MULTI-FREQUENCY OSCILLATIONS

IN DYNAMICAL SYSTEMS

Session 4. Multi-frequency Dynamics in
Conservative Systems

Yingfei Yi

Georgia Tech & Jilin University

DANCE Winter School RTNS2011



1. KAM theory in Hamiltonian systems

o Symplectic structure on R*?: A non-degenerate, closed, differential

2-form w?.

o Symplectic coordinate: (p,q) € R x R s.t.
w? = dp A dgq.
— Symplectic coordinates always exist (Darboux’ Theorem).
e Poisson bracket: {-,-} st. V f,g € C*°(R??, R),
{f.9} =*(JVf,IVg) = (V)" Vg,

where
0 —1
I 0

J =

is the standard symplectic matriz.



e Hamiltonian system: Given Hamiltonian
H:R* - R.
The associated Hamiltonian system (or flow) reads

:=JVH(z), z=(pq),

or
(,__oH
-5
L
\ 7= Op

— A Hamiltonian flow ¢! on R?? preserves w?:

(gbt)*w2 _ w2’
and vice verse.

— A Hamiltonian flow is area (w?) and volume (w??) preserving.



e Newtonian systems: For ¢ =1,---,d, let

q; = position

p; = M;q; = momentum.

— The total energy (Hamiltonian):

2
Di
H(p,q) =% | 2| +EU(%)‘|‘E”WH( )
kenetic onsite 1teract1ng

— Newton’s equation:
— H is conserved and the Newton’s equation is equivalent to the

Hamiltonian system associated with H.

e Physical examples: N-body problem, mechanical vibrations, rigid
bodies rotations, crystal lattice model, biological chains, - - -



o Integrability: A Hamiltonian H on R?? is completely integrable if

a) There are d functionally independent first integrals f1, -, fq
(including H);

b) fi,---, fa are in involutions, i.e., {f;, f;} =0, V1, j;

c¢) For each ¢ = (cq,- -+, cq) lying in some region G C R%, the level
set
M,={fi=ciii=1,.d)

is compact and connected.

o Liouville’s Theorem (Liouville, 1897): If H is completely
integrable, then the following holds.

a) M,~T¢ VeceG;
b) 3 action-angle coordinate (I,0) € G x T%: w? = dI A db;
c) Under (I,0), H(p,q) = N(I).



o Integrable system: Let H(p,q) = N(I), I € G C R%, be
completely integrable. Then

I =
0 =w(l),
ON
where w([) = W(I ) are the frequencies.

— Invariant tori: For VIy € G, Ty, = {I = Iy} is an invariant
d-torus with linear flows {6y + w(lp)t}.

— Foliations: G x T% = Ur,ccTr,.
a) w(lp) non-resonant = the flow is quasi-periodic.

b) w(ly) resonant = T7, is foliated into quasi-periodic lower

dimensional tori.



e Nearly integrable system:

H=N()+¢eP(l,0,¢),

r_ _.oP
I = T

: 9
0 =w()+e%.

— Weakly coupled pendula:
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+ 2i(1 — cosq;) + Xiki(git1 — ¢:)°.
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— I; =Area, 0; =Angle, k; = O(¢), Vi.




1) Non-resonant tori

e Non-resonance zone:

O={IcG:{kwd))#0, Vkc Z%\ {0}}.

e Non-degenerate conditions:

Kolmogorov:

K) 0*N(I) = Ow(I) is non-singular on G.

Riussmann: 4 an integer K > 1 s.t.
R) rank{0“w(I): V]a| < K} =d on G.

— Diophantine set: Fix 7 > d — 1,

O, =1{I€G:|kwl) > % vk € 74\ {0},

= O, - a Cantor set, |G\ Oy — 0 as vy — 0.



o KAM theorem:

a) If K) holds, then for v ~ /¢ all Diophantine tori 17, I € O,
persists with unchanged frequencies.

(Kolmogorov 54, Arnold 63, Moser 62)
b) If R) holds, then 3 Cantor sets O. C O

O\ Oc[ =0
s. t. VI € O, 1T persists.
(Sevryuk 97, Xu-You 97, Chow-Li-Y. 02)

— KAM tori are Floquet;

— If KAM theorem holds, then the nearly integrable Hamiltonian

system is metric stable, i.e., for any I(0) € O,
sup, |I(t) — I(0)] — 0 as e — 0.

— Restricting to O,, the Hamiltonian H becomes integrable.



