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Who was Mr. Tompkins?

Main character in the books:

Mr. Tompkins in Wonderland (1940)

Mr. Tompkins explores de atom (1944)

written by the famous physicist of ukrainian origin Gamow.
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Who was Mr. Tompkins?
Poincaré as pioneer in classical chaos
What if Mr. Tompkins had met Poincaré?

G. Gamow

He played an important role in the development of quantum
ideas: tunnel effect (also in astrophysics and cosmology)

In his late years made a great job in popularizing science
(UNESCO Kalinga prize)
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In Mr. Tompkins explores de atom Gamow popularized the
ideas of quantum mechanics
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Poincaré as pioneer in classical chaos

It all began with
...
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Mathematical competition in honor of King Oscar II sixtieth
birthday
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And the Oscar goes to ...
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Poincaré as pioneer in classical chaos
What if Mr. Tompkins had met Poincaré?

Poincaré results:

Showed that the series used in Celestial Mechanics do not
converge in general
There is room for chaos

Importance of:
Periodic orbits
Homoclinic
solutions
Heteroclinic
solutions
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Who was Mr. Tompkins?
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What if Mr. Tompkins had met Poincaré?

End of the story

In the 1960’s:
Birkhoff and Kolmogorov–Arnold–Moser

In the 1990’s:
Sussman&Wisdom and Laskar showing that OUR Solar
System has some chaotic motions
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What if Mr. Tompkins had met Poincaré?

If Mr. Tompkins had met Poincaré, Gamow would had written
about homoclinic motion in his book!!!
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Model: Billiards
Bunimovitch stadium billiard

Hyperbolic dynamics

Desymmetrized versions (1/4) of the stadium
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Billiards: Models in Nanotechnology

Eigler
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Billiards: Microwave Cavities
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Chaos in Optical Cavities

A. Douglas Stone, 1997
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QM First Aid Kit

De Broglie Hypothesis: λ = h
P = 2π~

P

Wave function: ψ(q, t), q=positions, t=time

Interpretation: |ψ|2 = ψ∗ψ probability density

Schrödinger equation: i~∂ψ∂t = Ĥψ

Stationary states: ψ(q, t) = φn(q) e−iEnt/~, with
Ĥφn(q) = Enφn(q)

Time evolution: ψ(q, t) = eiĤt/~ ψ(q,0)

Heisenberg Uncertainty Principle: ∆q∆p ≥ ~/2 and
∆E τ ≥ ~/2
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Example

Helmholtz equation: ∇2φn = k2
nφn

φn(boundary) = 0

Dirac notation: |n〉 ≡ φn 〈n| ≡ φ∗n
scalar product≡ 〈n|m〉 =

∫
φ∗nφm dτ

Time evolution:
|ψ(t)〉 = eiĤt |ψ(0)〉 = eiĤt ∑

|n〉〈n|ψ(0)〉 =∑
|n〉〈n|ψ(0)〉 e−ik2

n t
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Simpler example (even trivial)

− ~2

2m
d2ψ
dx2 + Vψ = Eψ

d2ψ
dx2 + k2ψ, k =

√
2mE
~

But, don’t forget the dynamics:
k = P

~
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Solution

ψ(x) = b sin kx + c cos kx

First boundary condition:
ψ(0) = 0 −→ c = 0 −→ ψ = b sin kx

Normalization condition:∫ a
0 |ψ|

2 dx = 1 −→ b =
√

2
L

Second boundary condition:
ψ(a) = 0 −→ kn = nπ

a

Solutions: ψn(x) =
√

2
a sin nπx

a , n = 1,2, . . .
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But, don’t forget the dynamics . . . k = P
~

Classical action:∮
Pdx = 2

∫ a
0 Pdx = 2

∫ a
0 k~dx = 2k~a = 2nπ

a ~a = nh

Action is quantized!
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Essential ingredients in QM

Action Quantization (Einstein–Brillouin–Kramers)

∮
Cj

∑N
i Pi dqi = h

(
nj +

αj
4

)
Classical information = Quantum condition
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Essential ingredients in QM

Interference

Tomonaga
Coherence
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What happens in the chaotic regime?

