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Slow-fast dynamics
I Dynamic behaviour of planar slow-fast systems{

ẋ = f (x , y , a, ε),
ẏ = εg(x , y , a, ε),

f , g ∈ Ck , k ≥ 3, a ∈ R, 0 < ε� 1

I Canard explosion: Very fast growth in the amplitude of a one
parametric family of limit cycles upon a small variation of the
parameter.

I It explains the very fast transition from a small amplitude limit cycle
to a relaxation oscillation in the VdP system.

ẋ = x − 1
3x3 − y

ẏ = ε(a− x)
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Slow-fast dynamics

I Limit cycles organize along a curve
which starts at Hopf bif. and ends at
relaxation oscillation, into: Hopf
regime, canard regime and relaxation
regime.

I Canard explosion: parameter variation
O(e−

c
ε ).

e−
c
ε

Hopf regime

canard regime

relaxation regime

Amplitude ”y” vs parameter ”a”

I It is explained through the interplay of
the Fenichel manifolds Saε , Srε,
perturbing from the critical manifold

S0 = {f (x , y , a, 0) = 0}{
ẋ = f (x , y , a, ε)
ẏ = εg(x , y , a, ε)

{
εx ′ = f (x , y , a, ε)
y ′ = g(x , y , a, ε)

t =
τ

ε
τ = εt
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Slow-fast dynamics
I In applications, the canard explosion models the excitability

threshold. Parameter value at which the system passes
from rest to a excitable response. Involves,
the starting and ending of the canard regime.

Canard cycle acting as a threshold.A
AK

I Transitory canard: boundary between
headless canard cycles and canard
cycles with head.

I Maximal canard: canard cycle at the
connection.

I Maximal period canard: canard cycle
with maximal period. -2
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PWL slow-fast dynamics
I PWL systems exhibit dynamical richness comparable with that

exhibited by nonlinear systems.
I PWL slow-fast systems offer some advantatges: canonical slow

manifold formed by segments.
I V. Carmona, S. Fernández-Garćıa and A. E. Teruel,

Saddle-node canard cycles in planar PWL differential systems

arXiv:2003.14112v2, 2020.

{
x ′ = y − f (x , a, k,m, ε),
y ′ = ε(a− x),

f (x , a, k,m, ε) =


x + 1− k(

√
ε− 1)−m(

√
ε+ a), if x < −1

−k(x +
√
ε)−m(

√
ε+ a), if − 1 < x ≤ −

√
ε,

m(x − a), if |x | ≤
√
ε,

x −
√
ε+m(

√
ε− a), if x >

√
ε,
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Maturation

Transition

Birth

transitory canard Hj
maximal canard -
m. period canard �*

f (x , a, k,m, ε) =


x + 1− k(

√
ε− 1)−m(

√
ε+ a), if x < −1,
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PWL slow-fast dynamics

Flat slow manifold in an aircraft ground dynamics model.

I J. Rankin, M. Desroches, B. Krauskopf, M. Lowenberg, Canard

cycles in aircraft ground dynamics, Nonlinear Dyn 66, 681–688, 2011.

I K U Kristiansen, Blowup for flat slow manifolds, Nonlinearity 30, 2017.

I B. Qin, K. Chung, A. Algaba, A.J. Rodŕıguez-Luis, High-order

study of the canard explosion in an aircraft ground dynamics model,

Nonlinear Dyn, 2020.

{
x ′ = y − f (x , a, ε),
y ′ = ε(a− x),

f (x , a, ε) =


1 +
√
ε(a− 1) + ε, if x < −1,

−x +
√
ε(a− 1) + ε, if − 1 < x ≤ −

√
ε,√

ε(a− x), if |x | ≤
√
ε,

x +
√
ε(a− 1)− ε, if x >

√
ε.
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Canard regime: repelling slow manifold

pL + v ṗL

pL

pL − uṗLpLL − v ṗLL

pLL

x = −1 x = −
√
ε I In this region the system is linear ẋ = ALx + bL.

Tr(AL) = 1, Det(AL) = ε,
λs = ε+ O(ε2), λq = 1− λs .

I In the base xpL + y ṗL function is a first integral:

H(x , y) =
|x + yλs |λq

|x + yλq|λs

I
pL =

√
ε

(
−1√
ε+ a

)
ṗL = ε

(
0√
ε+ a

)
pLL = rpL ṗLL = r ṗL.

r =
(

1+a√
ε+a

)
I Transition map around Srε , implicit expression{

H(1,−u) = H(1, v), 0 ≤ u ≤ ut

H(1,−u) = rλ
q−λs

H(1,−v), ut ≤ u.