— A non-Diophantine, non-resonant torus will not survive from a
generic perturbation (Forni 1994, Bessi 2000) and can give rise to a
cantorus or Aubry-Mather set (Aubry-Daeron 83, Mather 82).

e Outline of proof for KAM Theorem:
Normal form: Let y = I — X\, x = 0. Consider in a KAM step

Hy =ex+ (wx,y) + haly) + Pr(y,x), (y,z) €D, A€ O,

where hy = O(|y|?), deg h = m > 2, P\(y,z) = O(|ly|™*1).

KAM iteration: Find symplectic transformation ®, such that

H;\_ = H)o®) = ej\r+<wj\L,y>+hj\L(y)+P;(y,:c), (yax> = D+7 A€ O+7

where hy = O(Jy|?), deg h = m > 2, and P} (y,z) = O(Jy|/™ ") is
smaller.



Write
P, = P+ P
P = S Pyylei

GI<m, |k|<Ky
* | _1(k,x
P* = E Priy’e (k)

|j|>m or |k|>K or both
where K, > 0 is to be determined.

Assume @) = ¢ — the time-1 map associated to a unknown
Hamiltonian

F=F(yz) = Y Pyttt
jl<m, 0<|k|<K-

~

We wish that ®, averages P (in ) =

{NMF} =P - [p]v Ny=ex+ <W>\7y> —i_hk(y):



l.e.,
i<k7w>\ + ayhk(y»ij — ij7 ‘]| < m, 0< |k‘ < K—I—a
which we solve on the domain D+ C D,

Ot ={AcO: [{k,wy)| > , VO < |k| < K4}

Vfl

Convergence: Let U5 = ®Yo.--0 cp())\’

H"™ = HY o U” = T 4 (y, Xt + W5 (y) + Py (y, 2, M),

(y,z) e DT A e OVl = ¥§ — ¥°, HY — H° on
D, =nN,D" for all A € O, =N, O, where

HY = eX” + (WX, y) + h3 (y),
where h> = O(]y|?) is a polynomial of order m.

Measure estimate: |O \ O4| — 0 as € — 0.




2) Resonant tori

e Resonance zone:

O°=G\O={Ie€G:{kwl))=0,forsomek € Z%\ {0}}.

— Resonant tori tend to be destroyed via generic perturbations =

regular orbits (lower dimensional tori) and stochastic layers (chaos
or Arnold diffusion)

— Arnold diffusion: In the resonance zone, there are orbits whose
action variables are drafted arbitrarily far away from the initial
positions and wondering around ‘most’ of regular orbits.

e Poincaré Problem:

a) Whether certain fractions of a resonant torus can still survive
from a perturbation.

b) How many and under what mechanism?



o g-resonant surface: Fix g — a subgroup of Z¢ of rank m. Then g

uniquely determines a resonance type and
O,={1e€G:{k,w()) =0, Vk € g}

is an = d—m dim. submanifold of GG, called the g-resonant surface.
e Characterization of resonance zone: O° = U,Q0,.

e Disintegration of resonant tori: Fix a subgroup g of rank m and

let n =d—m.

— g determines a linear transformation: 7¢ — T¢ =T™ x T™
(n=d—m):

o=K0eTm,
Y= Ke0€T",



— Under the new coordinate,

O, ={I €G: Kyw(I) =0}, w{)=(0,Kiw())'

f .

I=0
{ ¢=0
= Kw(I).

— For each I € O, TT = UyT1T 4, where

Tro ={I} x{¢} x {¢po + Kiw(I)t} ~T" — invariant.

o / x Sox T




e Poincaré non-degeneracy: VI € Oy, define hy : T™ — R:

hi(@) = [ P(.6.0)dw

174 is Poincaré non-degenerate if ¢ is a non-degenerate critical

point of hj.

e Poincaré’s theorem: Assume that N satisfies the Kolmogorov
non-degenerate condition K). Consider a maximal resonant d-torus
Ty ,i.e., Tt is foliated into invariant periodic orbits with the same

period. Then all Poincaré non-degenerate periodic orbits persist.

(Poincaré 1892)



e Treshchév theorem: Assume that N satisfies the Kolmogorov

non-degenerate condition K) and the g- non-resonant condition
G) K20?N(I)K, is non-singular on O,.

Then all hyperbolic, Diophantine, Poincaré non-degenerate n-tori

on O, persist.
(Treshchév 1991)

—rankg = 1 (elliptic case): Eliasson 94, Chiechia 94, Cheng 96,
Rudnev-Wiggins 97

— General g-non-resonant tori: Cong et al 97, Jorba-de la Llave-Zou
99.



e (Quasi-periodic Poincaré’s theorem:

a) Assume that N satisfies the Kolmogorov non-degenerate
condition K). Then 3 Cantor sets O° C O, |0, \ O¢| — 0, such

that VI € O° all Poincaré non-degenerate n-tori on O, persist.
(Li-Y. 2002)

b) Assume that NN satisfies the g-non-degenerate condition G) and

Kjw satisfies the Riissmann non-degenerate condition R) on
O,. Then a) holds.