Gutzwiller’s theory (∼1970’s)

Based on the quantum mechanical Green function:
G(q,q′; E)

Calculate trace
g(E) =

∫
G(q,q; E) dq =

∑ 1
E−En

Semiclassical approximation:
g =

∑PO
P

TP
i

∑∞
r=1

exp(irSP/~−iπrµP/2)

| det[(MP)r−I]|1/2
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What to do?
Level statistics
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Level statistics

Poisson: P(s) = 1
sm

e−
s

sm Wigner surmise: P(s) = πs
2s2

m
e
− s2

4s2
m
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Phase space representations of QM

Wigner transform (1932)
"On the quantum corrections to statistical thermodynamics"

W (q,P) =
∫

dη eiηP ψ∗(q − η/2)ψ(q + η/2)

Interpretation as a joint probability distribution

Harmonic oscillator
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Interpretation of Wigner function

Trick: Use Dirac’s notation
W (P, x) = 1

2π

∫
ψ∗(x + s

2)ψ(x − s
2) eiPs ds

ψ∗(x + s
2) = 〈ψ|x + s

2〉
ψ(x − s

2) = 〈x − s
2 |ψ〉

eiPs = 1√
2π

eiP(x+s/2) 1√
2π

e−iP(x−s/2) = 〈x + s
2 |P〉〈P|x −

s
2〉

W (P, x) =
∫
〈ψ|x + s

2〉〈x + s
2 |P〉〈P|x −

s
2〉〈x −

s
2 |ψ〉

1st: Amplitude particle in state ψ is at position x − s/2

2nd: Amplitude particle at x − s/2 has momentum P

3rd: Amplitude particle with momentum P is at n x + s/2

4th: Amplitude particle in state ψ is at position x − s/2
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But ...

Problem: W (q,P) can be negative

Why?: Heisenberg’s uncertainty principle
Solution: Husimi function (Wigner average in cells of area ~N )
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Periodic orbits in quantum mechanics: Scars

What are scars?
Expected: Chaotic classical dynamics −→ uniformy
distributed quantum density
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Scarred functions

But in numerical calculations (McDonald&Kaufman) ...

Heller in 1984 coined the term scar to name an enhanced
localization of quantum probability density of certain
eigenstates on classical unstable periodic orbits
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Heller’s dynamical explanation

Recurrences
Fourier transform
between:
correlation function
C(t) = 〈φ(0)|φ(t)〉, and
corresponding spectrum
I(E) =

∫
dt eiEt/~ C(t)
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Some landmarks in scar theory

Gutzwiller (1960’s), Relevance of PO’s

Bogomolny (1988), expression for smoothed probability
density over small intervals in energy and space

Berry (1989) developed the corresponding theory in phase
space (Wigner functions)

P, Borondo and Benito (1994), Systematic construction of
scar functions

Vergini (2000)

Keating and Prado (2001), superscars in mixed systems,
influence of bifurcations on scarring
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Scars in Optical Fibers
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Billiards: Models in Nanotechnology

Wilkinson et al., 1996; Resonant Tunneling Diode
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Billiards: Models in Nanotechnology
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How to systematically construct scar function
Phys. Rev. Lett. 73, 1613 (1994)

Launch wavepacket initially localized on the PO

|φ(0)〉 =
(2α
π

)1/4
e−α(x−x0)

2−α(y−y0)
2

ei(P0
x x+P0

y y)

Propagate in time
|φ(t)〉 = e−iĤt |φ(0)〉 =

∑
n |n〉〈n|φ(0)〉 e−iEnt

Compute C(t) = 〈φ(0)|φ(t)〉

(a)

(a,c)

(e)
(b)

(d)
(f)

t

C
(t

)
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How to systematically construct scar function

Compute spectrum by Fourier transforming up to the time
of the first recurrence
IT (E) = 1

2π

∫∞
−∞ dt C(t) WT (t) eiEt

IT (E) = T
(2π)1/2

∑
n |〈n|φ(0)〉|2 e−T 2(E−En)2/2

T

E

I

1
4

2 3
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How to systematically construct scar function

Peaks at Bohr–Sommerfeld quantization condition

k = 2π
L

(
n + ν

4

)
Compute wave function associated to each peak

|ψE0〉 = 1
2π

∫∞
−∞ dt |φ(t)〉WT (t) eiE0t

|ψE0〉 = T
(2π)1/2

∑
n |n〉〈n|φ(0)〉 e−T 2(E0−En)2/2

T

E

I

1
4

2 3
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Properties of scar function

Localized on fixed points and manifolds associated to the
PO

Cutoff T increases from (a) to (d), allowing longer
dynamics (phase space exploration)
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Heteroclinic motion and cross–correlation function
Phys. Rev. E 70, 035202(R) (2004)

To gauge interaction between POs A and B, we compute

C(t) = |〈φB|e−iĤt |φA〉|2

|φA,B〉 properly quantized (in the sense BS) scar functions

S(E) = 2π~n + π
2 ~ν
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Heteroclinic motion and cross–correlation function