I Since H(1,−ut) = rλ
q−λs

H(1, 0) = rλ
q−λs

.

ut =
1

λq
− 1

λq
e

1
2λs ln(ε), us =

1

λq
.
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Canard regime: Transition map
I Set F (x) = H(1,−x), therefore

F (x) =



(1− xλsL)
λ
q
L

(1− xλqL)
λs
L
, if x < 1/λqL,

(1− xλsL)
λ
q
L

(xλqL − 1)λ
s
L
, if 1/λqL < x < 1/λsL,

(xλsL − 1)λ
q
L

(xλqL − 1)λ
s
L
, if x > 1/λsL,

0

1

F
(x)

=
εx

+
1 F (x) = 1−xλ s1−ur λ s

1
λq

1
λs

ur

I F (x) converges puntually to 1 as ε↘ 0.
I F (x) quadratic tangency at x = 0, monotonic decreasing in ( 1

λq ,
1
λs ).

I Transition map is implicitely given by

F (u) = F (−v) u ∈ (0, ut)
F (u) = rλ

q−λs

F (v) u ∈ (ut ,+∞)

I For ε small enough and u close 1
λq

0 < u < 1
λq , F (u) ≈ 1

(1−uλq
L)
λs
L
→ u = 1

λq − 1
λq e−

1
λs ln(F (u))

u > 1
λq , F (u) ≈ 1

(uλq
L−1)

λs
L
→ u = 1

λq + 1
λq e−

1
λs ln(F (u))
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V. Carmona, S. Fernández-Garćıa and A.E. Teruel Birth, transition and maturation of canard cycles in PWL systems



Canard regime: Transition map
I Set F (x) = H(1,−x), therefore

F (x) =



(1− xλsL)
λ
q
L

(1− xλqL)
λs
L
, if x < 1/λqL,

(1− xλsL)
λ
q
L

(xλqL − 1)λ
s
L
, if 1/λqL < x < 1/λsL,

(xλsL − 1)λ
q
L

(xλqL − 1)λ
s
L
, if x > 1/λsL,

0

1

r

F
(−

v)
=
εv

+
1

rF (v)
=
r 1−

vλ s
1−

u
r λ s

1
λq

ur vr
ut

1
λs

I F (x) converges puntually to 1 as ε↘ 0.
I F (x) quadratic tangency at x = 0, monotonic decreasing in ( 1

λq ,
1
λs ).

I Transition map is implicitely given by

F (u) = F (−v) u ∈ (0, ut)
F (u) = rλ

q−λs

F (v) u ∈ (ut ,+∞)

I For ε small enough and u close 1
λq

0 < u < 1
λq , F (u) ≈ 1

(1−uλq
L)
λs
L
→ u = 1

λq − 1
λq e−

1
λs ln(F (u))

u > 1
λq , F (u) ≈ 1

(uλq
L−1)

λs
L
→ u = 1

λq + 1
λq e−

1
λs ln(F (u))
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Canard regime: Canard orbits
I For c > 0 consider u(c , ε) ∈ (0, ut ] such that

F (u(c , ε)) = 1 + c .

I Since εv(u(c , ε)) + 1 = F (u(c , ε)) = 1 + c then

v(u(c , ε)) =
c

ε
I Orbits passing through

eT
2 (pL − u(c , ε)ṗL) ≈ ε− u(c , ε)ε

3
2 ,

eT
2 (pL + v(u(c , ε))ṗL) ≈ ε+ v(u(c , ε))ε

3
2 ≈ ε+ c

√
ε,

are under canard regime.
I In particular, since F (ut) = ε−

1
2 ,

eT
2 (pL − ut ṗL) ≈ ε− utε

3
2 ,

eT
2 (pL + v(ut)ṗL) ≈ ε+ ε−

3
2 ε

3
2 = 1 + ε,

I Taking cα = εα with 0 < α < 1,

u(cα, ε) = 1
λq − 1

λq e−
1

ε1−α ,

define the birth of canard regime.

pL

pLL 1 + ε
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Canard regime: Canard orbits
I For 0 < c � 1 consider u(c , ε) > 1

λq such that

F (u(c , ε)) = 1 + c .

