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Slow-fast dynamics

» Dynamic behaviour of planar slow-fast systems

{ x = f(x,y,a,e),

y= Eg(x,y,a,s),

» Canard explosion: Very fast growth in the amplitude of a one
parametric family of limit cycles upon a small variation of the
parameter.

» It explains the very fast transition from a small amplitude limit cycle
to a relaxation oscillation in the VdP system.
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Slow-fast dynamics
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> Limit cycles organize along a curve =
which starts at Hopf bif. and ends at
relaxation oscillation, into: Hopf

canard regime

regime, canard regime and relaxation Hopf
. bifurcation
reglme' \’/ Hopf regime
» Canard explosion: parameter variation = [ _----- -
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; Amplitude " y"” vs parameter " a"

a <1, epsilon >0

> It is explained through the interplay of )
the Fenichel manifolds S2, S/,
perturbing from the critical manifold
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Slow-fast dynamics

> In applications, the canard explosion models the excitability

threshold. Parameter value at which the system passes

from rest to a excitable response. Involves,
the starting and ending of the canard regime.

g;?fr’;.mm\&(:anard cycle acting as a threshold.

a <1, epsilon>0
2 T T T T

» Transitory canard: boundary between
headless canard cycles and canard
cycles with head.

» Maximal canard: canard cycle at the
connection.

» Maximal period canard: canard cycle
with maximal period.
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L
PWL slow-fast dynamics

» PWL systems exhibit dynamical richness comparable with that
exhibited by nonlinear systems.

» PWL slow-fast systems offer some advantatges: canonical slow
manifold formed by segments.

» V. CARMONA, S. FERNANDEZ-GARCIiA AND A. E. TERUEL,
Saddle-node canard cycles in planar PWL differential systems
arXiv:2003.14112v2, 2020.

x" =y — f(x,a,k,me),
y' =e(a—x),

x+1—k(v/e—1)— m(y/z+ a), if x < —1

Fx, ko m.c) = —k(x + /2) — m(/e + a), if —1<x< -,
X IGME) =N m(x — a), if x| < Ve,
x — /€ + m(y/€ — a), if x > /¢,
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PWL slow-fast dynamics

Flat slow manifold in an aircraft ground dynamics model.

» J. RANKIN, M. DESROCHES, B. KRAUSKOPF, M. LOWENBERG, Canard
cycles in aircraft ground dynamics, Nonlinear Dyn 66, 681-688, 2011.

» K U KRISTIANSEN, Blowup for flat slow manifolds, Nonlinearity 30, 2017.

» B. QIN, K. CHUNG, A. ALGABA, A.J. RODRIGUEz-LUIS, High-order
study of the canard explosion in an aircraft ground dynamics model,
Nonlinear Dyn, 2020.
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Canard regime: repelling slow manifold

x=—1 X = —\/z > In this region the system is linear x = A x + b;.
] Tr(A) =1, Det(AL) = ¢,
PP N = e 0(2), AT =1-
PiL » In the base xp; + yp. function is a first integral:
S A9
Hixy) = X
[x + yAd[A
pL
pPLL— VvPLL  PPL— upL pL= /% -1 pL=c 0
> Ve+a Veda) r= (ﬁ)
PLL = rpL bLL = be~
» Transition map around S! , implicit expression
H(1,—u) = H(1,v), 0<u<u
H1,—u) = N YHQA,—v), wu <u.

» Since H(1, —u;) = rM =2 H(1,0) = r'—*",

_ 1 1 %In(s) _ 1
B A A T

uy
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Canard regime: Transition map
» Set F(x) = H(1, —x), therefore

(1 —xx)M

(1- x)\Z))‘i ’ %\

(1 —xx)M A

if x <1/A],

F(x)=<¢ ——L _ if1/\9<x<1/x, ~
( ) (X)\‘Z*l))\L / L / L 2 (+)§ 1\14
1 2
25— )M
%, if x > 1/,
(A = 1) o L ur 1
q s
» F(x) converges puntually to 1 as e \, 0. A A

v

F(x) quadratic tangency at x = 0, monotonic decreasing in (%, %)
Transition map is implicitely given by

F(u) = F(=v) u€ (0, u)

F(u) = rM"YF(v) ué€ (ug,+00)

v

> For € small enough and u close 5
1 ~ 1 — 1 _ 1 ,—55In(F(u)
O<u< R F(U) = (17UAZ)>‘i —u=5; e
1 ~ 1 _ 1 1 —-LIn(F
u> g, Flu)m —2— —wu= & + LexnFW)

