ", 2>Y).




Our problem (ll). The regular case

Whene = §772 | p > —2, it has been proved that

-3

4 . TC s,u . T —2
2> (t), > (t) ~ C6PT tFig| 2 (t)NC't:F|§

1 7T
—|—C’5p+3log6‘t:|:i§

These estimates indicate that whed: in/2| = O(6), then

2%Y(t), y>U(t), 25U (t) ~ O(6PTH)




Our problem (1V). The singular case

Whene is not small (for instance = 1), the previous results do not work.
Even this, they seems to indicate thaltif- i7/2| = O(6), we will have that

z%Y(t), y>U(t), 2% () ~ O(6 1)

To study the manifolds™" around the singularityrd/2, we perform the change

t—im/2

Y =0 +iy), p=b@—iy), n=1oz 7=

We obtain a new system
(—(a+cen)i—m)y+eFi(¥,o,n,0)
(( 4 en)i — n) @ + eFa (v, @, n, )

—6% + b +n° +eH(P, p,n,0)




Our problem (V). The inner equation

Takingd = 0 in the previous system we obtain

% (= (a+en)i—n)y +eFi(, o,n)

d )
% (o + en)i — n) o + eFa (i, 0, 1)
d H

Which is the system under consideration.
In addition, one expects that" will behave as

1
(1), 7 (1) ~ 5.3

hence we look for solutions oP®) satisfying

lim ®F(r)=0, Im7 < 0.

Rer — 400




Our result (1)

System ??) has two analytic solution&* satisfying

lim U(r)=0, Im7 <0.

Rer — 4+ o0

Let AV =0~ — T,
Then
Wl’QA\IJ(T)
7'2773A\I!(7')

::,re_wﬂarr—clogf)g((j(g).+-§(T,€))

whereé(r,e) — 0 as Imr — —oo.

Moreover
©2C(0) = (2mim(ia),0)

wherern is the Borel transform of* '°Fy (0,0, —z, 0).




Our result (I1)

Some remarks

e Whene = 6712, the previous result agree with the one obtained in the
regular case which is:

iat/§ el ht 0
g-iat/ddcloglcosht) ogh ¢ 9

T P AT (t) ~

eiat/5e—ic log(cosh t) cosh t Cg

with ¢ = ¢V and

C(l) _ 27Tec7r/2m(ia)5pe—7r]a]/(25)e—iclog5 4+ O(6p+1)e—7r\a|/(26)

e The dominant term depend on thél jet of f, g andh.

e Matching complex techniqueill be required to prove that, when= 1, the
distance between the invariant manifolefs' is dominated byA .