(Li-Y. 2004)




3) Poisson-Hamilton systems

e Poisson structure on R*: A Poisson bracket {-,-} - bi-linear,
skew-symmetric which satisfies the Jacobi identity and Leibniz rule.

o Structure matriz: J(z) = ({2, 2;})-
— If d =odd, then J(z) is everywhere singular.

— If d =even and J is non-singular on G, then the Poisson structure
becomes symplectic.

e Poisson - Hamilton systems: Given
H:RY— R — a Hamiltonian function.

The associated Poisson-Hamilton system reads

2 =J(z)VH(z),

Zz:{ZZ7H}(Z)7 Z:1727 7d



— A Poisson-Hamilton flow preserves the Poisson structure.

— Poisson-Hamilton systems arise naturally in celestial mechanics,
fluid dynamics, plasma physics, mean field theory, chemical and
biological population, optics, etc. (bi-Hamiltonian structures).

e Integrability: A Hamiltonian H on R? is completely integrable if

a) 3 a set of [ functionally independent first integrals f;,
1 =1,2,--- 1.

b) 3 a set of n = d — | Hamiltonian symmetry functions s;,
j=1,---,n, whose Hamiltonian vector fields {JVs;} are
linearly independent on R<.

c) Vi=1,2,--- land j,k=1,2,--- ,n,
{fi, fi} =0, {sj, sk} = consts, {sj, fi} = 0;

d) Ve=(ci,ca,+,c) € GC R the level set
M.=A{fi=c¢,i1=1,2,--- 1} is compact connected.



e Firtended Liouville Theorem: If H is completely integrable, then
the following holds.

)V I=(I,I,---,I;) € GC R, called action variable,
MI:{f’L:I’LaZ:1727 7l}2Tn7

2) 3 a global coordinate §# € M; ~ T", called angle variable, with
respect to which each M; admits parallel flows;

3) H(z) = N(I).
(Bogoyavlenskij 98)

— Also require that
J(z)=JU) = ({1 1;}) = ?B(I)T ?Eg

where B = B; ,, and C' = C,, ,, is skew-symmetric. If [ > n, then J

is singular everywhere.



e Integrable Poisson-Hamalton system:

g = J(I)VN(I),
or
=0
0 =w(I),
where
w(I)=—-B"(y) ON (I) — frequency.

or
e Invariant tori: VI € G, Ty = {I} x T™ is an invariant n-torus
with linear flows {6y + w([I)t}.

e [oliations: G X T™ = UreaTy.

— w(I) non-resonant = the flow is quasi-periodic.

— w([I) resonant = T7 is foliated into q.-p. lower dim. tori.



e Nearly integrable Poisson-Hamilton system:
I
; =J(I)VH(I,0)=J(I)V(N(I)+eP(I,0,¢)).

e KAM Theorem (Li-Y., 2003):

a) If w satisfies the Riissmann non-degenerate condition R) on G,
then a similar KAM theorem holds.

b) If J is a constant matrix and N satisfies the Kolmogorov
non-degenerate condition K) on G, then the majority of
Diophantine tori persists with unchanged frequencies.

— For [ + n =even, I non-singular: (Parayuk 84, Herman 91, Moser
95, Cong-Li 98).

— For volume preserving maps: (Herman 91, Xia 92, Yoccoz 92,
Cheng-Sun, 94, Cong et al 96).



4) Partially integrable systems

e A model problem: Pendula coupled by soft-hard springs:

e Normal form: Let (y,z,z) € R® x T™ x R*™ be

action-angle-normal coordinates.
H=-ey\+ <C<J>\,y> + <A)\Za Z> + P,\(y,:v,z).

e Melnikov problem: Persistence of quasi-periodic n-tori under
Melnikov conditions - non-resonant conditions between w, and

eigenvalues of JA,.

(Melnikov 65, Moser 67, Graff 74, Zehnder 75, Kuksin 87, Eliasson
88,94, Poschel 89, Treshchev 89, Broer-Huitema-Takens 90,
Bourgain 94,96,98, Chiechia 94, Cheng 96, Rudnev-Wiggins 97,
Jorba-Villanueva 97, You 99, Jorba-de la Llave-Zou 99, Li-Y. 99,02,
Gallavotti-Gentile 02)



5) oco-dim Hamiltonian systems
e Abstract form:

uw=J0H (u).