Results

Different behavior below and above ∼ tE
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Heteroclinic motion and cross–correlation function

Now, we Fourier transform C(t)

Full line: t0 = tE/4;
Dashed line: t0 = tH

F. Borondo Mr. Tompkins meets Poincaré 53/ 70



Motivation
Periodic orbits in quantum mechanics

Unveiling heteroclinic motions in quantum mechanics
Unveiling homoclinic motions in quantum mechanics

Riemann zeta function

Heteroclinic motion and cross–correlation function

Peak HE (data for TE/4) can be
assigned to heteroclinic area
Also, |〈φB|Ĥ|φA〉|2 ∝ cos(SABk)

Peak (data for TH ) coincides with
kA − kB

Two different regimes below and
above tE (Fermi golden rule)

Peak HO can be assigned to
homoclinic area

Phase space portrait
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Homoclinic motion and eigenvalues
Phys. Rev. Lett. 94, 054101(2005)

We could also use the auto–correlation function
C(t) = |〈φA|e−iĤt/~|φA〉|2

But, since: e−iĤt = 1− iĤt/~ + Ĥ2/2~2 + . . .,

C(t) ∼ 1−
[
〈H2〉 − 〈H〉2

]
t2/~2 = 1− σ2t2/~2

and then it is simpler just to ...
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Project scar functions on eigenstates spectrum
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Compute σ =
√∑

n |〈n|ψ〉|2(k2
n − k2

BS)

Scale σ and make them adimensional
σrel = σ−σsc

σsc
; σsc = π~λ

| ln ~| ; λ Lyapunov exp
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Now Fourier analyze the signal
"The noise is the signal" (Landauer)

Peaks at S = 0.633 and 1.007
Also at S = −3.367 and -2.993, since FT is LH = 4 periodic
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Peaks coincide with the value of primary homoclinic areas
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The homoclinic motions (both h1 and h2) can be
approximated by two families of satellite PO’s
(Ozorio de Almeida)
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Under which circumstances the satellite PO’s reinforce the
quantization of the central one?

Quantization horizontal PO: kLH − π
2 νH = 2πnH

Quantization homoclinic torus: kLm − π
2 νm = 2πnm

(approximated by m–th satellite PO):

k(Lm −mLH)− π
2 (νm −mνH) = 2π(nm −mnH)

m Lm −mLH

Family h1 Family h2

3 -3.367 727 48 -2.990 915 39
4 -3.368 367 57 -2.991 131 87
5 -3.368 389 68 -2.991 141 81
6 -3.368 390 43 -2.991 142 21
7 -3.368 390 45 -2.991 142 22
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Conclusion ...

Additional quantization condition for the homoclinic torus
kShi −

π
2νhi = 2πn, i = 1,2
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Homoclinic motion and wave functions
Phys. Rev. Lett. scheduled 30 Aug 2006

Scar functions calculated in a slightly different way
|φscar〉 =

∫ T
−T dt cos

(
πt
2T

)
ei(EBS−Ĥ)t/~ |φtube〉

(c) (d)
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Husimis for 4 scar function with quantization/antiquantization
conditions on the homoclinic torus (all quantized on the PO)
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Scar function n = 224

Homoclinic quantization:
nh1 = 189.01, nh2 = 168.07

Extra quantization on
heteroclinic orbits:
kShe = 2πnhe

nhe1 = 19.00, nhe2 = 5.98

Husimis for T = 0.9tE ,1.2tE
and 3.3tE
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Classical phase space

F. Borondo Mr. Tompkins meets Poincaré 68/ 70



Motivation
Periodic orbits in quantum mechanics

Unveiling heteroclinic motions in quantum mechanics
Unveiling homoclinic motions in quantum mechanics

Riemann zeta function

How to play/dance this game?

Riemann zeta function:
ζ(z) =

∑∞
n=1 n−z =

∏
p(1− p−z)−1, Re(z) > 1

Riemann’s conjecture: All (nontrivial) zeros have real part
equal to 1

2 :
ζ(1

2 − iEn) = 0

Numerical evidence. RH has been checked with
1,500×106 primes above prime number 1022

Data can be found in Andrew Odlyzko web page

Conjecture: {En} behaves as the eigenvalues of a
Hermitian (Hamiltonian) operator with a chaotic classical
limit, in the sense that all PO’s are isolated and unstable,
with non time–reversal trajectories
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Thanks for your attention
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