E
(uni—1)*
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Canard regime: Canard orbits
» For ¢ > 0 consider u(c,¢) € (0, u] such that

F(u(c,e))=1+c.
» Since ev(u(c,e)) +1 = F(u(c,e)) =1+ c then
( c

u(c,e)) = -

9

4

» Orbits passing through
el (pL — u(c,e)pL) ~ e — u(c,e)e?, ]
el (b + v(s(cre)bL) ~ < + v(u(c,e))ed m e+ eV,

are under canard regime. PLL 1+¢

> In particular, since F(u;) = ez, S
T : 3 L
AN
<\
AN

e, (pL — upL) ® € — use?, .
el(pL+v(u)p) e+e 22 =1+¢,

» Taking ¢, =e“ with 0 < a < 1,

1 ey
U(Case) = 35 — ya€ < 7, pL

define the birth of canard regime.
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Canard regime: Canard orbits
» For 0 < c < 1 consider u(c,e) > < such that
F(u(c,e))=1+c.

» Sincel+c= r% then

v(u(c,e)) = % - %(1 +¢).

> Orbits passing through

T - 3
e (P — u(c,e)pL) = e — u(c,g)e?, .
el (prL — v(u(c,e))prr) = e + v(u(c,e))e? =~ cy/e + (4 + c)e,

are under canard regime.
<\
N\
AN

» Therefore u, and v, = v(u,) given by PLL

1 1
F(Ur):]., V,—Zﬁfﬁ,
define the maturation of the canard regime.

» Note that

e] (piL — vipLL) m 4e, e]pL < 2. oL
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Canard regime: Canard cycles
» From previous analysis canard regime is restricted to (x;, X, ), where

% = _% 4O, o= —vE—e*(VE+a),

and 0 < a < 1.

Theorem

Set g¢ sufficiently small. There exists a function a = 3(¢), analytic as a
function of \/e, defined in the open set U = (0,&0) and such that, fore € U,
both branches of slow manifold connect if and only if a = 3(¢). The time of
flight of the transition is 7c(g) > 0.

3(e) = St e — 422y O(e3), |
eV341 3(6\/§+1> !

Fe(e) = 252 — 2204 O(e?),
Proof: Apply IFT to
EQ(ta a, E) = ¢(t; qo(a7 5)) - ql(a’ ‘9) =0
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Canard regime: Canard cycles

Theorem

Set g sufficiently small. There exists 3(g, x), a C* function of (\/e, x),
defined in the open set U = (0,£0) X (=X, Xo ), such that, for (e,x) € U
and a = 3(g, xo) the system possesses a stable limit cycle, I'y,, passing
through (xo, f(xo, a,0)). Moreover, a = (e, xo) has the same Taylor
series expansion in € as 3(g) and therefore, T, is a canard cycle.
Moreover, if xo € (—1,xs), then Ty, is a headless canard; and if

X0 € (xy, —1), then [, is a canard with head.
Proof: Apply IFT to

Ep(t,a,¢) = ¢(t;po(a,€)) — pi(a,e) = 0.
Since ||px —qx|| < e %, k=1,2,
Eo(t,a,e) = Eq(t,a,¢) + n(t, a,€),
In(t,a,e)| < e %, D n(t.ae)l| < e <.

Derivative Poincaré map

e’L t +TRtR+TcCtc eTLdtLd+7‘RtR+TC tc
s .
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Canard regime: Maximal period

Theorem
Set gq sufficiently small. There exists T : (0,e0) X (X, Xo) — RT, a C>
function of (\/€,x) such that T (e, x) is the period of the canard cycle T,
and satisfies:
a) there exists xp(), a C* function of /3, defined in (0, o) which
provides the maximum of the period T, that is

aT aT _ aT
xl(ex) >0 Dl (epe) = 0 §|(e,x) <0
(xr, xp(€)) xp(€) (xp(e), x5)
c) The maximum satisfies that | L R
xp(e) = —e~ /0 4 O(£¥/3), |
S —
T(g,xp(e)) = —LIn(e). TLL o :
T
Proof: By computing time of flight ‘
T Tc |
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Theorem
Set ¢g > 0 sufficiently small. Transitory canard x; = —1, maximal canard
xym and the canard with maximal period xp = —e~1/6 + O(£'/3) are

different canard cycles and they are ordered as follows
Xr < xp < Xs < Xpp < Xp < X

where x, = =1 — % + O(e?) is the width of the canard cycle through the
slow manifold.
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