I Since 1 + c = r 1−v(u(c,ε))λs

1−urλs then

v(u(c , ε)) =
1

λs
− 1√

ε
(1 + c).

I Orbits passing through

eT
2 (pL − u(c , ε)ṗL) ≈ ε− u(c , ε)ε

3
2 ,

eT
2 (pLL − v(u(c , ε))ṗLL) ≈ ε+ v(u(c , ε))ε

3
2 ≈ c

√
ε+ (4 + c)ε,

are under canard regime.
I Therefore ur and vr = v(ur ) given by

F (ur ) = 1, vr = 1
λs − 1√

ε
,

define the maturation of the canard regime.
I Note that

eT
2 (pLL − vrpLL) ≈ 4ε, eT

2 pL < 2ε.
pL

pLL
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Canard regime: Canard cycles
I From previous analysis canard regime is restricted to (xr , xα), where

xr = − 1√
ε

+ O(ε0), xα = −
√
ε− εα(

√
ε+ a),

and 0 < α < 1.

Theorem
Set ε0 sufficiently small. There exists a function a = ã(ε), analytic as a
function of

√
ε, defined in the open set U = (0, ε0) and such that, for ε ∈ U,

both branches of slow manifold connect if and only if a = ã(ε). The time of
flight of the transition is τ̃C (ε) > 0.

ã(ε) = e
π√
3−1

e
π√
3 +1

√
ε− 4e

π√
3

3

(
e
π√
3 +1

)2 ε
2 + O(ε

5
2 ),

τ̃C (ε) =
2π√
3
√
ε
− 2− 2ε+ O(ε

3
2 ),

Proof: Apply IFT to

Eq(t, a, ε) = ϕ(t; q0(a, ε))− q1(a, ε) = 0

I
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Canard regime: Canard cycles
Theorem
Set ε0 sufficiently small. There exists â(ε, x), a C∞ function of (

√
ε, x),

defined in the open set U = (0, ε0)× (−xr , xα), such that, for (ε, x0) ∈ U
and a = â(ε, x0) the system possesses a stable limit cycle, Γx0 , passing
through (x0, f (x0, a, 0)). Moreover, a = â(ε, x0) has the same Taylor
series expansion in ε as ã(ε) and therefore, Γx0 is a canard cycle.
Moreover, if x0 ∈ (−1, xs), then Γx0 is a headless canard; and if
x0 ∈ (xr ,−1), then Γx0 is a canard with head.

Proof: Apply IFT to

Ep(t, a, ε) = ϕ(t; p0(a, ε))− p1(a, ε) = 0.

Since ‖pk − qk‖ ≤ e−
c
ε , k = 1, 2,

Ep(t, a, ε) = Eq(t, a, ε) + η(t, a, ε),

‖η(t, a, ε)‖ ≤ e−
c
ε , ‖Dkη(t, a, ε)‖ ≤ e−

c
ε .

Derivative Poincaré map

eτLtL+τR tR+τC tC , eτLd tLd+τR tR+τC tC .

τLL
τL

τLd
τC

τR
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Canard regime: Maximal period
Theorem
Set ε0 sufficiently small. There exists T : (0, ε0)× (xr , xα)→ R+, a C∞
function of (

√
ε, x) such that T (ε, x) is the period of the canard cycle Γx

and satisfies:

a) there exists xP(ε), a C∞ function of ε1/3, defined in (0, ε0) which
provides the maximum of the period T , that is

∂T
∂x

∣∣
(ε,x)

> 0 ∂T
∂x

∣∣
(ε,xP (ε))

= 0 ∂T
∂x

∣∣
(ε,x)

< 0

(xr , xP(ε)) xP(ε) (xP(ε), xs)

c) The maximum satisfies that

xP(ε) = −ε−1/6 + O(ε1/3),

T (ε, xP(ε)) ≈ − 1
ε ln(ε).

Proof: By computing time of flight

τLL
τL

τLd
τC

τR
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Theorem
Set ε0 > 0 sufficiently small. Transitory canard xt = −1, maximal canard
xM and the canard with maximal period xP = −ε−1/6 + O(ε1/3) are
different canard cycles and they are ordered as follows

xr < xP < xs < xM < xt < xα,

where xs = −1− ep
2 + O(ε

3
2 ) is the width of the canard cycle through the

slow manifold.

xr xP xs
xM

xt xα
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