— Physical models: Nonlinear Schrodinger equations, wave
equations, beam equations, Kdv, Euler equations, Hamiltonian
networks, etc.

e Nonlinear Schrodinger equations:

iuy + Au + g—g(u,ﬂ) =0,

Dirichlet or periodic boundary conditions,

where A = —A + V(z).
— Hamiltonian setting:

U = iaa—];], H = (Au,u) + /F(u,ﬂ)daz.



— Lattice form: Let u,, ¢, be eigenvalues, eigenvectors of A and
consider

u(w, 1) = 3 4u(t)dn ().
Then gq,, are described by the Hamiltonian

H=Y" pinlga]? + P(q, ),

where

— Normal form: Given n, choose parameter w € R",

action-angle-normal coordinate (y,x,z,z) € R"® x T™ x {1 x (! s.t.

H=e+ (w,y) + ZQj(w)szj + P(y,x,z, 2).
J



— Existence of (time) quasi-periodic solutions:

KAM or CWB (Craig-Wayne-Bourgain) methods (Kuksin 93,
Bourgain 94, 98, 05, Kuksin-Poschel 96, Geng-You 04, Geng-Y. 06)

e Other oco-dim Hamiltonians:

— Nonlinear Waves: Kuksin-Poschel 96, Poschel 96, Bourgain 00,
Chierchia-You 00, Yuan 07

— Kdv: Kuksin 98, Kappeler-Poschel 03
— Beam equations: Geng-You 03, Liang-Geng 05
— Hamaltonian networks: Yuan 02, Geng-Y. 05, Geng-Viveros-Y. 07



2. Aubry-Mather Theory

I. Mather’s Approach
e Poincaré map: ¢: A= S'x[o/,a | — A:

X1 :f(ilf,y),
ylzg(x7y)7 ZCGSl,yE [0/70//]7

. . . . o
is area preserving, boundary preserving, and monotone, i.e., 8—5 > 0.

e Goal: For a € [par, po ] NQC, find “invariant curve”

Ca = {(u(§),v(§)) : £ € 5™},

such that u is monotone, u(§) = &+ U(€), and,

d(u(€),v(€)) = (u(& + o), v(§ + a)).



e Generating function: h = h(x,x1) s.t.

Yy = %(x,ﬂfl),
Y1 = —g—gﬁ(w,wl)-
e E-L equation:
Oh Oh
oy (&) ul§ + o)) + 8—5151(U(§ —a),u(§)) = 0.

e Minimizing:
1
min [ B(u(€) u(€ + a))dg
0

over a space of monotone, left continuous functions.
e Verify the E-L equation.

e Remark: An Aubry-Mather set is an almost 1-cover of a circle
and a Denjoy cantor set, which is not necessarily contained in an

invariant circle.



e Forced Pendulum:
i+ Vi (u,t) =0,

Vu,t) =V(u+1,t) =V(u,t +1).
Using Poincaré map and verify monotonicity =

a) For p € () in some range, Aubry-Mather solutions have the form:
u(t) =a+pt +U(B+ pt,a + 1),

U : T? — R discontinuous, but U(3 + pt, o + t) has convergent
Fourier series for some «, 3.
b) In T x R x T, cl{(u(t),u(t),t)} = Aubry-Mather set (Denjoy

Cantorus).



e Order to chaos via Cantori:

Consider a periodically forced Duffing equation

il 4+ aqu — aou® — asV (t)u =0, V(t)=V(t+1).

Hpo > (0 s. t.
— p < po: Chaos.
— P > po:

p Diophantine of constant type: Quasi-periodic 2-tori.

p rational: Periodic orbits.

p other case (e.g., Liouville): Aubry-Mather sets (Cantori).
(van Noort-Porter-Chow-Y., 07)



II. Moser’s Approach

&+ Vy(x,t) =0,
where V(z,t) =V(z+ 1,t) = V(z,t +1).
e Lagrangian:

jj2
L(x,2,t) = 5~ Viz,t).

e Action-minimizing: Global minimal function x(t) exists, i.e.,

/[ (x + ¢, 2+ ¢, t) — L(z, &, t)]dt > 0

for all ¢ € Lipcomp-

—— E-L equation is satisfied by a global minimum automatically.



e Rotation number: For any global minimal function x,

p(xr) = lim @

t— o0

exists and for Vp, 3 global minimal function x such that p(x) = p.
Denote M, = {global minimal functions with rotation number p}.

o If p & (), then each x € M, has the form
z(t) =u(t.0), 0S8 ={p(t+j)—k:(j.k) €2},

where u(t,0) = u(t +1,0), u(t,0 +1) = u(t,0) + 1, and u is
increasing in 6.

e Aubry-Mather solution:
(t) = u(a+t, 8 + pt),
where

+ .
t,0) = lim t,0,).
wh(t0) = lm o ult, )
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